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Preface

Optimal Control is a rapidly expanding field developed during the last half-century
to analyze the optimal behavior of a constrained process that evolves in time accord-
ing to prescribed laws. Its applications now embrace a variety of new disciplines
such as economics and production planning. The main feature of Classical Optimal
Control Theory (OCT) is that the mathematical technique, especially designed for
the analysis and synthesis of an optimal control of dynamic models, is based on
the assumption that a designer (or an analyst) possesses complete information on a
considered model as well as on an environment where this controlled model has to
evolve.

There exist two principal approaches to solving optimal control problems in the
presence of complete information on the dynamic models considered:

– the first one is the Maximum Principle (MP) of L. Pontryagin (Boltyanski et al.
1956)

– and the second one is the Dynamic Programming Method (DPM) of R. Bellman
(Bellman 1957)

The Maximum Principle is a basic instrument to derive a set of necessary con-
ditions which should be satisfied by any optimal solution (see also Boltyanski 1975,
1978; Dubovitski and Milyutin 1971; Sussman 1987a, 1987b, 1987c). Thus, to solve
a static optimization problem in a finite-dimensional space, one should obtain the
so-called zero-derivative condition (in the case of unconstrained optimization) and
the Kuhn–Tucker conditions (in the case of constrained optimization). These con-
ditions become sufficient under certain convexity assumptions related to the objec-
tive as well as to constraint functions. Optimal control problems, on the other hand,
may be regarded as optimization problems in the corresponding infinite-dimensional
(Hilbert or, in general, Banach) spaces. The Maximum Principle is really a mile-
stone of modern optimal control theory. It states that any dynamic system, closed
by an optimal control strategy or, simply, by an optimal control, is a Hamiltonian
system (with a doubled dimension) described by a system of forward-backward or-
dinary differential equations; in addition, an optimal control maximizes a function
called the Hamiltonian. Its mathematical importance is derived from the following
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fact: the maximization of the Hamiltonian with respect to a control variable given
in a finite-dimensional space looks and really is much easier than the original opti-
mization problem formulated in an infinite-dimensional space. The key idea of the
original version of the Maximum Principle comes from classical variational calcu-
lus. To derive the main MP formulation, first one needs to perturb slightly an optimal
control using the so-called needle-shape (spike) variations and, second, to consider
the first-order term in a Taylor expansion with respect to this perturbation. Letting
the perturbations go to zero, some variational inequalities may be obtained. Then
the final result follows directly from duality. The same formulation can be arrived at
based on more general concepts related to some geometric representation and sep-
arability theorems in Banach space. This approach is called the Tent Method. It is a
key mathematical apparatus used in this book.

The Dynamic Programming Method (DPM) is another powerful approach to
solve optimal control problems. It provides sufficient conditions for testing whether
a control is optimal or not. The basic idea of this approach consists of consider-
ing a family of optimal control problems with different initial conditions (times and
states) and obtaining some relationships among them via the so-called Hamilton–
Jacobi–Bellman equation (HJB), which is a nonlinear first-order partial differential
equation. If this HJB equation is solvable (analytically or even numerically), then
the optimal control can be obtained by maximization (or minimization) of the cor-
responding generalized Hamiltonian. Such optimal controllers turn out to be given
by a nonlinear feedback depending on the optimized plant nonlinearities as well
as on the solution of the corresponding HJB equation. Such an approach actually
provides solutions to the entire family of optimization problems, and, in particular,
the original problem. Such a technique is called “Invariant Embedding.” The major
drawback of the classical HJB method is that it requires that this partial differential
equation admits a smooth enough solution. Unfortunately this is not the case even
for some very simple situations. To overcome this problem the so-called viscos-
ity solutions have been introduced (Crandall and Lions 1983). These solutions are
some sort of nonsmooth solutions with a key function to replace the conventional
derivatives by a set-valued super/subdifferential maintaining the uniqueness of the
solutions under very mild conditions. This approach not only saves the DPM as a
mathematical method, but also makes it a powerful tool in optimal control tackling.
In this book we will briefly touch on this approach and also discuss the gap between
necessary (MP) and sufficient conditions (DPM), while applying this consideration
to some particular problems.

When we do not have complete information on a dynamic model to be con-
trolled, the main problem entails designing an acceptable control which remains
“close to the optimal one” (having a low sensitivity with respect to an unknown (un-
predictable) parameter or input belonging to a given possible set). In other words,
the desired control should be robust with respect to the unknown factors. In the
presence of any sort of uncertainties (parametric type, unmodeled dynamics, and
external perturbations), the main approach to obtaining a solution suitable for a
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class of given models is to formulate a corresponding Min-Max control problem,
where maximization is taken over a set of uncertainties and minimization is taken
over control actions within a given set. The Min-Max controller design for differ-
ent classes of nonlinear systems has been a hot topic of research over the last two
decades.

One of the important components of Min-Max Control Theory is the game-
theoretic approach (Basar and Bernhard 1991). In terms of game theory, control and
model uncertainty are strategies employed by opposing players in a game: control
is chosen to minimize a cost function and uncertainty is chosen to maximize it. To
the best of our knowledge, the earliest publications in this direction were the papers
of Dorato and Drenick (1966) and Krasovskii (1969, in Russian). Subsequently, in
the book by Kurjanskii (1977), the Lagrange Multiplier Approach was applied to
problems of control and observations under incomplete information. They were for-
mulated as corresponding Min-Max problems.

Starting from the pioneering work of Zames (1981), which dealt with frequency
domain methods to minimize the norm of the transfer function between the dis-
turbance inputs and the performance output, the minimax controller design is for-
mulated as an H∞-optimization problem. As was shown in Basar and Bernhard
(1991), this specific problem can be successfully solved in the time domain, lead-
ing to rapprochement with dynamic game theory and the establishment of a re-
lationship with risk-sensitivity quadratic stochastic control (Doyle et al. 1989;
Glover and Doyle 1988; Limebeer et al. 1989; Khargonekar 1991). The paper by
Limebeer et al. (1989) presented a control design method for continuous-time plants
whose uncertain parameters in the output matrix are only known to lie within an
ellipsoidal set. An algorithm for Min-Max control, which at every iteration approx-
imately minimizes the defined Hamiltonian, is presented in Pytlak (1990). In the
publication by Didinsky and Basar (1994), using “the cost-to-come” method, the
authors showed that the original problem with incomplete information can be con-
verted into an equivalent full information Min-Max control problem of a higher
dimension, which can be solved using the Dynamic Programming Approach. Min-
Max control of a class of dynamic systems with mixed uncertainties was investi-
gated in Basar (1994). A continuous deterministic uncertainty which affects system
dynamics and discrete stochastic uncertainties leading to jumps in the system struc-
ture at random times were also studied. The solution involves a finite-dimensional
compensator using two finite sets of partial differential equations. The robust con-
troller for linear time-varying systems given by a stochastic differential equation
was studied in Poznyak and Taksar (1996). The solution was based on stochastic
Lyapunov-like analysis with a martingale technique implementation.

Another class of problems dealing with discrete-time models of a deterministic
and/or stochastic nature and their corresponding solutions was discussed in Didin-
sky and Basar (1991), Blom and Everdij (1993), and Bernhard (1994). A compre-
hensive survey of various parameter space methods for robust control design can be
found in Siljak (1989).

In this book we present a new version of the Maximum Principle recently de-
veloped, particularly, for the construction of optimal control strategies for the class
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of uncertain systems given by a system of ordinary differential equations with un-
known parameters belonging to a given set (finite or compact) which corresponds to
different scenarios of the possible dynamics. Such problems, dealing with finite un-
certainty sets, are very common, for example, in Reliability Theory, where some of
the sensors or actuators may fail, leading to a complete change in the structure of the
system to be controlled (each of the possible structures can be associated with one of
the fixed parameter values). The problem under consideration belongs to the class of
optimization problems of the Min-Max type. The proof is based on the Tent Method
(Boltyanski 1975, 1987), which is discussed in the following text. We show that
in the general case the original problem can be converted into the analysis of non-
solid convex cones, which leads to the inapplicability of the Dubovitski–Milyutin
method (Dubovitski and Milyutin 1965) for deriving the corresponding necessary
conditions of optimality whenever the Tent Method still remains operative.

This book is for experts, scientists, and researchers in the field of Control Theory.
However, it may also be of interest to scholars who want to use the results of Control
Theory in complex cases, in engineering, and management science. It will also be
useful for students who pursue Ph.D.-level or advanced graduate-level courses. It
may also serve for training and research purposes.

The present book is both a refinement and an extension of the authors’ earlier
publications and consists of four complementary parts.

Part I: Topics of Classical Optimal Control.
Part II: The Tent Method.

Part III: Robust Maximum Principle for Deterministic Systems.
Part IV: Robust Maximum Principle for Stochastic Systems.

Part I presents a review of Classical Optimal Control Theory and includes two
main topics: the Maximum Principle and Dynamic Programming. Two important
subproblems such as Linear Quadratic Optimal Control and Time Optimization are
considered in more detail. This part of the book can be considered as independent
and may be recommended (adding more examples) for a postgraduate course in
Optimal Control Theory as well as for self-study by wide groups of electrical and
mechanical engineers.

Part II introduces the reader to the Tent Method, which, in fact, is a basic math-
ematical tool for the rigorous proof and justification of one of the main results of
Optimal Control Theory. The Tent Method is shown to be a general tool for solving
extremal problems profoundly justifying the so-called Separation Principle. First, it
was developed in finite-dimensional spaces, using topology theory to justify some
results in variational calculus. A short historical remark on the Tent Method is made,
and the idea of the proof of the Maximum Principle is explained, paying special
attention to the necessary topological tools. The finite-dimensional version of the
Tent Method allows one to establish the Maximum Principle and a generalization
of the Kuhn–Tucker Theorem in Euclidean spaces. In this part, we also present a
version of the Tent Method in Banach spaces and demonstrate its application to a
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generalization of the Kuhn–Tucker Theorem and the Lagrange Principle for infinite-
dimensional spaces.

This part is much more advanced than the others and is accessible only to readers
with a strong background in mathematics, particularly in topology. Those who find
it difficult to follow topological (homology) arguments can omit the proofs of the
basic theorems, trying to understand only their principal statements.

Part III is the central part of this book. It presents a robust version of the Maxi-
mum Principle dealing with the construction of Min-Max control strategies for the
class of uncertain systems described by an ordinary differential equation with un-
known parameters from a given compact set. A finite collection of parameters cor-
responds to different scenarios of possible dynamics. The proof is based on the Tent
Method described in the previous part of the book. The Min-Max Linear Quadratic
(LQ) Control Problem is considered in detail. It is shown that the design of the
Min-Max optimal controller in this case may be reduced to a finite-dimensional op-
timization problem given at the corresponding simplex set containing the weight
parameters to be found. The robust LQ optimal control may be interpreted as a
mixture (with optimal weights) of the controls which are optimal for each fixed
parameter value. Robust time optimality is also considered (as a particular case of
the Lagrange problem). Usually, the Robust Maximum Principle appears only as a
necessary condition for robust optimality. But the specific character of the linear
time-optimization problem permits us to obtain more profound results. In partic-
ular, in this case the Robust Maximum Principle appears as both a necessary and
a sufficient condition. Moreover, for linear robust time optimality, it is possible to
establish some additional results: the existence and uniqueness of robust controls,
piecewise constant robust controls for the polyhedral resource set, and a Feldbaum-
type estimate for the number of intervals of constancy (or “switching”). All these
aspects are studied in detail in this part of the book. Dynamic Programming for
Min-Max problems is also derived. A comparison of optimal controllers, designed
by the Maximum Principle and Dynamic Programming for LQ problems, is car-
ried out. Applications of results obtained to Multimodel Sliding Mode Control and
Multimodel Differential Games are also presented.

Part IV deals with designing the Robust Maximum Principle for Stochastic Sys-
tems described by stochastic differential equations (with the Itô integral implemen-
tation) and subject to terminal constraints. The main goal of this part is to illustrate
the possibilities of the MP approach for a class of Min-Max control problems for
uncertain systems given by a system of linear stochastic differential equations with
controlled drift and diffusion terms and unknown parameters within a given finite
and, in general, compact uncertainty set, supplemented by a given measure. If in the
deterministic case the adjoint equations are backward ordinary differential equa-
tions and represent, in some sense, the same forward equation but in reverse time,
then in the stochastic case such an interpretation is not valid because any time re-
versal may destroy the nonanticipative character of the stochastic solutions, that is,
any obtained robust control should be independent of the future. The proof of the
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Robust Maximum Principle is also based on the use of the Tent Method, but with
a special technique specific to stochastic calculus. The Hamiltonian function used
for these constructions is equal to the Lebesgue integral over the given uncertainty
set of the standard stochastic Hamiltonians corresponding to a fixed value of the un-
certain parameter. Two illustrative examples, dealing with production planning and
reinsurance-dividend management, conclude this part.

Most of the material given in this book has been tested in class at the Steklov
Mathematical Institute (Moscow, 1962–1980), the Institute of Control Sciences
(Moscow, 1978–1993), the Mathematical Investigation Center of Mexico (CIMAT,
Guanojuato, 1995–2006), and the Center of Investigation and Advanced Education
of IPN (CINVESTAV, Mexico, 1993–2009). Some studies, dealing with multimodel
sliding-mode control and multimodel differential games, present the main results of
Ph.D. theses of our students defended during the last few years.
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Chapter 1
Introduction

In this book our main purpose is to obtain the Min-Max control arising whenever
the state of a system at time t ∈ [0, T ] as described by a vector

x(t) ∈ (
x1(t), . . . , xn(t)

)T ∈ R
n

evolves according to a prescribed law, usually given in the form of a first-order
vector ordinary differential equation

·
x(t) = f

α(
x(t), u(t), t

)
(1.1)

under the assignment of a vector valued control function

u(t) = (
u1(t), . . . , ur (t)

)T ∈ R
r ,

which is the control that may run over a given control region U ⊂ R
r , and α is a

parameter that may run over a given parametric set A. On the right-hand side, where

f α(x,u, t) = (
f α

1 (x,u, t), . . . , f α
n (x,u, t)

)T ∈ R
n, (1.2)

we impose the usual restrictions: continuity with respect to the arguments x,u, mea-
surability on t , and differentiability (or the Lipschitz condition) with respect to x.
Here we will assume that the admissible u(t) may be only piecewise continuous
at each time interval from [0, T ] (T is permitted to vary). Controls that have the
same values except at common points of discontinuity will be considered as identi-
cal.

The Min-Max control, which we are interested in, consists of finding an ad-
missible control {u∗(·)}t∈[0,T ] which for a given initial condition x(0) = x0 and a
terminal condition x

α
(T ) ∈ M (α ∈ A) (M is a given compact from R

n) provides

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_1, © Springer Science+Business Media, LLC 2012
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2 1 Introduction

Fig. 1.1 Min-Max optimized
function

us with the following optimality property:
{
u∗(·)}

t∈[0,T ] ∈ arg min
admissible {u(·)}t∈[0,T ]

max
α∈A

J α
(
u(·)),

J
(
u(·)) := h0

(
xα(T )

) +
∫ T

t=0
h
(
xα(t), u(t), t

)
dt, (1.3)

where h0 : R
n → R and h : R

n × R
r × R+ → R are functions that are smooth

enough and characterize the loss functional J α(u(·)) for each fixed value of the
parameter α ∈ A.

In fact, the Min-Max problem (1.3) is an optimization problem in a Banach
(infinite-dimensional) space. So it would be interesting to consider first a Min-Max
problem in a finite-dimensional Euclidean space and to understand which specific
features of a Min-Max solution arise and what we may expect from their expansion
to infinite-dimensional Min-Max problems; also to verify whether these properties
remain valid or not.

The parametric set A is finite Consider the following simple static single-
dimensional optimization problem:

min
u∈R

max
α∈A

hα(u), (1.4)

where hα : R → R is a differentiable strictly convex function, and

A = {α1 ≡ 1, α2 ≡ 2, . . . , αN ≡ N}
is a simple finite set containing only N possible parameter values, that is,

min
u∈R

max
{
h1(u),h2(u), . . . , hN(u)

}
. (1.5)

To find specific features of this problem let us reformulate it in a manner that is a
little bit different. Namely, it is not difficult to see that the problem (1.4) is equivalent
to the following one, which, in fact, is a conditional minimization problem that does
not contain any maximization operation, that is,

min
u∈R,v≥0

v

subject to hα(u) ≤ v for all α ∈ A.
(1.6)



1 Introduction 3

Figure 1.1 gives a clear illustration of this problem for the case A = {1,2}. To solve
the optimization problem (1.6) let us apply the Lagrange Multiplier Method (see,
for example, Sect. 21.3.3 in Poznyak 2008) and let us consider the following uncon-
ditional optimization problem:

L(u, v,λ) := v +
N∑

i=1

λi

(
hi(u) − v

)

= v

(

1 −
N∑

i=1

λi

)

+
N∑

i=1

λih
i(u) → min

u,v∈R

max
λi≥0 (i=1,...,N)

. (1.7)

Notice that if
∑N

i=1 λi 	= 1, for example,

1 −
N∑

i=1

λi > 0,

one can take v → −∞, which means that the minimum of L(u, v,λ) does not exist.
This contradicts our assumption that a minimum of the initial problem (1.6) does
exist (since the functions hα are strictly convex). The same is valid if

1 −
N∑

i=1

λi > 0

and we take v → ∞. So, the unique option leading to the existence of the solution
is

λ ∈ SN :=
{

λ ∈ R
N : λi ≥ 0 (i = 1, . . . ,N),

N∑

i=1

λi = 1

}

, (1.8)

which implies that the initial optimization problem (1.6) is reduced to the following
one:

L(u, v,λ) =
N∑

i=1

λih
i(u) → min

u∈R

max
λ∈SN

; (1.9)

that is, the Lagrange function L(u, v,λ) to be minimized, according to (1.9), is
equal to the weighted sum (with weights λi ) of the individual loss functions hi(u)

(i = 1, . . . ,N ). Defining the joint Hamiltonian function H(u,λ) and the individual
Hamiltonians Hi(u,λi) by

H(u,λ) = −L(u, v,λ) = −
N∑

i=1

λih
i(u) =

N∑

i=1

Hi(u,λi),

Hi(u,λi) := −λih
i(u),

(1.10)
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we can represent problem (1.9) in the Hamiltonian form

H(u,λ) → max
u∈R

min
λ∈SN

. (1.11)

As can be seen from Fig. 1.1 the optimal solution u∗ in the case N = 2 satisfies the
condition

h1(u∗) = h2(u∗). (1.12)

This property is true also in the general case. Indeed, the complementary slackness
conditions (see Theorem 21.12 in Poznyak 2008) for this problem are

λ∗
i

(
hi(u∗) − v

) = 0 for any i = 1, . . . ,N, (1.13)

which means that for any active indices i, j , corresponding to λ∗
i , λ

∗
j > 0, we have

hi(u∗) = hj (u∗) = v (1.14)

or, in other words, for the optimal solution u∗ we find all loss functions hi(u∗) for
which λ∗

i > 0 to be equal. So, one can see that the following two basic properties
(formulated here as a proposition) of the Min-Max solution u∗ exist.

Proposition 1.1

– The joint Hamiltonian H(u,λ) (1.10) of the initial optimization problem is equal
to the sum of the individual Hamiltonians Hi(u,λi) (i = 1, . . . ,N).

– In the optimal point u∗ all loss functions hi(u∗), corresponding to the active
indices for which λ∗

i > 0, are equal.

The parametric set A is a compact In this case, when we deal with the origi-
nal Min-Max problem (1.4), written in the form (1.6), the corresponding Lagrange
function has the form

L(u, v,λ) := v +
∫

α∈A
λα

(
hα(u) − v

)
dα

= v

(
1 −

∫

α∈A
λα dα

)
+

∫

α∈A
λαhα(u)dα → min

u,v∈R

max
λα≥0,α∈A

. (1.15)

By the same argument as for a finite parametric set, the only possibility here to have
a finite solution for the problem considered is to take

∫

α∈A
λα dα = 1, (1.16)

which, together with the nonnegativity of the multipliers λα , permits us to refer to
them as a “distribution” of the index α on the set A. Define the set of all possible
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distributions on A as

D =
{
λα, α ∈ A : λα ≥ 0,

∫

α∈A
λα dα = 1

}
. (1.17)

Then problem (1.15) becomes

L(u, v,λ) =
∫

α∈A
λαhα(u)dα → min

u,v∈R

max
λα≥0,α∈A

(1.18)

or, in the corresponding Hamiltonian form,

H(u,λ) → max
u,v∈R

min
λα≥0,α∈A

, (1.19)

where

H(u,λ) = −L(u, v,λ)

=
∫

α∈A
λαhα(u)dα =

∫

α∈A
Hα(u,λα)dα,

Hα(u,λα) := −λαhα(u). (1.20)

Again, the complementary slackness conditions (see Theorem 21.12 in Poznyak
2008) for this problem are similar to (1.13)

λ∗
α

(
hα(u∗) − v

) = 0 for any α ∈ A, (1.21)

which means that for any active indices α, α̃ ∈ A, corresponding to λ∗
α > 0, it fol-

lows that

hα(u∗) = hα̃(u∗) = v (1.22)

or, in other words, for the optimal solution u∗ all loss functions hα(u∗), for which
λ∗

α > 0, are equal. So, again one can state two basic properties (formulated as a
proposition) characterizing the Min-Max solution u∗ on a compact parametric set.

Proposition 1.2

– The joint Hamiltonian H(u,λ) (1.10) of the initial optimization problem is equal
to the integral of the individual Hamiltonians Hi(u,λi) (i = 1, . . . ,N) calculated
over the given compact set A.

– In the optimal point u∗ we see that all loss functions hα(u∗), corresponding to
active indices for which λ∗

α > 0, are equal. If in the intersection point one function
(for example, f1) is beyond (over) the other f2, then for this case we have the
dominating function λ∗

1 = 1 and λ∗
2 = 0.

The main question that arises here is: “Do these two principal properties, for-
mulated in the propositions above for finite-dimensional Min-Max problems, remain
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valid for the infinite-dimensional case, formulated in a Banach space for a Min-Max
optimal control problem?”

The answer is: YES they do!

The detailed justification of this positive answer forms the main contribution of
this book.



Part I
Topics of Classical Optimal Control





Chapter 2
The Maximum Principle

This chapter represents the basic concepts of Classical Optimal Control related to
the Maximum Principle. The formulation of the general optimal control problem
in the Bolza (as well as in the Mayer and the Lagrange) form is presented. The
Maximum Principle, which gives the necessary conditions of optimality, for various
problems with a fixed and variable horizon is formulated and proven. All necessary
mathematical claims are given in the Appendix, which makes this material self-
contained.

This chapter is organized as follows. The classical optimal control problems in
the Bolza, Lagrange, and Mayer form, are formulated in the next section. Then in
Sect. 2.2 the variational inequality is derived based on the needle-shaped variations
and Gronwall’s inequality. Subsequently, a basic result is presented concerning the
necessary conditions of the optimality for the problem considered in the Mayer form
with terminal conditions using the duality relations.

2.1 Optimal Control Problem

2.1.1 Controlled Plant, Cost Functionals, and Terminal Set

Definition 2.1 Consider the controlled plant given by the following system of Or-
dinary Differential Equations (ODE):

{
ẋ(t) = f

(
x(t), u(t), t

)
, a.e. t ∈ [0, T ],

x(0) = x0,
(2.1)

where x = (x1, . . . , xn)T ∈ R
n is its state vector, and u = (u1, . . . , ur)T ∈ R

r is the
control that may run over a given control region U ⊂ R

r with the cost functional

J
(
u(·)) := h0

(
x(T )
)+
∫ T

t=0
h
(
x(t), u(t), t

)
dt (2.2)

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_2, © Springer Science+Business Media, LLC 2012

9
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containing the integral term as well as the terminal one, with the terminal set
M ⊆ R

n given by the inequalities

M = {x ∈ R
n : gl(x) ≤ 0 (l = 1, . . . ,L)

}
. (2.3)

The time process or horizon T is supposed to be fixed or variable and may be finite
or infinite.

Definition 2.2 The function (2.2) is said to be given in the Bolza form. If in (2.2)
h0(x) = 0, we obtain the cost functional in the Lagrange form, that is,

J
(
u(·))=

∫ T

t=0
h
(
x(t), u(t), t

)
dt. (2.4)

If in (2.2) h(x,u, t) = 0, we obtain the cost functional in the Mayer form, that is,

J
(
u(·))= h0

(
x(T )
)
. (2.5)

Usually the following assumptions are assumed to be in force.

(A1) (U,d) is a separable metric space (with metric d) and T > 0.
(A2) The maps

⎧
⎪⎪⎨

⎪⎪⎩

f : R
n × U × [0, T ] → R

n,

h : R
n × U × [0, T ] → R,

h0 : R
n × U × [0, T ] → R,

gl : R
n → R

n (l = 1, . . . ,L)

(2.6)

are measurable and there exist a constant L and a continuity modulus
ω̄ : [0,∞) → [0,∞) such that for

ϕ = f (x,u, t), h(x,u, t), h0(x,u, t), gl(x) (l = 1, . . . ,L)

the following inequalities hold:

⎧
⎨

⎩

∥∥ϕ(x,u, t) − ϕ(x̂, û, t)
∥∥≤ L‖x − x̂‖ + ω̄

(
d(u, û)

)

∀t ∈ [0, T ], x, x̂ ∈ R
n,u, û ∈ U,∥∥ϕ(0, u, t)

∥∥≤ L ∀u, t ∈ U × [0, T ].
(2.7)

(A3) The maps

f,h,h0 and gl (l = 1, . . . ,L)

are of type C1 in x and there exists a continuity modulus ω̄ : [0,∞) → [0,∞)

such that for

ϕ = f (x,u, t), h(x,u, t), h0(x,u, t), gl(x) (l = 1, . . . ,L)
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the following inequalities hold:
∥∥∥∥

∂

∂x
ϕ(x,u, t) − ∂

∂x
ϕ(x̂, û, t)

∥∥∥∥≤ ω̄
(‖x − x̂‖ + d(u, û)

)

∀t ∈ [0, T ], x, x̂ ∈ R
n,u, û ∈ U. (2.8)

2.1.2 Feasible and Admissible Control

Definition 2.3 A function u(t), t0 ≤ t ≤ T , is said to be a feasible control if it is
measurable and u(t) ∈ U for all t ∈ [0, T ]. Denote the set of all feasible controls by

U [0, T ] := {u(·) : [0, T ] → U | u(t) is measurable
}
. (2.9)

Definition 2.4 The control u(t), t0 ≤ t ≤ T is said to be admissible if the terminal
condition (2.3) holds, that is, if the corresponding trajectory x(t) satisfies the ter-
minal condition. We have the inclusion x(T ) ∈ M. Denote the set of all admissible
controls by

Uadmis[0, T ] := {u(·) : u(·) ∈ U [0, T ], x(T ) ∈ M
}
. (2.10)

In view of the theorem on the existence of the solutions to the ODE (see Cod-
dington and Levinson 1955 or Poznyak 2008), it follows that under the assumptions
(A1)–(A2) for any u(t) ∈ U [0, T ] (2.1) admits a unique solution, x(·) := x(·, u(·)),
and the functional (2.2) is well defined.

2.1.3 Setting of the Problem in the General Bolza Form

Based on the definitions given above, the optimal control problem (OCP) can be
formulated as follows.

Problem 2.1 (OCP in the Bolza form)

Minimize (2.2) over Uadmis[0, T ]. (2.11)

Problem 2.2 (OCP with a fixed terminal term) If in problem (2.11)

M = {xf ∈ R
n
}

= {x ∈ R
n : g1(x) = x − xf ≤ 0, g2(x) = −(x − xf ) ≤ 0

}

(or, equivalently, x = xf ) (2.12)

then it is called an optimal control problem with a fixed terminal term xf .
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Definition 2.5 Any control u∗(·) ∈ Uadmis[0, T ] satisfying

J
(
u∗(·))= min

u(·)∈Uadmis[0,T ]
J
(
u(·)) (2.13)

is called an optimal control, and the corresponding state trajectories x∗(·) :=
x∗(·, u∗(·)) and (x∗(·), u∗(·)) are called an optimal state trajectory and an optimal
pair.

2.1.4 Representation in the Mayer Form

Introduce the (n + 1)-dimensional space R
n+1 of the variables

x = (x1, . . . , xn, xn+1),

where the first n coordinates satisfy (2.1) and the component xn+1 is given by

xn+1(t) :=
∫ t

τ=0
h
(
x(τ), u(τ ), τ

)
dτ (2.14)

or, in differential form,

ẋn+1(t) = h
(
x(t), u(t), t

)
(2.15)

with zero initial condition for the last component

xn+1(0) = 0. (2.16)

As a result, the initial Optimization Problem in the Bolza form (2.11) can be refor-
mulated in the space R

n+1 as a Mayer Problem with the cost functional J (u(·)),
J
(
u(·))= h0

(
x(T )
)+ xn+1(T ), (2.17)

where the function h0(x) does not depend on the last coordinate xn+1(t), that is,

∂

∂xn+1
h0(x) = 0. (2.18)

From these relations it follows that the Mayer Problem with the cost function (2.17)
is equivalent to the initial Optimization Control Problem (2.11) in the Bolza form.

2.2 Maximum Principle Formulation

2.2.1 Needle-Shaped Variations and Variational Equation

Let (x∗(·), u∗(·)) be the given optimal pair and Mε ⊆ [0, T ] be a measurable set
with the Lebesgue measure |Mε| = ε > 0. Now let

u(·) ∈ Uadmis[0, T ]
be any given admissible control.
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Definition 2.6 Define the control

uε(t) :=
{

u∗(t) if t ∈ [0, T ]�Mε,

u(t) ∈ Uadmis[0, T ] if t ∈ Mε.
(2.19)

It is evident that uε(·) ∈ Uadmis[0, T ]. In the following, uε(·) is referred to as a
needle-shaped or spike variation of the optimal control u∗(t).

The next lemma plays a key role in proving the basic MP-theorem. It gives an
analytical estimation for the trajectories and for the cost function deviations. The
corresponding differential equations can be interpreted also as “sensitivity equa-
tions.”

Lemma 2.1 (Variational equation) Let xε(·) := x(·, uε(·)) be the solution of (2.1)
under the control uε(·) and let Δε(·) be the solution to the differential equation

Δ̇ε(t) = ∂

∂x
f
(
x∗(t), u∗(t), t

)
Δε(t)

+ [f (x∗(t), uε(t), t
)− f

(
x∗(t), u∗(t), t

)]
χMε

(t),

Δε(0) = 0,

(2.20)

where χMε(t) is the characteristic function of the set Mε , that is,

χMε(t) :=
{

1 if t ∈ Mε,

0 if t /∈ Mε.
(2.21)

Then the following relations hold:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

max
t∈[0,T ]

∥∥xε(t) − x∗(t)
∥∥= O(ε),

max
t∈[0,T ]

∥∥Δε(t)
∥∥= O(ε),

max
t∈[0,T ]

∥∥xε(t) − x∗(t) − Δε(t)
∥∥= o(ε),

(2.22)

and the following variational equations hold:

(a) for the cost function given in the Bolza form (2.2)

J
(
uε(·))− J

(
u∗(·))

=
(

∂

∂x
h0
(
x∗(T )

)
,Δε(T )

)

+
∫ T

t=0

{(
∂

∂x
h
(
x∗(t), u∗(t), t

)
,Δε(t)

)

+ [h(x∗(t), uε(t), t
)− h

(
x∗(t), u∗(t), t

)]
χMε(t)

}
dt

+ o(ε) (2.23)
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(b) for the cost function given in the Mayer form (2.5)

J
(
uε(·))− J

(
u∗(·))=

(
∂

∂x
h0
(
x∗(T )

)
,Δε(T )

)
+ o(ε) (2.24)

Proof Define

δε(t) := xε(t) − x∗(t).

Then by assumption (A2) (2.7) for any t ∈ [0, T ] it follows that

∥
∥δε(t)

∥
∥≤
∫ t

s=0
L
∥
∥δε(s)

∥
∥ds + Kε, (2.25)

which, by Gronwall’s Lemma (see Appendix 2.3 of this chapter), implies the first
relation in (2.22). Define

ηε(t) := xε(t) − x∗(t) − Δε(t) = δε(t) − Δε(t). (2.26)

Then we have

η̇ε(t) = [f (xε(t), uε(t), t
)− f

(
x∗(t), u∗(t), t

)]

− ∂

∂x
f
(
x∗(t), u∗(t), t

)
Δε(t)

− [f (x∗(t), uε(t), t
)− f

(
x∗(t), u∗(t), t

)]
χMε(t)

=
∫ 1

θ=0

∂

∂x
f
(
x∗(t) + θδε(t), uε(t), t

)
dθ · δε(t)

− ∂

∂x
f
(
x∗(t), u∗(t), t

)[
δε(t) − ηε(t)

]

− [f (x∗(t), uε(t), t
)− f

(
x∗(t), u∗(t), t

)]
χMε(t)

=
∫ 1

θ=0

[
∂

∂x
f
(
x∗(t) + θδε(t), uε(t), t

)

− ∂

∂x
f
(
x∗(t), u∗(t), t

)
dθ

]
δε(t)

− [f (x∗(t), uε(t), t
)− f

(
x∗(t), u∗(t), t

)]
χMε(t)

+ ∂

∂x
f
(
x∗(t), u∗(t), t

)
ηε(t). (2.27)

Integrating the last identity (2.27) and holding in view (A2) (2.7) and (A3) (2.8), we
obtain

∥∥ηε(t)
∥∥≤
∫ t

s=0

∫ 1

θ=0

[
ω̄
(
θ
∥∥δε(s)

∥∥+ d
(
uε(s), u∗(s)

))]∥∥δε(s)
∥∥dθ ds

+
∫ t

s=0
ω̄
(
d
(
uε(s), u∗(s)

))
χMε(s)ds
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+
∫ t

s=0

∂

∂x
f
(
x∗(s), u∗(s), s

)
ηε(s)ds

≤ εo(1) + Const
∫ t

s=0

∥∥ηε(s)
∥∥ds. (2.28)

The last inequality in (2.28) by Gronwall’s Lemma directly implies the third relation
in (2.22). The second relation is a consequence of the first and third ones. The same
manipulations lead to (2.23) and (2.24). �

2.2.2 Adjoint Variables and MP Formulation for Cost Functionals
with a Fixed Horizon

The classical format of the MP formulation gives a set of first-order necessary con-
ditions for the optimal pairs.

Theorem 2.1 (MP for the Mayer Form with a fixed horizon) If under the assump-
tions (A1)–(A3) a pair (x∗(·), u∗(·)) is optimal, then there exist vector functions
ψ(t) satisfying the system of adjoint equations

ψ̇(t) = − ∂

∂x
f
(
x∗(t), u∗(t), t

)T
ψ(t) a.e. t ∈ [0, T ] (2.29)

and nonnegative constants μ ≥ 0 and νl ≥ 0 (l = 1, . . . ,L) such that the following
four conditions hold.

1. (The maximality condition) For almost all t ∈ [0, T ]
H
(
ψ(t), x∗(t), u∗(t), t

)= max
u∈U

H
(
ψ(t), x∗(t), u, t

)
, (2.30)

where the Hamiltonian is defined as

H(ψ,x,u, t) := ψTf (x,u, t), t, x, u,ψ ∈ [0, T ] × R
n × R

r × R
n. (2.31)

2. (Transversality condition) The equality

ψ(T ) + μ
∂

∂x
h0
(
x∗(T )

)+
L∑

l=1

νl

∂

∂x
gl

(
x∗(T )

)= 0 (2.32)

holds.
3. (Complementary slackness conditions) Either the equality

gl

(
x∗(T )

)= 0

holds, or νl = 0, that is, for any l = 1, . . . ,L,

νlgl

(
x∗(T )

)= 0. (2.33)
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4. (Nontriviality condition) At least one of the quantities |ψ(T )| and νl is distinct
from zero, that is,

∣∣ψ(T )
∣∣+ μ +

L∑

l=1

νl > 0. (2.34)

Proof Let ψ(t) be the solution to (2.29) corresponding to the terminal condition
ψ(T ) = b and t̄ ∈ [0, T ]. Define Mε := [t̄ , t̄ + ε] ⊆ [0, T ]. If u∗(t) is an optimal
control, then according to the Lagrange Principle1 there exist constants μ ≥ 0 and
νl ≥ 0 (l = 1, . . . ,L) such that for any ε ≥ 0

L
(
uε(·),μ, ν

)− L
(
u∗(·),μ, ν

)≥ 0. (2.35)

Here

L
(
u(·),μ, ν

) := μJ
(
u(·))+

L∑

l=1

νlgl

(
x(T )
)
. (2.36)

Taking into account that

ψ(T ) = b

and

Δε(0) = 0

by the differential chain rule, applied to the term ψ(t)TΔε(t), and in view of (2.20)
and (2.29), we obtain

bTΔε(T ) = ψ(T )TΔε(T ) − ψ(0)TΔε(0)

=
∫ T

t=0
d
(
ψ(t)TΔε(t)

)

=
∫ T

t=0

(
ψ̇(t)TΔε(t) + ψ(t)TΔ̇ε(t)

)
dt

=
∫ T

t=0

[
−Δε(t)T ∂

∂x
f
(
x∗(t), u∗(t), t

)T
ψ(t)

+ ψ(t)T ∂

∂x
f
(
x∗(t), u∗(t), t

)
Δε(t)

+ ψ(t)T[f
(
x∗(t), uε(t), t

)− f
(
x∗(t), u∗(t), t

)]
χMε(t)

]
dt

=
∫ T

t=0
ψ(t)T[f

(
x∗(t), uε(t), t

)− f
(
x∗(t), u∗(t), t

)]
χMε(t)dt. (2.37)

1See Appendix 2.3 for finite-dimensional spaces.
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The variational equality (2.23) together with (2.35) and (2.37) implies

0 ≤ L
(
uε(·),μ, ν

)− L
(
u∗(·),μ, ν

)

= μ

(
∂

∂x
h0
(
x∗(T )

)
,Δε(T )

)
+ bTΔε(T )

−
∫ T

t=0
ψ(t)T(f

(
x∗(t), uε(t), t

)− f
(
x∗(t), u∗(t), t

))
χMε(t)dt

+
L∑

l=1

νl

[
gl

(
x(T )
)− gl

(
x∗(T )

)]+ o(ε)

=
(

μ
∂

∂x
h0
(
x∗(T )

)+ b +
L∑

l=1

νl

∂

∂x
gl

(
x∗(T )

)
,Δε(T )

)

−
∫ t̄+ε

t=t̄

[
ψ(t)T(f

(
x∗(t), uε(t), t

)− f
(
x∗(t), u∗(t), t

))]
dt + o(ε)

=
(

μ
∂

∂x
h0
(
x∗(T )

)+ b +
L∑

l=1

νl

∂

∂x
gl

(
x∗(T )

)
,Δε(T )

)

−
∫ t̄+ε

t=t̄

[
H
(
ψ(t), x∗(t), uε(t), t

)− H
(
ψ(t), x∗(t), u∗(t), t

)]
dt. (2.38)

(1) Letting ε go to zero from (2.38) it follows that

0 ≤
(

μ
∂

∂x
h0
(
x∗(T )

)+ b +
L∑

l=1

νl

∂

∂x
gl

(
x∗(T )

)
,Δε(T )

)∣∣∣∣∣
ε=0

,

which should be valid for any Δε(T )|ε=0. This is possible only if (this can be proved
by the construction)

μ
∂

∂x
h0
(
x∗(T )

)+ b +
L∑

l=1

νl

∂

∂x
gl

(
x∗(T )

)= 0, (2.39)

which is equivalent to (2.32). Thus, the transversality condition is proven.
(2) In view of (2.39) the inequality (2.38) is simplified to

0 ≤ −
∫ t̄+ε

t=t̄

[
H
(
ψ(t), x∗(t), uε(t), t

)− H
(
ψ(t), x∗(t), u∗(t), t

)]
dt. (2.40)

This inequality together with the separability of the metric space U directly leads to
the Maximality Condition (2.30).
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(3) Suppose that (2.33) does not hold, that is, there exist an index l0 and a multi-
plier ν̃l0 such that

νlgl

(
x∗(T )

)
< 0.

This implies that

L
(
u∗(·),μ, ν̃

) := μJ
(
u∗(·))+

L∑

l=1

ν̃lgl

(
x∗(T )

)

= μJ
(
u∗(·))+ ν̃l0gl0

(
x∗(T )

)

< μJ
(
u∗(·))= L

(
u∗(·),μ, ν

)
.

It means that u∗(·) is not an optimal control. We obtain a contradiction. So the
complementary slackness condition is proven.

(4) Suppose that (2.34) is not valid, that is,

∣∣ψ(T )
∣∣+ μ +

L∑

l=1

νl = 0,

which implies

ψ(T ) = 0, μ = νl = 0 (l = 1, . . . ,L)

and, hence, in view of (2.29) and Gronwall’s Lemma it follows that ψ(t) = 0 for all
t ∈ [0, T ]. So,

H
(
ψ(t), x(t), u(t), t

)= 0

for any u(t) (not only for u∗(t)). This means that the application of any admissi-
ble control keeps the cost function unchanged and this corresponds to the trivial
situation of an “uncontrollable” system. So the nontriviality condition is proven as
well. �

2.2.3 The Regular Case

In the so-called regular case, when μ > 0 (this means that the nontriviality condition
holds automatically), the variable ψ(t) and constants νl may be normalized and
changed to ψ̃(t) := ψ(t)/μ and ν̃l := νl/μ. In this new variable the MP formulation
looks as follows.

Theorem 2.2 (MP in the regular case) If under the assumptions (A1)–(A3) a pair
(x∗(·), u∗(·)) is optimal then there exist vector functions ψ̃(t) satisfying the system
of adjoint equations

d

dt
ψ̃(t) = − ∂

∂x
f
(
x∗(t), u∗(t), t

)T
ψ̃(t) a.e. t ∈ [0, T ]
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and νl ≥ 0 (l = 1, . . . ,L) such that the following three conditions hold.

1. (The maximality condition) For almost all t ∈ [0, T ]
H
(
ψ̃(t), x∗(t), u∗(t), t

)= max
u∈U

H
(
ψ̃(t), x∗(t), u, t

)
,

where the Hamiltonian is defined as

H(ψ,x,u, t) := ψ̃Tf (x,u, t), t, x, u,ψ ∈ [0, T ] × R
n × R

r × R
n.

2. (Transversality condition) For every α ∈ A, the equalities

ψ̃(T ) + ∂

∂x
h0
(
x∗(T )

)+
L∑

l=1

ν̃l

∂

∂x
gl

(
x∗(T )

)= 0

hold.
3. (Complementary slackness conditions) Either the equality

gl

(
x∗(T )

)= 0

holds, or

νl = 0,

that is, for any l = 1, . . . ,L

νlgl

(
x∗(T )

)= 0.

Remark 2.1 This means that without loss of generality we may put μ = 1. It may be
shown (Polyak 1987) that the regularity property holds if the vectors ∂

∂x
gl(x

∗(T ))

are linearly independent. The verification of this property is usually not so simple
a task. There are also other known weaker conditions of regularity (Poznyak 2008)
(Slater’s condition, etc.).

2.2.4 Hamiltonian Form and Constancy Property

Corollary 2.1 (Hamiltonian for the Bolza Problem) The Hamiltonian (2.31) for the
Bolza Problem has the form

H(ψ,x,u, t) := ψTf (x,u, t) − μh
(
x(t), u(t), t

)
,

t, x, u,ψ ∈ [0, T ] × R
n × R

r × R
n. (2.41)

Proof This follows from (2.14)–(2.18). Indeed, the representation in the Mayer
form,

ẋn+1(t) = h
(
x(t), u(t), t

)
,
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implies

ψ̇n+1(t) = 0

and, hence,

ψn+1(T ) = −μ. �

Corollary 2.2 (Hamiltonian form) Equations (2.1) and (2.29) may be represented
in the so-called Hamiltonian form (forward–backward ODE form):

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ∗(t) = ∂

∂ψ
H
(
ψ(t), x∗(t), u∗(t), t

)
, x∗(0) = x0,

ψ̇(t) = − ∂

∂x
H
(
ψ(t), x∗(t), u∗(t), t

)
,

ψ(T ) = −μ
∂

∂x
h0
(
x∗(T )

)−
L∑

l=1

νl

∂

∂x
gl

(
x∗(T )

)
.

(2.42)

Proof It directly follows from the comparison of the right-hand side of (2.31) with
(2.1) and (2.29). �

Corollary 2.3 (Constancy property) For stationary systems, see (2.1)–(2.2), where

f = f
(
x(t), u(t)

)
, h = h

(
x(t), u(t)

)
. (2.43)

It follows that for all t ∈ [t0, T ]
H
(
ψ(t), x∗(t), u∗(ψ(t), x∗(t)

))= const. (2.44)

Proof One can see that in this case

H = H
(
ψ(t), x(t), u(t)

)
,

that is,

∂

∂t
H = 0.

Hence, u∗(t) is a function of ψ(t) and x∗(t) only, that is,

u∗(t) = u∗(ψ(t), x∗(t)
)
.

Denote

H
(
ψ(t), x∗(t), u∗(ψ(t), x∗(t)

)) := H̃
(
ψ(t), x∗(t)

)
.

Then (2.42) becomes
⎧
⎪⎨

⎪⎩

ẋ(t) = ∂

∂ψ
H̃
(
ψ(t), x∗(t)

)
,

ψ̇(t) = − ∂

∂x
H̃
(
ψ(t), x∗(t)

)
,
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which implies

d

dt
H̃
(
ψ(t), x∗(t)

)= ∂

∂ψ
H̃
(
ψ(t), x∗(t)

)T
ψ̇(t)

+ ∂

∂x
H̃
(
ψ(t), x∗(t)

)T
ẋ(t) = 0

and hence for any t ∈ [t0, T ]
H̃
(
ψ(t), x∗(t)

)= const. (2.45)
�

2.2.5 Variable Horizon Optimal Control Problem and Zero
Property

Consider now the following generalization of the optimal control problem (2.1),
(2.5), (2.11) permitting the terminal time to be free. In view of this, the optimization
problem may be formulated in the following manner:

minimize J
(
u(·))= h0

(
x(T ), T

)

over u(·) ∈ Uadmis[0, T ] (2.46)

and T ≥ 0 with the terminal set M(T ) given by

M(T ) = {x(T ) ∈ R
n : gl

(
x(T ), T

)≤ 0
(
l = 1,L

)}
. (2.47)

Theorem 2.3 (MP for the variable horizon case) If under the assumptions (A1)–
(A3) the pair (T ∗, u∗(·)) is a solution of the problem (2.46)–(2.47) and x∗(t) is the
corresponding optimal trajectory, then there exist vector functions ψ(t) satisfying
the system of adjoint equations (2.29) and nonnegative constants

μ ≥ 0 and νl ≥ 0
(
l = 1,L

)

such that all four conditions of Theorem 2.1 are fulfilled and, in addition, the fol-
lowing condition for the terminal time holds:

H
(
ψ(T ), x(T ),u(T ), T

) := ψT(T )f
(
x(T ),u(T − 0), T

)

= μ
∂

∂T
h0
(
x∗(T ), T

)+
L∑

l=1

νl
∂

∂T
gl

(
x∗(T ), T

)
. (2.48)

Proof Since (T ∗, u∗(·)) is a solution of the problem, evidently u∗(·) is a solution of
the problem (2.1), (2.5), (2.11) with the fixed horizon T = T ∗ and, hence, all four
properties of Theorem 2.1 with T = T ∗ should be fulfilled. Let us find the additional
condition to the terminal time T ∗ which should also be satisfied.
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(a) Consider again, as in (2.19), the needle-shaped variation defined by

uε(t) :=
⎧
⎨

⎩

u∗(t) if t ∈ [0, T ∗]�(Mε ∧ (T ∗ − ε,T ∗]),
u(t) ∈ Uadmis[0, T ∗] if t ∈ Mε ⊆ [0, T ∗ − ε),

u(t) ∈ Uadmis[0, T ∗] if t ∈ [T ∗ − ε,T ∗].
(2.49)

Then, for L(u(·),μ, ν,T ) defined as

L
(
u(·),μ, ν,T

) := μJ
(
u(·), T )+

L∑

l=1

νlgl

(
x(T ), T

)
, (2.50)

it follows that

0 ≤ L
(
uε(·),μ, ν,T ∗ − ε

)− L
(
u∗(·),μ, ν,T ∗)

= μh0
(
x(T ∗ − ε), T ∗ − ε

)+
L∑

l=1

νlgl

(
x(T ∗ − ε), T ∗ − ε

)

− μh0
(
x∗(T ∗), T ∗)−

L∑

l=1

νlgl

(
x∗(T ∗), T ∗).

Hence, by applying the transversality condition (2.32) we obtain

0 ≤ −ε

(
μ

∂

∂T
h0
(
x(T ∗), T ∗)+ νl

∂

∂T
gl

(
x(T ∗), T ∗)

)

+ o(ε) − ε

(

μ
∂

∂x
h0
(
x(T ∗), T ∗)

+
L∑

l=1

νl

∂

∂x
gl

(
x(T ∗), T ∗), f

(
x(T ∗), u∗(T ∗ − 0), T ∗)

)

= −ε

(
μ

∂

∂T
h0
(
x(T ∗), T ∗)+ νl

∂

∂T
gl

(
x(T ∗), T ∗)

)

+ εψT(T ∗)f
(
x(T ∗), u∗(T ∗ − 0), T ∗)+ o(ε)

= −ε

(
μ

∂

∂T
h0
(
x(T ∗), T ∗)+ νl

∂

∂T
gl

(
x(T ∗), T ∗)

)

+ εH
(
ψ(T ∗), x∗(T ∗), u∗(T − 0), T ∗)+ o(ε),

which, by dividing by ε and letting ε go to zero, implies

H
(
ψ(T ∗), x∗(T ∗), u∗(T − 0), T ∗)

≥ μ
∂

∂T
h0
(
x(T ∗), T ∗)+ νl

∂

∂T
gl

(
x(T ∗), T ∗). (2.51)
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(b) Analogously, for the needle-shaped variation

uε(t) :=
⎧
⎨

⎩

u∗(t) if t ∈ [0, T ∗)�Mε,

u(t) ∈ Uadmis[0, T ∗] if t ∈ Mε,

u∗(T ∗ − 0) if t ∈ [T ∗, T ∗ + ε],
(2.52)

it follows that

0 ≤ L
(
uε(·),μ, ν,T ∗ + ε

)− L
(
u∗(·),μ, ν,T ∗)

= ε

(
μ

∂

∂T
h0
(
x(T ∗), T ∗)+ νl

∂

∂T
gl

(
x(T ∗), T ∗)

)

− εH
(
ψ(T ∗), x∗(T ∗), u∗(T − 0), T ∗)+ o(ε)

and

H
(
ψ(T ∗), x∗(T ∗), u∗(T − 0), T ∗)

≤ μ
∂

∂T
h0
(
x(T ∗), T ∗)+ νl

∂

∂T
gl

(
x(T ∗), T ∗). (2.53)

Combining (2.49) and (2.52), we obtain (2.48). The theorem is proven. �

Corollary 2.4 (Zero property) If under the conditions of the theorem above the
functions

h0(x, T ), gl(x, T ) (l = 1, . . . ,L)

do not depend on T directly, that is,

∂

∂T
h0(x, T ) = ∂

∂T
gl(x, T ) = 0 (l = 1, . . . ,L)

then

H
(
ψ(T ∗), x∗(T ∗), u∗(T − 0), T ∗)= 0. (2.54)

If, in addition, the stationary case is considered (see (2.43)), then (2.54) holds for
all t ∈ [0, T ∗], that is,

H
(
ψ(t), x∗(t), u∗(ψ(t), x∗(t)

))= 0. (2.55)

Proof The result directly follows from (2.44) and (2.54). �

2.2.6 Joint Optimal Control and Parametric Optimization Problem

Consider the nonlinear plant given by
{

ẋa(t) = f
(
xa(t), u(t), t;a), a.e. t ∈ [0, T ],

xa(0) = x0
(2.56)
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at the fixed horizon T , where a ∈ R
p is a vector of parameters that also can be

selected to optimize the functional (2.5), which in this case is

J
(
u(·), a)= h0

(
xa(T )

)
. (2.57)

(A4) It will be supposed that the right-hand side of (2.56) is differentiable for all
a ∈ R

p .

In view of this, OCP is formulated as

minimize J (u(·), a) (2.57)

over Uadmis[0, T ] and a ∈ R
p.

(2.58)

Theorem 2.4 (Joint OC and parametric optimization) If under the assumptions
(A1)–(A4) the pair (u∗(·), a∗) is a solution of the problem (2.46)–(2.47) and x∗(t)
is the corresponding optimal trajectory, then there exist vector functions ψ(t) satis-
fying the system of the adjoint equations (2.29) with

x∗(t), u∗(t), a∗

and nonnegative constants

μ ≥ 0 and νl ≥ 0 (l = 1, . . . ,L)

such that all four conditions of Theorem 2.1 are fulfilled and, in addition, the fol-
lowing condition for the optimal parameter holds:

∫ T

t=0

∂

∂a
H
(
ψ(t), x∗(t), u∗(t), t;a∗)dt = 0. (2.59)

Proof For this problem L(u(·),μ, ν, a) is defined as previously:

L
(
u(·),μ, ν, a

) := μh0
(
x(T )
)+

L∑

l=1

νlgl

(
x(T )
)
. (2.60)

Introduce the matrix

Δa(t) = ∂

∂a
x∗(t) ∈ R

n×p,

called the matrix of sensitivity (with respect to parameter variations), which satisfies
the following differential equation:

Δ̇a(t) = d

dt

∂

∂a
x∗(t) = ∂

∂a
ẋ∗(t)

= ∂

∂a
f
(
x∗(t), u∗(t), t;a∗)

= ∂

∂a
f
(
x∗(t), u∗(t), t;a∗)+ ∂

∂x
f
(
x∗(t), u∗(t), t;a∗)Δa(t),

Δa(0) = 0.

(2.61)
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In view of this and using (2.29), it follows that

0 ≤ L
(
u∗(·),μ, ν, a

)− L
(
u∗(·),μ, ν, a∗)

= (a − a∗)TΔa(T )T

(

μ
∂

∂x
h0
(
x∗(T )

)+
L∑

l=1

νl

∂

∂x
gl

(
x∗(T )

)
)

+ o
(‖a − a∗‖)

= (a − a∗)TΔa(T )Tψ(T ) + o
(‖a − a∗‖)

= (a − a∗)T[Δa(T )Tψ(T ) − Δa(0)Tψ(0)
]+ o
(‖a − a∗‖)

= (a − a∗)T
∫ T

t=0
d
[
Δa(t)Tψ(t)

]+ o
(‖a − a∗‖)

= (a − a∗)T
∫ T

t=0

[
−Δa(t)T ∂

∂x
f
(
x∗(t), u∗(t), t;a∗)Tψ(t)

+ Δa(t)T ∂

∂x
f
(
x∗(t), u∗(t), t;a∗)Tψ(t)

+ ∂

∂a
f
(
x∗(t), u∗(t), t;a∗)Tψ(t)

]
dt + o

(‖a − a∗‖)

= (a − a∗)T
∫ T

t=0

∂

∂a
f
(
x∗(t), u∗(t), t;a∗)Tψ(t)dt + o

(‖a − a∗‖).

But this inequality is possible for any a ∈ R
p in a small neighborhood of a∗ only

if (2.59) holds (this may be proved by contradiction). The theorem is proven. �

2.2.7 Sufficient Conditions of Optimality

Some additional notions and constructions related to Convex Analysis will be useful
later on. Let ∂F (x) be a subgradient convex (not necessarily differentiable) function
F(x) at x ∈ R

n, that is, ∀y ∈ R
n

∂F (x) := {a ∈ R
n : F(x + y) ≥ F(x) + (a, y)

}
. (2.62)

Lemma 2.2 (Criterion of Optimality) The condition

0 ∈ ∂F (x∗) (2.63)

is necessary and sufficient for guaranteeing that x∗ is a solution to the finite-
dimensional optimization problem

min
x∈X⊆Rn

F (x). (2.64)
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Proof (a) Necessity. Let x∗ be one of the points minimizing F(x) in X ⊆ R
n. Then

for any y ∈ X

F(x∗ + y) ≥ F(x∗) + (0, y) = F(x∗),

which means that 0 is a subgradient F(x) at the point x∗.
(b) Sufficiency. If 0 is a subgradient F(x) at the point x∗, then

F(x∗ + y) ≥ F(x∗) + (0, y) = F(x∗)

for any y ∈ X, which means that the point x∗ is a solution of the problem (2.64). �

An additional assumption concerning the control region is also required.

(A5) The control domain U is supposed to be a convex body (that is, it is convex
and has a nonempty interior).

Lemma 2.3 (On mixed subgradient) Let ϕ be a convex (or concave) function on
R

n × U where U is a convex body. Assuming that ϕ(x,u) is differential in x and is
continuous in (x,u), the following inclusion turns out to be valid for any (x∗, u∗) ∈
R

n × U :
{(

ϕx(x∗, u∗), r
) : r ∈ ∂uϕ(x∗, u∗)

}⊆ ∂x,uϕ(x∗, u∗). (2.65)

Proof For any y ∈ R
n in view of the convexity of ϕ and its differentiability on x, it

follows that

ϕ(x∗ + y,u∗) − ϕ(x∗, u∗) ≥ (ϕx(x
∗, u∗), y

)
. (2.66)

Similarly, in view of the convexity of ϕ in u, there exists a vector r ∈ R
r such that

for any x∗, y ∈ R
n and any ū ∈ U

ϕ(x∗ + y,u∗ + ū) − ϕ(x∗ + y,u∗) ≥ (r, ū). (2.67)

So, taking into account the previous inequalities (2.66)–(2.67), we obtain

ϕ(x∗ + y,u∗ + ū) − ϕ(x∗, u∗) = [ϕ(x∗ + y,u∗ + ū) − ϕ(x∗ + y,u∗)
]

+ [ϕ(x∗ + y,u∗) − ϕ(x∗, u∗)
]

≥ (r, ū) + (ϕx(x∗, u∗), y
)
. (2.68a)

Then by the definition of the subgradient (2.62), we find that

(
ϕx(x

∗, u∗); r)⊆ ∂x,uϕ(x∗, u∗).

The concavity case is very similar as we see that if we note that (−ϕ) is convex. The
lemma is proven. �

Now we are ready to formulate the central result of this section.



2.2 Maximum Principle Formulation 27

Theorem 2.5 (Sufficient condition of optimality) Let, under the assumptions (A1)–
(A3) and (A5), the pair (x∗(·), u∗(·)) be an admissible pair and ψ(t) be the corre-
sponding adjoint variable satisfying (2.29). Assume that h0(x) and gl(x) (l = 1,L)

are convex and H(ψ(t), x,u, t) (2.31) is concave in (x,u) for any fixed t ∈ [0, T ]
and any ψ(t) ∈ R

n. Then this pair (x∗(·), u∗(·)) is optimal in the sense that the cost
functional obeys J (u(·)) = h0(x(T )) (2.5) if

H
(
ψ(t), x∗(t), u∗(t), t

)= max
u∈U

H
(
ψ(t), x∗(t), u, t

)
(2.69)

at almost all t ∈ [0, T ].

Proof By (2.69) and in view of the criterion of optimality (2.63), it follows that

0 ∈ ∂uH
(
ψ(t), x∗(t), u∗(t), t

)
. (2.70)

Then, by the concavity of H(ψ(t), x,u, t) in (x,u), for any admissible pair
(x,u), and applying the integration operation, in view of (2.70), we get

∫ T

t=0
H
(
ψ(t), x(t), u, t

)
dt −
∫ T

t=0
H
(
ψ(t), x∗(t), u∗(t), t

)
dt

≤
∫ T

t=0

[(
∂

∂x
H
(
ψ(t), x∗(t), u∗(t), t

)
, x(t) − x∗(t)

)
+ (0, u(t) − u∗(t)

)]
dt

=
∫ T

t=0

(
∂

∂x
H
(
ψ(t), x∗(t), u∗(t), t

)
, x(t) − x∗(t)

)
dt. (2.71)

By the same trick as previously, let us introduce the “sensitivity” process δ(t) :=
x(t) − x∗(t), which evidently satisfies

δ̇(t) = η(t) a.e. t ∈ [0, T ],
δ(0) = 0,

(2.72)

where

η(t) := f
(
x(t), u(t), t

)− f
(
x∗(t), u∗(t), t

)
. (2.73)

Then, in view of (2.29) and (2.71), it follows that

∂

∂x
h0
(
x∗(T )

)T
δ(T ) = −[ψ(T )Tδ(T ) − ψ(0)Tδ(0)

]

= −
∫ T

t=0
d
[
ψ(t)Tδ(t)

]

=
∫ T

t=0

∂

∂x
H
(
ψ(t), x∗(t), u∗(t), t

)T
δ(t)dt
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−
∫ T

t=0
ψ(t)T(f

(
x(t), u(t), t

)− f
(
x∗(t), u∗(t), t

))
dt

≥
∫ T

t=0

[
H
(
ψ(t), x(t), u, t

)− H
(
ψ(t), x∗(t), u∗, t

)]
dt

−
∫ T

t=0
ψ(t)T(f

(
x(t), u(t), t

)− f
(
x∗(t), u∗(t), t

))
dt = 0.

(2.74)

The convexity of h0(x) and gl(x) (l = 1, . . . ,L) and the complementary slackness
condition yield

[
∂

∂x
h0
(
x∗(T )

)+
L∑

l=1

νl

∂

∂x
gl

(
x∗(T )

)
]T

δ(T )

≤ h0
(
x(T )
)− h0

(
x∗(T )

)+
L∑

l=1

νlgl

(
x∗(T )

)

= h0
(
x(T )
)− h0

(
x∗(T )

)
. (2.75)

Combining (2.74) with (2.75), we derive

J
(
u(·))− J

(
u∗(·))= h0

(
x(T )
)− h0

(
x∗(T )

)≥ 0

and, since u(·) is arbitrary, the desired result follows. �

Remark 2.2 Notice that checking the concavity property of H(ψ(t), x,u, t) (2.31)
in (x,u) for any fixed t ∈ [0, T ] and any ψ(t) ∈ R

n is not a simple task since it
depends on the sign of the ψi(t) components. So, the theorem given earlier may
be applied directly practically only for a very narrow class of particular problems
where the concavity property may be analytically checked.

2.3 Appendix

2.3.1 Linear ODE and Liouville’s Theorem

Lemma 2.4 The solution x(t) of the linear ODE

ẋ(t) = A(t)x(t), t ≥ t0,

x(t0) = x0 ∈ R
n×n,

(2.76)

where A(t) is an (almost everywhere) measurable matrix function, may be presented
as

x(t) = Φ(t, t0)x0, (2.77)
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where the matrix Φ(t, t0) is the so-called fundamental matrix of the system (2.76)
and satisfies the matrix ODE

d

dt
Φ(t, t0) = A(t)Φ(t, t0),

Φ(t0, t0) = I

(2.78)

and verifies the group property

Φ(t, t0) = Φ(t, s)Φ(s, t0) ∀s ∈ (t0, t). (2.79)

Proof Assuming (2.77), direct differentiation of (2.77) implies

ẋ(t) = d

dt
Φ(t, t0)x0 = A(t)Φ(t, t0)x0 = A(t)x(t).

So (2.77) verifies (2.76). The property (2.79) follows from the fact that

x(t) = Φ(t, s)xs = Φ(t, s)Φ(s, t0)xt0 = Φ(t, t0)xt0 . �

Theorem 2.6 (Liouville) If Φ(t, t0) is the solution to (2.78), then

detΦ(t, t0) = exp

{∫ t

s=t0

trA(s)ds

}
. (2.80)

Proof The usual expansion for the determinant detΦ(t, t0) and the rule for differ-
entiating the product of scalar functions show that

d

dt
detΦ(t, t0) =

n∑

j=1

det Φ̃j (t, t0),

where Φ̃j (t, t0) is the matrix obtained by replacing the j th row

Φj,1(t, t0), . . . , Φj,n(t, t0)

of Φ(t, t0) by its derivatives

Φ̇j,1(t, t0), . . . , Φ̇j,n(t, t0).

But since

Φ̇j,k(t, t0) =
n∑

i=1

aj,i(t)Φi,k(t, t0),

A(t) = ∥∥aj,i(t)
∥
∥

j,i=1,...,n

it follows that

det Φ̃j (t, t0) = aj,j (t)detΦ(t, t0),
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which gives

d

dt
detΦ(t, t0) =

n∑

j=1

d

dt
det Φ̃j (t, t0) =

n∑

j=1

aj,j (t)detΦ(t, t0)

= tr
{
A(t)
}

detΦ(t, t0)

and, as a result, we obtain (2.80). �

Corollary 2.5 If for the system (2.76)

∫ T

s=t0

trA(s)ds > −∞ (2.81)

then for any t ∈ [t0, T ]
detΦ(t, t0) > 0. (2.82)

Proof It is the direct consequence of (2.80). �

Lemma 2.5 If
∫ T

s=t0

trA(s)ds > −∞

then the solution x(t) of the linear nonautonomous ODE

ẋ(t) = A(t)x(t) + f (t), t ≥ t0,

x(t0) = x0 ∈ R
n×n,

(2.83)

where A(t) and f (t) are assumed to be (almost everywhere) measurable matrix and
vector functions, may be represented as (this is the Cauchy formula)

x(t) = Φ(t, t0)

[
x0 +

∫ t

s=t0

Φ−1(s, t0)f (s)ds

]
, (2.84)

where Φ−1(t, t0) exists for all t ∈ [t0, T ] and satisfies

d

dt
Φ−1(t, t0) = −Φ−1(t, t0)A(t),

Φ−1(t0, t0) = I.

(2.85)

Proof By the previous corollary, Φ−1(t, t0) exists within the interval [t0, T ]. Direct
derivation of (2.84) implies

ẋ(t) = Φ̇(t, t0)

[
x0 +

∫ t

s=t0

Φ−1(s, t0)f (s)ds

]
+ Φ(t, t0)Φ

−1(t, t0)f (t)
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= A(t)Φ(t, t0)

[
x0 +

∫ t

s=t0

Φ−1(s, t0)f (s)ds

]
+ f (t)

= A(t)x(t) + f (t),

which coincides with (2.83). Notice that the integral in (2.84) is well defined in view
of the measurability property of the participating functions to be integrated. By the
identities

Φ(t, t0)Φ
−1(t, t0) = I,

d

dt

[
Φ(t, t0)Φ

−1(t, t0)
]= Φ̇(t, t0)Φ

−1(t, t0) + Φ(t, t0)
d

dt
Φ−1(t, t0) = 0,

it follows that

d

dt
Φ−1(t, t0) = −Φ−1(t, t0)

[
Φ̇(t, t0)

]
Φ−1(t, t0)

= −Φ−1(t, t0)
[
A(t)Φ(t, t0)

]
Φ−1(t, t0) = −Φ−1(t, t0)A(t).

The lemma is proven. �

Remark 2.3 The solution (2.84) can be rewritten as

x(t) = Φ(t, t0)x0 +
∫ t

s=t0

Φ(t, s)f (s)ds (2.86)

since by (2.79)

Φ(t, s) = Φ(t, t0)Φ
−1(s, t0).

2.3.2 Bihari Lemma

Lemma 2.6 (Bihari) Let

(1) v(t) and ξ(t) be nonnegative continuous functions on [t0,∞), that is,

v(t) ≥ 0, ξ(t) ≥ 0 ∀t ∈ [t0,∞), v(t), ξ(t) ∈ C[t0,∞). (2.87)

(2) For any t ∈ [t0,∞) the following inequality holds:

v(t) ≤ c +
∫ t

τ=t0

ξ(τ )Φ
(
v(τ)
)

dτ, (2.88)

where c is a positive constant (c > 0) and Φ(v) is a positive nondecreasing
continuous function, that is,

0 < Φ(v) ∈ C[t0,∞), ∀v ∈ (0, v̄), v̄ ≤ ∞. (2.89)
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Denote

Ψ (v) :=
∫ v

s=c

ds

Φ(s)
(0 < v < v̄). (2.90)

If, in addition,
∫ t

τ=t0

ξ(τ )dτ < Ψ (v̄ − 0), t ∈ [t0,∞) (2.91)

then for any t ∈ [t0,∞)

v(t) ≤ Ψ −1
(∫ t

τ=t0

ξ(τ )dτ

)
, (2.92)

where Ψ −1(y) is the function inverse to Ψ (v), that is,

y = Ψ (v), v = Ψ −1(y). (2.93)

In particular, if v̄ = ∞ and Ψ (∞) = ∞, then the inequality (2.92) is fulfilled with-
out any constraints.

Proof Since Φ(v) is a positive nondecreasing continuous function the inequality
(2.88) implies that

Φ
(
v(t)
)≤ Φ

(
c +
∫ t

τ=t0

ξ(τ )Φ
(
v(τ)
)

dτ

)

and

ξ(t)Φ(v(t))

Φ(c + ∫ t

τ=t0
ξ(τ )Φ(v(τ))dτ)

≤ ξ(t).

Integrating the last inequality, we obtain

∫ t

s=t0

ξ(s)Φ(v(s))

Φ(c + ∫ s

τ=t0
ξ(τ )Φ(v(τ))dτ)

ds ≤
∫ t

s=t0

ξ(s)ds. (2.94)

Denote

w(t) := c +
∫ t

τ=t0

ξ(τ )Φ
(
v(τ)
)

dτ.

Then evidently

ẇ(t) = ξ(t)Φ
(
v(t)
)
.

Hence, in view of (2.90), the inequality (2.94) may be represented as

∫ t

s=t0

ẇ(s)

Φ(w(s))
ds =

∫ w(t)

w=w(t0)

dw

Φ(w)
= Ψ
(
w(t)
)− Ψ

(
w(t0)

)≤
∫ t

s=t0

ξ(s)ds.
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Taking into account that w(t0) = c and Ψ (w(t0)) = 0, from the last inequality it
follows that

Ψ
(
w(t)
)≤
∫ t

s=t0

ξ(s)ds. (2.95)

Since

Ψ ′(v) = 1

Φ(v)
(0 < v < v̄)

the function Ψ (v) has the uniquely defined, continuous monotonically increasing
inverse function Ψ −1(y) given within the open interval (Ψ (+0),Ψ (v̄ − 0)). Hence,
(2.95) directly implies

w(t) = c +
∫ t

τ=t0

ξ(τ )Φ
(
v(τ)
)

dτ ≤ Ψ −1
(∫ t

s=t0

ξ(s)ds

)
,

which, in view of (2.88), leads to (2.92). Indeed,

v(t) ≤ c +
∫ t

τ=t0

ξ(τ )Φ
(
v(τ)
)

dτ ≤ Ψ −1
(∫ t

s=t0

ξ(s)ds

)
.

The case of v̄ = ∞ and Ψ (∞) = ∞ is evident. The lemma is proven. �

Corollary 2.6 Taking in (2.92)

Φ(v) = vm (m > 0,m �= 1),

it follows that

v(t) ≤
[
c1−m + (1 − m)

∫ t

τ=t0

ξ(τ )dτ

] 1
m−1

for 0 < m < 1

(2.96)

and

v(t) ≤ c

[
1 − (1 − m)cm−1

∫ t

τ=t0

ξ(τ )dτ

]− 1
m−1

for m > 1 and
∫ t

τ=t0

ξ(τ )dτ <
1

(m − 1)cm−1
.
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2.3.3 Gronwall Lemma

Corollary 2.7 (Gronwall) If v(t) and ξ(t) are nonnegative continuous functions in
[t0,∞) verifying

v(t) ≤ c +
∫ t

τ=t0

ξ(τ )v(τ )dτ (2.97)

then for any t ∈ [t0,∞) the following inequality holds:

v(t) ≤ c exp

(∫ t

s=t0

ξ(s)ds

)
. (2.98)

This result remains true if c = 0.

Proof Taking in (2.88) and (2.90)

Φ(v) = v,

we obtain (2.97) and, hence, for the case c > 0

Ψ (v) :=
∫ v

s=c

ds

s
= ln

(
v

c

)

and

Ψ −1(y) = c · exp(y),

which implies (2.98). The case c = 0 follows from (2.98) on applying c → 0. �

2.3.4 The Lagrange Principle in Finite-Dimensional Spaces

Let us recall several simple and commonly used definitions.

Definition 2.7 A set C lying within a linear set X is called convex if, together with
any two points x, y ∈ C, it also contains the closed interval

[x, y] := {z : z = αx + (1 − α)y,α ∈ [0,1]}. (2.99)

A function f : X → R is said to be convex if for any x, y ∈ X and any α ∈ [0,1]
f
(
αx + (1 − α)y

)≤ αf (x) + (1 − α)f (y) (2.100)

or, in other words, if the supergraph of f defined as

epif = {(a, x) ∈ R × X : a ≥ f (x)
}

(2.101)

is a convex set in R × X.
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Consider the optimal control problem in the Mayer form (2.5), that is,

J
(
u(·))= h0

(
x(T )
)→ min

u(·)∈Uadmis[0,T ]
,

x(T ) ∈ M = {x ∈ R
n : gl(x) ≤ 0

(
l = 1,L

)}
,

(2.102)

where h0(x) and gl(x) (l = 1, . . . ,L) are convex functions. For the corresponding
optimal pair (x∗(·), u∗(t)) it follows that

J
(
u∗(·))= h0

(
x∗(T )

)≤ J
(
u(·))= h0

(
x(T )
)
,

gl

(
x∗(T )

)≤ 0 (l = 1, . . . ,L)
(2.103)

for any u(t) and corresponding x(T ) satisfying

gl

(
x(T )
)≤ 0 (l = 1, . . . ,L). (2.104)

Theorem 2.7 (The Lagrange Principle, Kuhn and Tucker 1951) Let X be a linear
(not necessarily finite-dimensional) space,

h0 : X → R

and let

gl : X → R (l = 1, . . . ,L)

be convex functions in X and X0 be a convex subset of X, that is, X0 ∈ X.

A. If (x∗(·), u∗(t)) is an optimal pair then there exist nonnegative constants μ∗ ≥ 0
and ν∗

l ≥ 0 (l = 1, . . . ,L) such that the following two conditions hold.
(1) “Minimality condition for the Lagrange function”:

L
(
x∗(T ),μ∗, ν∗)≤ L

(
x(T ),μ∗, ν∗),

L
(
x(T ),μ, ν

) := μ∗h0
(
x(T )
)+

L∑

l=1

ν∗
l gl

(
x(T )
)
,

(2.105)

where x(T ) corresponds to any admissible control u(·).
(2) “Complementary slackness”:

ν∗
l gl

(
x∗(T )

)= 0 (l = 1, . . . ,L). (2.106)

B. If μ∗ > 0 (the regular case), then the conditions (1)–(2) turn out to be sufficient
to guarantee that (x∗(·), u∗(t)) is a solution of the problem (2.102).

C. To guarantee that there exists μ∗ > 0, it is sufficient that the so-called Slater
condition holds, that is, there exists an admissible pair

(
x̄(·), ū(t)

) (
x̄(T ) ∈ M

)
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Fig. 2.1 The illustration of
the Separation Principle

such that

gl

(
x̄(T )
)
< 0 (l = 1, . . . ,L). (2.107)

The considerations in the following follow from Alexeev et al. (1979).

The Separation Principle

First, we will formulate and prove the theorem called the Separation Principle for
a finite-dimensional space, which plays a key role in the proof of the Lagrange
Principle.

Theorem 2.8 (The Separation Principle) Let C ⊆ R
n be a convex subspace of R

n

which does not contain the point 0, that is, 0 /∈ C. Then there exists a vector α =
(α1, . . . , αn)

T ∈ R
n such that for any x = (x1, . . . , xn)

T ∈ C the following inequality
holds:

n∑

i=1

αixi ≥ 0. (2.108)

In other words, the plane

n∑

i=1

αixi = 0

separates the space R
n in two subspaces, one of which contains the set C completely

(see Fig. 2.1).

Proof Let linC be a minimal linear subspace of R
n containing C. Only two cases

are possible

linC �= R
n or linC = R

n.
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1. If linC �= R
n, then linC is a proper subspace in R

n and, therefore, there exists
a hyperplane

n∑

i=1

αixi = 0

containing C as well as the point 0. This plane may be selected as the one we are
interested in.

2. If linC = R
n, then from the vectors belonging to C we may select n linearly

independent ones forming a basis in R
n. Denote them by

e1, . . . , en (ei ∈ C, i = 1, . . . , n).

Consider then the two convex sets (more exactly, cones): a nonnegative “orthant”
K1 and a “convex cone” K2, defined as

K1 :=
{

x ∈ R
n : x =

n∑

i=1

βie
i, βi < 0

}

,

K2 :=

⎧
⎪⎨

⎪⎩

x ∈ R
n : x =

s∑

i=1

αiē
i , αi ≥ 0, ēi ∈ C,

i = 1, . . . , s (s ∈ N is any natural number)

⎫
⎪⎬

⎪⎭
.

(2.109)

These two cones are not crossed, that is, they do not contain a common point. In-
deed, suppose that there exists a vector

x̄ = −
n∑

i=1

β̄ie
i , β̄i > 0

which also belongs to K2. Then necessarily one finds s ∈ N , ᾱi ≥ 0 and ēi such that

x̄ =
s∑

i=1

ᾱi ē
i .

But this is possible only if 0 ∈ C since, in this case, the point 0 might be represented
as a convex combination of some points from C, that is,

0 =
∑s

i=1 ᾱi ē
i − x̄

∑s
i=1 ᾱi +∑n

i=1 β̄i

=
∑s

i=1 ᾱi ē
i +∑n

i=1 β̄ie
i

∑s
i=1 ᾱi +∑n

i=1 β̄i

=
s∑

i=1

(ᾱi + β̄i )∑s
j=1(ᾱj + β̄j )

ei . (2.110)

But this contradicts the assumption that 0 /∈ C. So,

K1 ∩ K2 = ∅. (2.111)
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3. Since K1 is an open set, any point x ∈ K1 cannot belong to K̄2 at the same
time. Here K̄2 is the “closure” of K2. Note that K̄2 is a closed and convex set. Let
us consider any point x0 ∈ K1, for example,

x0 = −
n∑

i=1

ēi ,

and try to find a point y0 ∈ K̄2 closer to x0. Such a point necessarily exists; namely,
it is the point which minimizes the continuous function f

(y) := ‖x − y‖
within all y belonging to the compact set

K̄2 ∩ {x ∈ K1 : ∥∥x−∥∥x0
∥
∥
∥
∥≤ ε small enough

}
.

4. Then let us construct the hyperplane H orthogonal to (x0 − y0) and show that
this is the plane that we are interested in, that is, show that 0 ∈ H and C belongs to
a half-closed subspace separated by this surface, namely,

(
intH ∩ K̄2

)= ∅.

Also, since C ⊆ K̄2, we have

C ⊆ (Rn� intH).

By contradiction, let us suppose that there exists a point

ỹ ∈ (intH ∩ K̄2
)
.

Then the angle ∠x0y0ỹ is less than π/2, and, besides, since K̄2 is convex, it follows
that

[
y0, ỹ
] ∈ K̄2.

Let us take the point

ỹ ′ ∈ (y0, ỹ
)

such that
(
x0, ỹ ′)⊥ (y0, ỹ

)

and show that ỹ ′ is not a point of K̄2 close to x0. Indeed, the points y0, ỹ, and ỹ ′
belong to the same line and ỹ ′ ∈ intH . But if

ỹ′ ∈ [y0, ỹ
]

and ỹ′ ∈ K̄2, then it is necessary that we have
∥
∥x0 − ỹ′∥∥<

∥
∥x0 − y0

∥
∥
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(the shortest distance is one smaller than any other one). At the same time, ỹ ′ ∈
(y0, ỹ), so

∥∥x0 − ỹ
∥∥<
∥∥x0 − y0

∥∥.

Also we have 0 ∈ H since, if this were not so, the line [0,∞), crossing y0 and
belonging to K̄2, should necessarily have points in common with intH . �

Proof of the Lagrange Principle

Now we are ready to give the proof of the main claim.

Proof of the Lagrange Principle Let (x∗(·), u∗(t)) be an optimal pair. For a new
normalized cost function defined as

J̃
(
u(·)) := J

(
u(·))− J

(
u∗(·))= h0

(
x(T )
)− h0

(
x∗(T )

)
(2.112)

it follows that

min
u(·)∈Uadmis

J̃
(
u(·))= 0. (2.113)

Define

C := {η ∈ R
L+1
∣∣ ∃x ∈ X0 : h0(x) − h0

(
x∗(T )

)
< η0,

gl(x) ≤ ηl (l = 1, . . . ,L)
}
. (2.114)

(A) The set C is nonempty and convex. Indeed, the vector η with positive compo-
nents belongs to C since in (2.114) we may take x = x∗(T ). Hence C is nonempty.
Let us prove its convexity. Consider two vectors η and η′ both belonging to C,
α ∈ [0,1] and x, x′ ∈ X0 such that for all l = 1, . . . ,L

h0(x) − h0
(
x∗(T )

)
< η0, gl(x) ≤ ηl,

h0(x
′) − h0

(
x∗(T )

)
< η′

0, gl(x
′) ≤ η′

l .
(2.115)

Denote

xα := αx + (1 − α)x′.

In view of the convexity of X0 it follows that xα ∈ X0. The convexity of the func-
tions h0(x) and gl(x) (l = 1, . . . ,L) implies that

αη + (1 − α)η′ ∈ C. (2.116)

Indeed,

h0(x
α) − h0

(
x∗(T )

)

≤ α
[
h0(x) − h0

(
x∗(T )

)]+ (1 − α)
[
h0(x

′) − h0
(
x∗(T )

)]
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≤ αη0 + (1 − α)η′
0,

gl(x
α) ≤ αgl(x) + (1 − α)gl(x

′) ≤ αηl + (1 − α)η′
l (l = 1, . . . ,L).

So C is nonempty and convex.
(B) The point 0 does not belong to C. Indeed, if it did, in view of the definition

(2.114), there would exist a point x ∈ X0 satisfying

h0(x
α) − h0

(
x∗(T )

)
< 0,

gl(x
α) ≤ 0 (l = 1, . . . ,L),

(2.117)

which is in contradiction to the fact that x∗(T ) is a solution of the problem. So
0 /∈ C. In view of this fact and taking into account the convexity property of C,
we may apply the Separation Principle for a finite-dimensional space: there exist
constants

μ∗, ν∗
1 , . . . , ν∗

l

such that for all η ∈ C

μ∗η0 +
L∑

l=1

ν∗
l ηl ≥ 0. (2.118)

(C) The multipliers μ∗ and ν∗
l (l = 1, . . . ,L) in (2.118) are nonnegative. In (A)

we have already mentioned that any vector η ∈ R
L+1 with positive components

belongs to C, and, in particular, the vector
(
ε, . . . , ε,1︸ ︷︷ ︸

l0

, ε, . . . , ε
)

(ε > 0) does. The substitution of this vector into (2.118) leads to the following
inequalities:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ν∗
i0

≥ −μ∗ε − ε

L∑

l=l0

ν∗
l if 1 ≤ l0 ≤ L,

μ∗ ≥ −ε

L∑

l=1

ν∗
l if l0 = 0.

(2.119)

Letting ε go to zero in (2.119) implies the nonnegativity property for the multipliers
μ∗ and ν∗

l (l = 1, . . . ,L).
(D) The multipliers ν∗

l (l = 1, . . . ,L) satisfy the complementary slackness con-
dition (2.106). Indeed, if

gl0

(
x∗(T )

)= 0

then the identity

ν∗
l0
gl0

(
x∗(T )

)= 0
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is trivial. Suppose that

gl0

(
x∗(T )

)
< 0.

Then for δ > 0 the point
(
δ,0, . . . ,0, gl0

(
x∗(T )

)

︸ ︷︷ ︸
l0

,0, . . . ,0
)

(2.120)

belongs to the set C. To check this, it is sufficient to take x = x∗(T ) in (2.118). The
substitution of this point into (2.118) implies

ν∗
l0
gl0

(
x∗(T )

)≥ −μ∗δ. (2.121)

Letting δ go to zero we obtain

ν∗
l0
gl0

(
x∗(T )

)≥ 0

and since

gl0

(
x∗(T )

)
< 0

it follows that

ν∗
l0

≤ 0.

But in (C) it has been proven that ν∗
l0

≥ 0. Thus, ν∗
l0

= 0, and, hence,

ν∗
l0
gl0

(
x∗(T )

)= 0.

(E) Minimality condition for the Lagrange function. Let x(T ) ∈ X0. Then, as
follows from (2.114), the point

([
h0
(
x(T )
)− h0

(
x∗(T )

)]+ δ, g1
(
x(T )
)
, . . . , gL

(
x(T )
))

belongs to C for any δ > 0. The substitution of this point into (2.118), in view of (D),
yields

L
(
x(T ),μ, ν

) := μ∗h0
(
x(T )
)+

L∑

l=1

ν∗
l gl

(
x(T )
)

≥ μ∗h0
(
x∗(T )

)− μ∗δ

= μ∗h0
(
x∗(T )

)+
L∑

l=1

ν∗
l gl

(
x∗(T )

)− μ∗δ

= L
(
x∗(T ),μ∗, ν∗)− μ∗δ. (2.122)

Taking δ → 0 we obtain (2.105).
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(F) If μ∗ > 0 (the regular case), then the conditions (A1) and (A2) of Theo-
rem 2.7 are sufficient for optimality. Indeed, in this case it is clear that we may take
μ∗ = 1, and, hence,

h0
(
x(T )
)≥ h0

(
x(T )
)+

L∑

l=1

ν∗
l gl

(
x(T )
)

= L
(
x(T ),1, ν∗)≥ L

(
x∗(T ),1, ν∗)

= h0
(
x∗(T )

)+
L∑

l=1

ν∗
l gl

(
x∗(T )

)= h0
(
x∗(T )

)
.

This means that x∗(T ) corresponds to an optimal solution.
(G) Slater’s condition of regularity. Suppose that Slater’s condition is fulfilled,

but μ = 0. We directly obtain a contradiction. Indeed, since not all ν∗
l are equal to

zero simultaneously, it follows that

L
(
x̄(T ),0, ν∗)=

L∑

l=1

ν∗
l gl

(
x̄(T )
)
< 0 = L

(
x∗(T ),0, ν∗),

which is in contradiction to (E). �

Corollary 2.8 (The saddle-point property for the regular case) In the regular case
the so-called saddle-point property holds:

L
(
x(T ),1, ν∗)≥ L

(
x∗(T ),1, ν∗)≥ L

(
x∗(T ),1, ν

)
(2.123)

or, in another form,

min
u(·)∈Uadmis

L
(
x∗(T ),1, ν∗)= L

(
x∗(T ),1, ν∗)= max

ν≥0
L
(
x∗(T ),1, ν

)
. (2.124)

Proof The left-hand side inequality has been already proven in (F). As for the right-
hand side inequality, it directly follows from

L
(
x∗(T ),1, ν∗)= h0

(
x∗(T )

)+
L∑

l=1

ν∗
l gl

(
x∗(T )

)

= h0
(
x∗(T )

)≥ h0
(
x∗(T )

)+
L∑

l=1

νlgl

(
x∗(T )

)

= L
(
x∗(T ),1, ν

)
. (2.125)

�
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Remark 2.4 The construction of the Lagrange function in the form

L(x,μ, ν) = μh0(x) +
L∑

l=1

νlgl(x) (2.126)

with μ ≥ 0 is very essential since the use of this form only as L(x,1, ν), when
the regularity conditions are not valid, may provoke a serious error in the optimiza-
tion process. The following counterexample demonstrates this effect. Consider the
simple static optimization problem formulated as

{
h0(x) := x1 → min

x∈R2
,

g(x) := x2
1 + x2

2 ≤ 0.
(2.127)

This problem evidently has the unique solution

x1 = x2 = 0.

But the direct use of the Lagrange Principle with μ = 1 leads to the following con-
tradiction:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

L(x,1, ν∗) = x1 + ν∗(x2
1 + x2

2

)→ min
x∈R2

∂

∂x1
L(x∗,1, ν∗) = 1 + 2ν∗x∗

1 = 0,

∂

∂x2
L(x∗,1, ν∗) = 2ν∗x∗

2 = 0,

ν∗ �= 0, x∗
2 = 0, x∗

1 = − 1

2ν∗ �= 0.

(2.128)

Notice that for this example the Slater condition is not valid.





Chapter 3
Dynamic Programming

The Dynamic Programming Method is discussed in this chapter, and the correspond-
ing HJB equation, defining sufficient conditions of the optimality for an admissible
control, is derived. Its smooth and nonsmooth (viscosity) solutions are discussed.

This chapter is organized as follows. The first section deals with Bellman’s Op-
timality Principle, presented in the integral form, and the theorem indicating func-
tionals for which this principle holds is given. The next section derives the HJB
equations and discusses the situations in which it admits classical smooth solutions.
In Sect. 3.3 the viscosity solutions are analyzed. The relation between HJB solutions
and the corresponding ones obtained by the MP method are discussed in the next
section.

3.1 Bellman’s Principle of Optimality

For the majority of optimization problems the following assertion turns out be ex-
tremely useful.

3.1.1 Formulation of the Principle

Claim 3.1 (Bellman’s Principle (BP) of Optimality) Any tail of an optimal trajec-
tory is optimal as well.1

In other words, if some trajectory in the phase space, connecting the initial and
terminal points x(0) and x(T ), is optimal in the sense of some cost functional, then
the subtrajectory connecting any intermediate point x(t ′) of the same trajectory with
the same terminal point x(T ) should also be optimal (see Fig. 3.1).

1Belman’s Principle of Optimality, formulated in Bellman (1957), states “An optimal policy has
the property that whatever the initial state and the initial decisions are, the remaining decisions
must constitute an optimal policy with regards to the state resulting from the first decision.”

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_3, © Springer Science+Business Media, LLC 2012
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Fig. 3.1 The illustration of
Bellman’s Principle of
Optimality

3.1.2 Sufficient Conditions for BPO

Theorem 3.1 (Sufficient conditions for BPO) Let the following conditions hold.

1. A performance index (a cost functional) J (u(·)) with u(·) ∈ Uadmis[0, T ] is sep-
arable for any time t ′ ∈ (0, T ) if

J
(
u(·)) = J1

(
u1(·), J2

(
u2(·)

))
, (3.1)

where u1(·) is the control within the time interval [0, t ′) called the initial control
strategy and u2(·) is the control within the time interval [t ′, T ] called the terminal
control strategy.

2. The functional J1(u1(·), J2(u2(·))) is monotonically nondecreasing with respect
to its second argument J2(u2(·)), that is,

J1
(
u1(·), J2

(
u2(·)

)) ≥ J1
(
u1(·), J2

(
u′

2(·)
))

if J2
(
u2(·)

) ≥ J2
(
u′

2(·)
)
. (3.2)

Then Bellman’s Principle of Optimality holds for the cost functional J (u(·)).

Proof For any admissible control strategies u1(·), u2(·) the following inequality
holds:

J ∗ := inf
u∈Uadmis[0,T ]

J
(
u(·))

= inf
u1∈Uadmis[0,t ′),u2∈Uadmis[t ′,T ]

J1
(
u1(·), J2

(
u2(·)

))

≤ J1
(
u1(·), J2

(
u2(·)

))
. (3.3)

Select

u2(·) = arg inf
u2∈Uadmis[t ′,T ]

J2
(
u2(·)

)
. (3.4)

Then (3.3) and (3.4) imply

J ∗ ≤ J1

(
u1(·), inf

u2∈Uadmis[t ′,T ]
J2

(
u2(·)

))
, (3.5)
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which for

u1(·) = arg inf
u1∈Uadmis[t ′,T ]

J1

(
u1(·), inf

u2∈Uadmis[t ′,T ]
J2

(
u2(·)

))
(3.6)

leads to

J ∗ ≤ inf
u1∈Uadmis[t ′,T ]

J1

(
u1(·), inf

u2∈Uadmis[t ′,T ]
J2

(
u2(·)

))
. (3.7)

Since J1(u1(·), J2(u2(·))) is monotonically nondecreasing with respect to the sec-
ond argument, from (3.7) we obtain

inf
u1∈Uadmis[t ′,T ]

J1

(
u1(·), inf

u2∈Uadmis[t ′,T ]
J2

(
u2(·)

))

≤ inf
u1∈Uadmis[t ′,T ]

inf
u2∈Uadmis[t ′,T ]

J1
(
u1(·)

)
, J2

(
u2(·)

)

= inf
u∈Uadmis[0,T ]

J
(
u(·)) = J ∗. (3.8)

Combining (3.7) and (3.8), we finally derive

J ∗ = inf
u1∈Uadmis[t ′,T ]

J1

(
u1(·), inf

u2∈Uadmis[t ′,T ]
J2

(
u2(·)

))
. (3.9)

This proves the desired result. �

Summary 3.1 In a strict mathematical form this fact may be expressed as follows:
under the assumptions of the theorem above for any time t ′ ∈ (0, T )

inf
u∈Uadmis[0,T ]

J
(
u(·)) = inf

u1∈Uadmis[t ′,T ]
J1

(
u1(·), inf

u2∈Uadmis[t ′,T ]
J2

(
u2(·)

))
. (3.10)

Corollary 3.1 For the cost functional

J
(
u(·)) := h0

(
x(T )

)+
∫ T

t=0
h
(
x(t), u(t), t

)
dt

given in the Bolza form (2.2), the Bellman’s Principle holds.

Proof Let us check the fulfilling of both conditions of the previous theorem. For
any t ′ ∈ (0, T ) form (2.2) it evidently follows that

J
(
u(·)) = J1

(
u1(·)

) + J2
(
u2(·)

)
, (3.11)

where

J1
(
u1(·)

) :=
∫ t ′

t=0
h
(
x(t), u1(t), t

)
dt,

J2
(
u2(·)

) := h0
(
x(T )

)+
∫ T

t=t ′
h
(
x(t), u2(t), t

)
dt.

(3.12)
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The representation (3.11) obviously yields the validity of (3.1) and (3.2) for this
functional. �

3.2 Invariant Embedding and Dynamic Programming

3.2.1 System Description and Basic Assumptions

Let (s, y) ∈ [0, T ) × R
n be “an initial time and state pair” for the following control

system over [s, T ]:
{

ẋ(t) = f
(
x(t), u(t), t

)
, a.e. t ∈ [s, T ],

x(s) = y,
(3.13)

where x ∈ R
n is its state vector, and u ∈ R

r is the control that may run over a given
control region U ⊂ R

r with the cost functional

J
(
s, y;u(·)) := h0

(
x(T )

)+
∫ T

t=s

h
(
x(t), u(t), t

)
dt (3.14)

containing the integral term as well as the terminal one and with the terminal set
M ⊆ R

n given by the inequalities (2.3). Here, as before,

u(·) ∈ Uadmis[s, T ].
For s = 0 and y = x0 this plant coincides with the original one given by (2.1).

Suppose also that assumption (A1) is accepted and instead of (A2) a small mod-
ification of it holds.

(A2′) The maps
⎧
⎪⎪⎨

⎪⎪⎩

f : R
n × U × [0, T ] → R

n,

h : R
n × U × [0, T ] → R,

h0 : R
n × U × [0, T ] → R,

gl : R
n → R

n (l = 1, . . . ,L)

(3.15)

are uniformly continuous in (x,u, t) including t (in (A2) they were assumed
to be only measurable) and there exists a constant L such that for

ϕ = f (x,u, t), h(x,u, t), h0(x,u, t), gl(x) (l = 1, . . . ,L)

the following inequalities hold:
{‖ϕ(x,u, t) − ϕ(x̂, û, t)‖ ≤ L‖x − x̂‖ ∀t ∈ [0, T ], x, x̂ ∈ R

n,u ∈ U,

‖ϕ(0, u, t)‖ ≤ L ∀u, t ∈ U × [0, T ].
(3.16)
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It is evident that under the assumptions (A1) and (A2′) for any

(s, y) ∈ [0, T ) × R
n

and any u(·) ∈ Uadmis[s, T ], the optimization problem

J
(
s, y;u(·)) → min

u(·)∈Uadmis[s,T ]
, (3.17)

formulated for the plant (3.13) and for the cost functional J (s, y;u(·)) (3.14), admits
a unique solution

x(·) := x
(·, s, y,u(·))

and the functional (3.14) is well defined.

Definition 3.1 (Value function) The function V (s, y) defined for any (s, y) ∈
[0, T ) × R

n by

V (s, y) := inf
u(·)∈Uadmis[s,T ]

J
(
s, y;u(·)),

V (T , y) = h0(y)

(3.18)

is called the value function of the optimization problem (3.17).

3.2.2 The Dynamic Programming Equation in the Integral Form

This function plays a key role in obtaining the optimal control for the problem under
consideration.

Theorem 3.2 (The Dynamic Programming equation) Under the assumptions (A1)
and (A2′) for any

(s, y) ∈ [0, T ) × R
n

the following relation holds:

V (s, y) = inf
u(·)∈Uadmis[s,T ]

{∫ ŝ

t=s

h
(
x
(
t, s, y,u(·)), u(t), t

)
dt

+ V
(
ŝ, x

(
ŝ, s, y,u(·)))

}
, ∀ŝ ∈ [s, T ]. (3.19)

Proof The result follows directly from BP of optimality (3.10), but, in view of the
great importance of this result, we present the proof again using the concrete form of
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the Bolza cost functional (3.14). Denoting the right-hand side of (3.19) by V̄ (s, y)

and taking into account the definition (3.18), for any u(·) ∈ Uadmis[s, T ] we obtain

V (s, y) ≤ J
(
s, y;u(·))

=
∫ ŝ

t=s

h
(
x
(
t, s, y,u(·)), u(t), t

)
dt + J

(
ŝ, x(ŝ);u(·))

and, taking the infimum over u(·) ∈ Uadmis[s, T ], it follows that

V (s, y) ≤ V̄ (s, y). (3.20)

On the other hand, for any ε > 0 there exists a control uε(·) ∈ Uadmis[s, T ] such that
for xε(·) := x(·, s, y,uε(·)),

V (s, y) + ε ≥ J
(
s, y;uε(·)

)

≥
∫ ŝ

t=s

h
(
x
(
t, s, y,uε(·)

)
, uε(t), t

)
dt + V

(
ŝ, xε(ŝ)

)

≥ V̄ (s, y). (3.21)

Letting ε → 0, the inequalities (3.20) and (3.21) imply the result (3.19) of this the-
orem. �

For finding a solution V (s, y) of (3.19), we would need to solve the optimal
control problem at the origin, putting s = 0 and y = x0. Unfortunately, this equation
is very difficult to handle because of the very complicated operations involved on
its right-hand side. That is why in the next subsection we will explore this equation
further, trying to get another equation for the function V (s, y) with a simpler and
practically more useful form.

3.2.3 The Hamilton–Jacobi–Bellman First-Order Partial
Differential Equation and the Verification Theorem

To simplify the sequent calculations and following Lions (1983) and Yong and Zhou
(1999) we will consider the original optimization problem without any terminal set,
that is,

M = R
n.

This may be expressed with the constraint function equal to

g(x) := 0 · ‖x‖2 − ε ≤ 0 (ε > 0) (3.22)

which is true for any x ∈ R
n. The Slater condition (2.107) is evidently valid (also

for any x ∈ R
n). So, we deal here with the regular case. Denote by C1([0, T ) × R

n)

the set of all continuously differentiable functions v : [0, T ) × R
n → R.
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Theorem 3.3 (On the HJB equation) Suppose that under assumptions (A1) and
(A2′) the value function V (s, y) (3.18) is continuously differentiable, that is,
V ∈ C1([0, T ) × R

n). Then V (s, y) is a solution to the following terminal value
problem of a first-order partial differential equation, in the following called the
Hamilton–Jacobi–Bellman (HJB) equation associated with the original optimiza-
tion problem (3.17) without terminal set (M = R

n):

− ∂

∂t
V (t, x) + sup

u∈U

H

(
− ∂

∂x
V (t, x), x(t), u(t), t

)
= 0,

(t, x) ∈ [0, T ) × R
n,

V (T , x) = h0(x), x ∈ R
n,

(3.23)

where

H(ψ,x,u, t) := ψTf (x,u, t) − h
(
x(t), u(t), t

)
,

t, x, u,ψ ∈ [0, T ] × R
n × R

r × R
n (3.24)

is the same as in (2.41), with μ = 1 corresponding to the regular optimization prob-
lem.

Proof Fixing u(t) ≡ u ∈ U by (3.19) with ŝ ↓ s we obtain

V (s, y) − V (ŝ, x(ŝ, s, y,u(·)))
ŝ − s

− 1

ŝ − s

∫ ŝ

t=s

h
(
x
(
t, s, y,u(·)), u(t), t

)
dt ≤ 0,

which implies

− ∂

∂t
V (s, y) − ∂

∂x
V (s, y)Tf (s, y,u) − h(s,u, t) ≤ 0

resulting in the inequality

0 ≥ − ∂

∂t
V (s, y) + sup

u∈U

H

(
− ∂

∂x
V (t, x), x(t), u(t), t

)
. (3.25)

On the other hand, for any ε > 0 and s close to ŝ there exists a control

u(·) := uε,ŝ(·) ∈ Uadmis[s, T ]

for which

V (s, y) + ε(ŝ − s) ≥
∫ ŝ

t=s

h
(
x
(
t, s, y,u(·)), u(t), t

)
dt + V

(
ŝ, x(ŝ)

)
. (3.26)
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Since V ∈ C1([0, T ) × R
n) the last inequality leads to

−ε ≤ −V (ŝ, x(ŝ)) − V (s, y)

ŝ − s
− 1

ŝ − s

∫ ŝ

t=s

h
(
x
(
t, s, y,u(·)), u(t), t

)
dt

= 1

ŝ − s

∫ ŝ

t=s

[
− ∂

∂t
V
(
t, x

(
t, s, y,u(·)))

− ∂

∂x
V
(
t, x

(
t, s, y,u(·)))T

f
(
t, x

(
t, s, y,u(·)), u)

− h
(
x
(
t, s, y,u(·)), u(t), t

)
]

dt

= 1

ŝ − s

∫ ŝ

t=s

[
− ∂

∂t
V
(
t, x

(
t, s, y,u(·)))

+ H

(
− ∂

∂x
V
(
t, x

(
t, s, y,u(·))), x(t, s, y,u(·)), u(t), t

)]
dt

≤ 1

ŝ − s

∫ ŝ

t=s

[
− ∂

∂t
V
(
t, x

(
t, s, y,u(·)))

+ sup
u∈U

H

(
− ∂

∂x
V
(
t, x

(
t, s, y,u(·))), x(t, s, y,u(·)), u(t), t

)]
dt, (3.27)

which for ŝ ↓ s gives

−ε ≤ − ∂

∂t
V (s, y) + sup

u∈U

H

(
− ∂

∂x
V (s, y), y,u, s

)
. (3.28)

Here the uniform continuity property of the functions f and h has been used,
namely,

lim
t↓s

sup
y∈Rn,u∈U

∥∥ϕ(t, y,u) − ϕ(s, y,u)
∥∥ = 0, ϕ = f,h. (3.29)

Combining (3.25) and (3.28) when ε → 0 we obtain (3.23). �

The theorem below, representing the sufficient conditions of optimality, is known
as the verification rule.

Theorem 3.4 (The verification rule) Accept the following assumptions.

1. Let

u∗(·) := u∗
(

t, x,
∂

∂x
V (t, x)

)
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be a solution to the optimization problem

H

(
− ∂

∂x
V (t, x), x,u, t

)
→ sup

u∈U

(3.30)

with fixed values x, t and ∂
∂x

V (t, x).
2. Suppose that we can obtain the solution V (t, x) to the HJB equation

− ∂

∂t
V (t, x) + H

(
− ∂

∂x
V (t, x), x,u∗(·), t

)
= 0,

V (T , x) = h0(x), (t, x) ∈ [0, T ) × R
n,

(3.31)

which for any (t, x) ∈ [0, T ) × R
n is unique and smooth, that is,

V ∈ C1([0, T ) × R
n
)
.

3. Suppose that for any (s, x) ∈ [0, T ) × R
n there exists a solution x∗(s, x) to the

following ODE (ordinary differential equation):

⎧
⎨

⎩
ẋ∗(t) = f

(
x∗(t), u∗

(
t, x∗(t), ∂

∂x
V
(
t, x∗(t)

))
, t

)
,

x∗(s) = x

(3.32)

fulfilled for a.e. t ∈ [s, T ].
Then with (s, x) = (0, x) the pair

(
x∗(t), u∗

(
t, x∗(t), ∂

∂x
V
(
t, x∗(t)

)))
(3.33)

is optimal, that is,

u∗
(

t, x∗(t), ∂

∂x
V
(
t, x∗(t)

)
)

is an optimal control.

Proof The relations (3.24) and (3.31) imply

d

dt
V
(
t, x∗(t)

) = − ∂

∂t
V
(
t, x∗(t)

)

+ ∂

∂x
V
(
t, x∗(t)

)T
f

(
x∗(t), u∗

(
t, x∗(t), ∂

∂x
V
(
t, x∗(t)

)
)

, t

)

= −h

(
x∗(t), u∗

(
t, x∗(t), ∂

∂x
V
(
t, x∗(t)

))
, t

)
. (3.34)
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Integrating this equality by t in [s, T ] leads to the relation

V
(
T ,x∗(T )

)− V
(
s, x∗(s)

)

= −
∫ T

t=s

h

(
x∗(t), u∗

(
t, x∗(t), ∂

∂x
V
(
t, x∗(t)

))
, t

)
dt,

which, in view of the identity V (T ,x∗(T )) = h0(x
∗(T )), is equal to

V
(
s, x∗(s)

)

= h0
(
x∗(T )

)+
∫ T

t=s

h

(
x∗(t), u∗

(
t, x∗(t), ∂

∂x
V
(
t, x∗(t)

)
)

, t

)
dt. (3.35)

By (3.19) this last equation means exactly that
(

x∗(t), u∗
(

t, x∗(t), ∂

∂x
V
(
t, x∗(t)

)
))

is an optimal pair and u∗(t, x∗(t), ∂
∂x

V (t, x∗(t))) is an optimal control. �

3.3 HJB Smooth Solution Based on First Integrals

3.3.1 First Integrals

In this section we will use several notions from Analytical Mechanics (Gantmacher
1970), which may provide simple solutions to the HJB equation within some classes
of control problems.

Definition 3.2 If some differentiable function

ϕ : [0, T ] × R
n × R

n → R, ϕ ∈ C1([0, T ] × R
n × R

n
)

remains unchangeable at the trajectories of a system (2.1) controllable by an optimal
control u∗(t) and given in the Hamiltonian form (2.42), that is,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϕ
(
t, x∗(t),ψ(t)

) = const
t∈[0,T ]

,

ẋ∗(t) = ∂

∂ψ
H̃

(
t, x∗(t),ψ(t)

)
, x∗(0) = x0,

ψ̇(t) = − ∂

∂x
H̃

(
t, x∗(t),ψ(t)

)
,

ψ(T ) = − ∂

∂x
h0

(
x∗(T )

)
,

H̃
(
t, x∗(t),ψ(t)

) := H
(
ψ(t), x∗(t), u∗(t), t

)

(3.36)
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then such a function is called the first integral of this Hamiltonian system (with the
Hamiltonian H̃ ).

Lemma 3.1 (On first integrals) A differentiable function

ϕ : [0, T ] × R
n × R

n → R, ϕ ∈ C1([0, T ] × R
n × R

n
)

is a first integral of the Hamiltonian system with the Hamiltonian H̃ (t, x∗(t),ψ(t))

if and only if

d

dt
ϕ
(
t, x∗(t),ψ(t)

) = ∂

∂t
ϕ
(
t, x∗(t),ψ(t)

)+ [
ϕ, H̃

] = 0, (3.37)

where the operator [ϕ,H ], called Poison’s brackets, is defined as

[ϕ,H ] :=
n∑

i=1

(
∂

∂xi

ϕ
(
t, x∗(t),ψ(t)

) ∂

∂ψi

H̃
(
t, x∗(t),ψ(t)

)

− ∂

∂ψi

ϕ
(
t, x∗(t),ψ(t)

) ∂

∂xi

H̃
(
t, x∗(t),ψ(t)

))
. (3.38)

Proof It directly follows from the definition (3.36). �

Corollary 3.2 (On Poison’s brackets) A differentiable function

ϕ : R
n × R

n → R, ϕ ∈ C1(
R

n × R
n
)
,

which does not directly depend on t is the first integral of the H̃ -Hamiltonian system
if and only if

[
ϕ, H̃

] = 0. (3.39)

3.3.2 Structured Hamiltonians

Lemma 3.2 (On structured Hamiltonians) If a Hamiltonian H̃ (t, x∗(t),ψ(t)) has
one of the structures

(a) H̃
(
t, x∗(t),ψ(t)

) = Ĥ
(
ϕ1

(
x∗

1 (t),ψ1(t)
)
, . . . , ϕn

(
x∗
n(t),ψn(t)

)); (3.40)

(b) H̃
(
t, x∗(t),ψ

)
(t)

= Ĥ
(
ϕn

(
x∗
n(t),ψn(t)

)
, ϕn−1

(
x∗
n−1(t),ψn−1(t)

)
, ϕn−2(·)

); (3.41)
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(c) H̃
(
t, x∗(t),ψ(t)

) = g(t)

∑n
i=1 αiϕi(x

∗
i (t),ψi(t))∑n

i=1 βiϕi(x
∗
i (t),ψi(t))

,

g : [0, T ] → R, αi, βi ∈ R; (3.42)

(d) H̃
(
t, x∗(t),ψ(t)

) = Ĥ
(
x∗(t),ψ(t)

)

=
∑n

i=1 ϕi(x
∗
i (t),ψi(t))∑n

i=1 δi(x
∗
i (t),ψi(t))

,

ϕi, δi : R
n × R

n → R (3.43)

then the following functions are the first integrals:

(a)–(c) ϕi

(
x∗
i (t),ψi(t)

) = ci = const
t∈[0,T ]

; (3.44)

(d) H̃
(
t, x∗(t),ψ(t)

) = h̄ = const
t∈[0,T ]

,

ϕi

(
x∗
i (t),ψi(t)

)− h̄δi

(
x∗
i (t),ψi(t)

) = const
t∈[0,T ].

(3.45)

Proof Let us prove case (a). We have

[
ϕj , H̃

] =
n∑

i=1

(
∂

∂xi

ϕj

(
x∗
j (t),ψj (t)

) ∂

∂ψi

H̃
(
t, x∗(t),ψ(t)

)

− ∂

∂ψi

ϕj

(
x∗
j (t),ψj (t)

) ∂

∂xi

H̃
(
t, x∗(t),ψ(t)

))

= ∂

∂xj

ϕj

(
x∗
j (t),ψj (t)

) ∂

∂ψj

H̃
(
t, x∗(t),ψ(t)

)

− ∂

∂ψj

ϕj

(
x∗
j (t),ψj (t)

) ∂

∂xj

H̃
(
t, x∗(t),ψ(t)

)

= ∂

∂xj

ϕj

(
x∗
j (t),ψj (t)

) ∂

∂ϕj

H̃
(
t, x∗(t),ψ(t)

) ∂

∂ψj

ϕj

(
x∗
j (t),ψj (t)

)

− ∂

∂ψj

ϕj

(
x∗
j (t),ψj (t)

) ∂

∂ϕj

H̃
(
t, x∗(t),ψ(t)

) ∂

∂xj

ϕj

(
x∗
j (t),ψj (t)

)

= 0.

So, by (3.39) ϕj (x
∗
j (t),ψj (t)) is the first integral. The other cases may be proven

analogously. �
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Characteristic Equations

Definition 3.3 The ODE system
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ∗(t | s, x) = ∂

∂ψ
H̃

(
t, x∗(t | s, x),ψ(t | s, x)

)
,

x∗(s | s, x) = x,

ψ̇(t | s, x) = − ∂

∂x
H̃

(
t, x∗(t | s, x),ψ(t | s, x)

)
,

ψ(T | s, x) = − ∂

∂x
h0

(
x∗(T )

)
,

H̃
(
t, x∗(t | s, x),ψ(t | s, x)

)

:= H
(
ψ(t | s, x), x∗(t | s, x), u∗(t), t

)

(3.46)

defined in [s, T ] and describing a two-point boundary value problem (coupled
through the maximum condition (3.30)) is called the system of characteristic equa-
tions corresponding to the Hamilton–Jacobi–Bellman equation (3.31).

3.3.3 HJB Solution Based on First Integrals

The next theorem represents the main idea of finding the HJB solution using the
notion of first integrals.

Theorem 3.5 (HJB solution based on first integrals) Let the system of n first inte-
grals of a stationary ( ∂

∂t
f (x∗, u∗, t) = 0) H̃ -Hamiltonian system

ϕi

(
x∗(t),ψ(t)

) = ci (i = 1, . . . , n) (3.47)

be solvable with respect to the vectors ψ1(t), . . . ,ψn(t), that is, ∀x∗ ∈ R
n

det

∥∥∥∥
∥∥∥∥∥∥

∂

∂ψ1
ϕ1(x

∗,ψ) . . .
∂

∂ψn

ϕ1(x
∗,ψ)

...
...

...
∂

∂ψ1
ϕn(x

∗,ψ) . . .
∂

∂ψn

ϕn(x
∗,ψ)

∥∥∥∥
∥∥∥∥∥∥

�= 0. (3.48)

Denote this solution by

ψi := Si(x
∗, c) (i = 1, . . . , n). (3.49)

Then the solution to the HJB equation (3.31) is given by

V (s, y) = −h̃s −
n∑

i=1

∫
Si(y, c)dyi, (3.50)
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where the constants ci (i = 1, . . . , n) and h̃ are related (for a given initial state x0)
by the equation

n∑

i=1

∫
Si(y, c)dyi

∣∣∣∣
y=x∗(T |T ,x0)=x0

= −h̃T − h0(x0). (3.51)

Proof Let us directly show that (3.50) satisfies (3.31) and (3.18). Indeed, the as-
sumption of the stationarity property implies

∂

∂t
H̃

(
t, x∗(t | s, x),ψ(t | s, x)

) = 0

and, hence,

H̃
(
t, x∗(t | s, x),ψ(t | s, x)

) = Ȟ
(
ψ(t | s, x), x∗(t | s, x)

)

is the first integral itself, that is,

[
Ȟ , Ȟ

] = 0;

or in other words,

Ȟ
(
ψ(t), x∗(t)

) = h̃.

In this case we may try to find the solution to (3.31) in the form (the separation
variable technique)

V (t, x) = V0(t) + V1(x), (3.52)

which leads to the relations

∂

∂t
V (t, x) = d

dt
V0(t),

∂

∂x
V (t, x) = ∇V1(x)

and (3.31) becomes

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 = − ∂

∂t
V (t, x) + H

(
− ∂

∂x
V (t, x), x,u∗(·), t

)

= − d

dt
V0(t) + Ȟ

(
− ∂

∂x
V1(x), x

)
,

V (T , x) = h0(x), (t, x) ∈ [0, T ) × R
n.

But this is possible (when the function of t is equal to a function of other variables)
if and only if

d

dt
V0(t) = Ȟ

(
− ∂

∂x
V1(x), x

)
= h̃ = const.
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So, (3.31) now becomes
⎧
⎪⎨

⎪⎩

Ȟ

(
− ∂

∂x
V1(x), x

)
= h̃,

V0(t) = −h̃t.

(3.53)

Assuming (3.50) we derive

∂

∂x
V1(x) = −

⎛

⎜
⎝

S1(x, c)
...

Sn(x, c)

⎞

⎟
⎠ = −

⎛

⎜
⎝

ψ1(x, c)
...

ψn(x, c)

⎞

⎟
⎠ := −ψ(x, c).

This implies for any x ∈ R
n

{
Ȟ

(
ψ(x, c), x

) = h̃,

V0(t) = −h̃t

and, hence, for y = x∗(t | s, x) it follows that

H̃
(
t, x∗(t | s, x),ψ(t | s, x)

) = Ȟ
(
ψ(t | s, x), x∗(t | s, x)

) = h̃,

which coincides with (2.45). Also, since for s = T we have x = x∗(T ), it follows
that

ψ(T | T ,x) = − ∂

∂x
h0(x)

and therefore

n∑

i=1

∫
ψ(T | T ,x)dxi = −

n∑

i=1

∫
∂

∂xi

h0(x)dxi

= −
∫

dh0(x) = −h0(x) − const.

The last relation is equivalent to

n∑

i=1

∫
ψ(T | T ,x)dxi =

n∑

i=1

∫
Si(x, c)dxi

= −V (T ,x) − h̃T = −h0(x) − const,

which for const = h̃T leads to the relation

V (T ,x) = h0(x) + h̃T − const = h0(x)

which coincides with (3.18). �
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3.4 The Deterministic Feynman–Kac Formula: the General
Smooth Case

In the general case, when the system of n first integrals is not available, the solution
to the HJB equation (3.31) is given by the deterministic Feynman–Kac formula.

Theorem 3.6 (The Feynman–Kac formula) Suppose that the solution

x = x∗(t | 0, y)(s = 0)

of the characteristic equation (3.46) is solvable with respect to an initial condition y

for any t ∈ [0, T ], that is, there exists a function Y(t, x) such that for any t ∈ [0, T ]
and any x

x∗(t | 0, Y (t, x)
) = x,

y = Y
(
t, x∗(t | 0, y)

)

and, in particular,

x∗(t | 0, Y (t, y)
) = y,

which implies

x∗(t | 0, Y (t, y)
) = y = Y

(
t, x∗(t | 0, y)

)
,

∂

∂y
x∗(t | 0, Y (t, y)

) = I.

Define the function v(t, y) by

v(t, y) = h0(y) +
∫ T

τ=t

[
∂

∂ψ
H̃

(
τ, x∗(τ | 0, y),ψ(τ | 0, y)

)T
ψ(τ | 0, y)

− H̃
(
τ, x∗(τ | 0, y),ψ(τ | 0, y)

)]
dτ. (3.54)

Then the function V (t, x) given by the formula

V (t, x) := v
(
t, Y (t, x)

)
(3.55)

is a local solution to the HJB equation (3.31).

Proof Since

∂

∂y
x∗(t | 0, y)

∣∣
∣∣
t=0

= I
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the equation x = x∗(t | 0, y) is solvable with respect to y for any t ∈ (0, T ) small
enough, that is, there exists a function Y(t, x) such that y = Y(t, x). Let us define
the function

s(t, y) := − H̃

(
0, y,

∂

∂y
h0(y)

)

−
∫ t

τ=0

∂

∂τ
H̃

(
τ, x∗(τ | 0, y),ψ(τ | 0, y)

)
dτ. (3.56)

Noting (3.46), it follows that

d

dt

[
s(t, y) + H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)]

= − ∂

∂t
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)

+ ∂

∂t
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)

+ ∂

∂x
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)T
ẋ∗(t | 0, y)

+ ∂

∂ψ
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)T
ψ̇(t | 0, y) = 0. (3.57)

From (3.56) for t = 0 we get

s(0, y) + H̃

(
0, y,

∂

∂y
h0(y)

)
= 0,

which together with (3.57) implies

s(t, y) + H̃
(
t, x∗(t | 0, y),ψ(t | 0, y)

) ≡ 0 (3.58)

for any t ∈ [0, T ]. In view of the properties

H

(
− ∂

∂x
V (t, x), x,u, t

)
= −H

(
∂

∂x
V (t, x), x,u, t

)
,

H
(
ψ(t | 0, y), x∗(t | 0, y), u∗(·), t) = H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)

to prove the theorem, it is sufficient to show that

ψ(t | 0, y) = − ∂

∂y
V (t, y) (3.59)

and

s(t, y) = − ∂

∂t
V (t, y). (3.60)
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Differentiating V (t, x) = v(t, Y (t, x)) by x, we get

∂

∂x
V (t, x) = ∂

∂y
vT(t, Y (t, x)

) ∂

∂x
Y (t, x). (3.61)

On the other hand, for the vector function

U(t, y) := ∂

∂y
V (t, y) + ∂

∂y
x∗(t | 0, Y (t, y)

)T
ψ(t | 0, y)

= ∂

∂y
V (t, y) + ψ(t | 0, y) (3.62)

verifying

U(T ,y) = ∂

∂x
V (T , y) + ψ(T | 0, y)

= ∂

∂y
h0(y) + ψ(T | 0, y) = 0 (3.63)

we have

d

dt
U(t, y) = ∂2

∂t∂x
V (t, y) + ψ̇(t | 0, y)

= ∂2

∂x∂t
V (t, y) − ∂

∂x
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)

= ∂

∂x

[
− ∂

∂ψ
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)T
ψ(t | 0, y)

+ H̃
(
t, x∗(t | 0, y),ψ(t | 0, y)

)]− ∂

∂x
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)

= − ∂

∂x

[
∂

∂ψ
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)T
ψ(t | 0, y)

]

= 0 (3.64)

since the term
∂

∂ψ
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)T
ψ(t | 0, y)

does not depend on x. Both properties (3.63) and (3.64) give

U(t, y) ≡ 0

which proves (3.59).
In view of (3.58) and (3.59) and since

∂

∂t
x∗(t | 0, y) = d

dt
x∗(t | 0, y) = ∂

∂ψ
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)
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the differentiation V (t, y) = v(t, Y (t, y)) by t and the relations

∂

∂y
v
(
t, Y (t, y)

) = ∂

∂y
V (t, y) = −ψ(t | 0, y),

d

dt
Y
(
t, x∗(t | 0, Y (t, y)

)) = d

dt
x∗(t | 0, y)

imply

∂

∂t
V (t, y) = d

dt
V (t, y) = d

dt
v
(
t, Y (t, y)

)

= − ∂

∂ψ
H̃

(
t, x∗(t | 0, y),ψ(t | 0, y)

)T
ψ(t | 0, y)

+ H̃
(
t, x∗(t | 0, y),ψ(t | 0, y)

)

︸ ︷︷ ︸
−s(t,y)

+ ∂

∂y
v
(
t, Y (t, y)

)T d

dt
Y (t, y)

= −s(t, y),

which proves (3.60). �

3.5 The Viscosity Solutions Concept: Nonsmooth Case

Evidently the central issue in the above considerations is to determine the value
function V (t, x); if

(i) V ∈ C1([0, T ] × R
n) and

(ii) (3.31) admits a unique solution

then V (t, x) is a (classical) solution of (3.31). Unfortunately, this is not the case
since neither (i) nor (ii) is true in general. To formulate a rigorous assertion similar
to Theorem 2.3, we need the following considerations.

The main aim of this section is to investigate the properties (the existence,
uniqueness, smoothness, and others) of the terminal-value problem for the Hamilton–
Jacobi (HJ) equation

{
Vt + H(x,DV ) = 0 in [0, T ] × R

n,

V = h0 on {t = T } × R
n.

(3.65)

Here we use the following simplified notations:

Vt := ∂

∂t
V (t, x), DV := ∇xV . (3.66)
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3.5.1 Vanishing Viscosity

Following Crandall and Lions (1983) and Crandall et al. (1984), let us consider the
following terminal-value problem:

{
V ε

t + H(x,DV ε) − ε�V ε = 0 in [0, T ] × R
n,

V ε = h0 on {t = T } × R
n, ε > 0,

(3.67)

where �V ε is the Laplace operator defined as

�V ε :=
n∑

i=1

∂2

∂x2
i

V ε. (3.68)

The idea is as follows: whereas (3.65) involves a fully nonlinear first-order partial
differential equation (PDE) which is not necessarily smooth, equation (3.67) is a
quasilinear parabolic PDE which turns out to have a smooth solution. The term
ε�V ε in (3.67) in fact regularizes the HJ equation (3.65). Of course, we hope that as
ε → 0 the solution V ε will converge to some sort of “weak” solution of (3.65). But
we may expect to lose control over the various estimates of the function V ε and its
derivatives since these estimates strongly depend on the regularizing effect of ε�V ε

and blow up as ε → 0. However, in practice we can at least be sure that the family
{V ε}ε>0 is bounded and continuous on convex subsets of [0, T ] × R

n, which by the
Arzela–Ascolly compactness criterion (Yoshida 1979) ensures that {V εj }∞j=1 → V

locally uniformly in [0, T ] × R
n for some subsequence {V εj }∞j=1 and some limit

function V ∈ C([0, T ] × R
n). This technique is known as the method of vanishing

viscosity. Now one may surely expect that this V is some kind of solution of the
initial terminal-value problem (3.65), but only the continuity property of V can be
guaranteed without any information on whether DV and Vt exist in any sense. We
will call the solution that we build a viscosity solution, in honor of the vanishing
viscosity technique.2

The main goal of the following section then is to discover an intrinsic character-
ization of such generalized solutions of (3.65).

3.5.2 Definition of a Viscosity Solution

Henceforth we assume that H and h0 are continuous and we will as seems necessary
add further hypotheses.

2More details concerning viscosity solutions in connection with deterministic control can be found
in Bardi and Capuzzo Dolcetta (1997) (with the appendices by M. Falcone and P. Soravia) and in
Cannarsa and Sinestrari (2004).
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Definition 3.4 A function V ∈ C([0, T ] × R
n) is called a viscosity subsolution of

(3.65) if

V (T ,x) ≤ h0(x) ∀x ∈ R
n (3.69)

and for any function

ϕ ∈ C1([0, T ] × R
n
)
,

whenever (V − ϕ) attains a local maximum at (t, x) ∈ [0, T ] × R
n, we have

Vt + H(x,DV ) ≤ 0. (3.70)

A function V ∈ C([0, T ] × R
n) is called a viscosity supersolution of (3.65) if

V (T ,x) ≥ h0(x) ∀x ∈ R
n, (3.71)

and for any function

ϕ ∈ C1([0, T ] × R
n
)
,

whenever (V − ϕ) attains a local minimum at (t, x) ∈ [0, T ] × R
n, we have

Vt + H(x,DV ) ≥ 0. (3.72)

In the case when V ∈ C([0, T ] × R
n) is both a viscosity subsolution and super-

solution of (3.65), it is called a viscosity solution of (3.65).

3.5.3 Existence of a Viscosity Solution

The next theorem shows that the problem (3.65) practically always has a viscosity
solution.

Theorem 3.7 Under assumptions (A1) and (A2′) the problem (3.65) admits at most
one viscosity solution in C([0, T ] × R

n).

Proof The proof may be found in Yong and Zhou (1999) (see Theorem 2.5 of
Chap. 4). �
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3.6 Time-Averaged Cost Optimal Control

3.6.1 Time-Averaged Cost Stationary Optimization: Problem
Setting

Consider the following optimization problem: find an admissible control strategy
u(t) ∈ Uadmis[0,∞] which, being applied to the stationary controlled plant

{
ẋ(t) = f

(
x(t), u(t)

)
, a.e. t ∈ [0,∞],

x(0) = x0
(3.73)

minimizes the time-averaged cost functional

J
(
u(·)) := lim sup

T →∞
1

T

∫ T

t=0
h
(
x(t), u(t)

)
dt. (3.74)

Here

• x ∈ R
n is its state vector

• u ∈ R
r is an admissible control which may run over a given control region

U ⊂ R
r

Evidently Uadmis[0,∞] includes the controls which make the closed plant BIBO
(Bounded Input–Bounded Output) stable in the sense that

1

T

∥∥x(T )
∥∥ →

T →∞ 0. (3.75)

Notice also that here

h0(x) = 0 (3.76)

which implies

h̄ = 0. (3.77)

3.6.2 HJB Equation and the Verification Rule

Definition 3.5 The partial differential equation

sup
u∈U

H

(
− ∂

∂x
V (x), x(t), u(t)

)
= h̄, (3.78)

where

H(ψ,x,u) := ψTf (x,u) − h(x,u),

x,u,ψ ∈ R
n × R

r × R
n

(3.79)

is called the HJB equation for the time-averaged cost function optimization.
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Theorem 3.8 (The verification rule for the time-averaged cost case) If the control

u∗(x) = u

(
∂

∂x
V (x), x(t)

)

is a maximizing vector for (3.78) with h̄ = 0 and V (x) is a solution to the following
HJ equation:

H

(
− ∂

∂x
V (x), x,u∗(x)

)
= 0 (3.80)

then such a u∗(t) is an optimal control.

Proof Denoting by x∗(t) the dynamics corresponding to u∗(·), by (3.78) and (3.80)
for any admissible control u it follows that

H

(
− ∂

∂x
V (x∗), x∗, u∗(x)

)
= 0 ≥ H

(
− ∂

∂x
V (x), x,u

)
,

which, after integration, leads to the inequality

1

T

∫ T

t=0

[
− ∂

∂x
V T(x)f (x,u) − h(x,u)

]
dt

≤ 1

T

∫ T

t=0

[
− ∂

∂x
V T(x∗)f (x∗, u∗) − h(x∗, u∗)

]
dt

or, equivalently,

1

T

∫ T

t=0
h(x∗, u∗)dt

≤ 1

T

∫ T

t=0
h(x,u)dt + 1

T

∫ T

t=0
d
(
V (x) − V (x∗)

)

V (x(0))=V T(x∗(0))= 1

T

∫ T

t=0
h(x,u)dt + 1

T

[
V
(
x(T )

)− V T(x∗(T )
)]

.

The last inequality in view of (3.75) under T → ∞ completes the proof. �

3.6.3 Affine Dynamics with a Quadratic Cost

Definition 3.6 The plant (3.73) is called affine if the right-hand side is linear on
u ∈ U = R

r , that is,

f (x,u) = f0(x) + f1(x)u. (3.81)
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Consider the quadratic cost function

h(x,u) := ‖x‖2
Q + ‖u‖2

R, 0 ≤ Q ∈ R
n,0 < R ∈ R

r . (3.82)

Then (3.78) gives

u∗(x) = arg sup
u∈Rr

H

(
− ∂

∂x
V (x), x,u

)

= sup
u∈Rr

(
− ∂

∂x
V (x)T[f0(x) + f1(x)u

] − ‖x‖2
Q − ‖u‖2

R

)

= −1

2
R−1f1(x)T ∂

∂x
V (x) (3.83)

and the corresponding HJ equation becomes

− ∂

∂x
V (x)Tf0(x) − ‖x‖2

Q + 1

4

∥
∥
∥
∥R−1f1(x)T ∂

∂x
V (x)

∥
∥
∥
∥

2

R

= 0. (3.84)

Suppose also, for simplicity, that we deal with the special subclass of the affine
systems (3.81) for which the matrix [f1(x)R−1f1(x)T] is invertible for any x ∈ R

n,
that is,

rank
[
f1(x)R−1f1(x)T] = n. (3.85)

Denote

Rf (x) := [
f1(x)R−1f1(x)T]1/2

> 0, (3.86)

which, by (3.85), is strictly positive and, hence, R−1
f (x) exists. Then (3.84) may be

rewritten as

‖x‖2
Q + ∥∥R

−1/2
f (x)f0(x)

∥∥2 = 1

4

∥∥∥∥R
1/2
f (x)

∂

∂x
V (x) − 2R

−1/2
f (x)f0(x)

∥∥∥∥

2

,

which implies the following representation:

1

2
R

1/2
f (x)

∂

∂x
V (x) − R

−1/2
f (x)f0(x) = ē(x)r(x),

r(x) :=
√

‖x‖2
Q + ∥∥R

−1/2
f (x)f0(x)

∥∥2
,

ē(x) a unitary vector
(∥∥ē(x)

∥
∥ = 1

)

or, equivalently,

1

2

∂

∂x
V (x) = R−1

f (x)f0(x) + R
−1/2
f (x)ē(x)r(x)

= [
f1(x)R−1f1(x)T]−1

f0(x) + R
−1/2
f (x)ē(x)r(x).
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So the optimal control (3.83) is

u∗(x) = −R−1f1(x)T
[

1

2

∂

∂x
V (x)

]

= −R−1f1(x)T([f1(x)R−1f1(x)T]−1
f0(x)

+ r(x)
[
f1(x)R−1f1(x)T]−1

ē(x)
)
. (3.87)

There exist many ways to select ē(x), but all of them have to guarantee the property
(3.75). This shows that there exist a lot of solutions to (3.83). The substitution of
(3.87) into (3.73) leads to the final expression for the optimal trajectory:

ẋ = f (x,u) = f0(x) + f1(x)u∗ = −r(x)ē(x).

To guarantee (3.75), it is sufficient to fulfill the asymptotic stability property
‖x(T )‖ →T →∞ 0. To select ē(x) fulfilling this, let us consider the function
W(x) = 1

2‖x‖2 for which we have

Ẇ
(
x(t)

) = xT(t)ẋ(t) = −r(x)xT(t)ē(x).

Taking, for example,

ē(x) := 1√
n

SIGN(x),

SIGN(x) := (
sign(x1), . . . , sign(xn)

)
,

we get

Ẇ
(
x(t)

) = − r(x)√
n

xT(t)SIGN
(
x(t)

)

= − r(x)√
n

n∑

i=1

∣∣xi(t)
∣∣ ≤ − r(x)√

n

√
2W

(
x(t)

)
< 0

for x(t) �= 0. If, additionally, r(x) ≥ c > 0, then this implies

Ẇ
(
x(t)

) ≤ −
√

2

n
c

√
W

(
x(t)

)

and, as a result, W(x(t)) → 0 in a finite time

treach =
√

nW
(
x(0)

)/
c

so that W(x(t)) = 0 for any t ≥ treach, fulfilling (3.75) with the optimal control

u∗(x) = −R−1f1(x)T
[
f1(x)R−1f1(x)T

]−1[
f0(x) + r(x)SIGN(x)

]
. (3.88)





Chapter 4
Linear Quadratic Optimal Control

This chapter deals with the optimal control design for linear models described by a
linear (maybe nonstationary) ODE. The cost functional is considered both for finite
and infinite horizons. Finite horizon optimal control is shown to be a linear non-
stationary feedback control with a gain matrix generated by a backward differential
matrix Riccati equation. For stationary models without any measurable uncontrol-
lable inputs and an infinite horizon the optimal control is a linear stationary feedback
with a gain matrix satisfying an algebraic matrix Riccati equation. The detailed anal-
ysis of this matrix equation is presented and the conditions for the parameters of a
linear system are given that guarantee the existence and uniqueness of a positive-
definite solution which is part of the gain matrix in the corresponding optimal linear
feedback control.

4.1 Formulation of the Problem

4.1.1 Nonstationary Linear Systems

In this section we will consider dynamic plants (2.1) in the particular representation
that at each time t ∈ [0, T ] the right-hand side of the mathematical model is a linear
function with respect to the state vector x(t) and its control action u(t) as well,
namely,

{
ẋ(t) = A(t)x(t) + B(t)u(t) + d(t), a.e. t ∈ [0, T ],
x(0) = x0,

(4.1)

where the functional matrices A(t) ∈ R
n×n and B(t) ∈ R

n×r are supposed to be
bounded almost everywhere, and the shifting vector function d(t) ∈ R

n, referred to

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_4, © Springer Science+Business Media, LLC 2012
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as an external measurable signal, is quadratically integrable. That is,

A(·) ∈ L∞(0, T ;R
n×n),

B(·) ∈ L∞(0, T ;R
n×r ),

d(·) ∈ L2(0, T ;R
n).

(4.2)

The admissible control is assumed to be quadratically integrable on [0, T ] and the
terminal set M coincides with the whole space R

n (no terminal constraints), that is,

Uadmis[0, T ] := {
u(·) : u(·) ∈ L2(0, T ;R

r ), M = R
n
}
. (4.3)

The cost functional is considered in the form (2.2) including quadratic functions,
that is,

J
(
u(·)) = 1

2
xT(T )Gx(T ) + 1

2

∫ T

t=0

[
xT(t)Q(t)x(t)

+ 2uT(t)S(t)x(t) + uT(t)R(t)u(t)
]

dt,

(4.4)

where

G ∈ R
n×n, Q(·) ∈ L∞(0, T ;R

n×n),

S(·) ∈ L∞(0, T ;R
n×r ), R(·) ∈ L∞(0, T ;R

r×r )
(4.5)

such that

G ≥ 0, Q(t) ≥ 0 a.e. t ∈ [0, T ],
R(t) ≥ δI a.e. t ∈ [0, T ], δ > 0.

(4.6)

Note that all coefficients (except G) in (4.1) and (4.4) are dependent on time t .

4.1.2 Linear Quadratic Problem

Problem 4.1 (Linear Quadratic (LQ) Problem) For the dynamic model (4.1) find an
admissible control u∗(·) ∈ Uadmis[0, T ] such that

J
(
u∗(·)) = inf

u(·)∈Uadmis[0,T ]
J
(
u(·)), (4.7)

where the cost function J (u(·)) is given by (4.4).

We will refer to this problem as the Deterministic Linear Quadratic optimal con-
trol problem (DLQ).
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4.2 Maximum Principle for the DLQ Problem

4.2.1 Formulation of the MP

Theorem 4.1 (The MP for the DLQ problem) If a pair (x∗(t), u∗(·)) is optimal,
then

1. there exists a solution ψ(t) to the following ODE on the time interval [0, T ]
{

ψ̇(t) = −AT(t)ψ(t) + Q(t)x∗(t) + ST(t)u∗(t),
ψ(T ) = −Gx∗(T )

(4.8)

2. the optimal control u∗(·) ∈ Uadmis[0, T ] is

u∗(t) = R−1(t)
[
BT(t)ψ(t) − S(t)x∗(t)

]
(4.9)

Proof Since in this problem we do not have any terminal conditions, we deal with
the regular case and may take μ = 1. Then by (2.41) and (2.42) it follows that

H(ψ,x,u, t) := ψT[A(t)x + B(t)u + d(t)
]− 1

2
xT(t)Q(t)x(t)

− uT(t)S(t)x(t) − 1

2
uT(t)R(t)u(t). (4.10)

Thus,

ψ̇(t) = − ∂

∂x
H

(
ψ(t), x∗(t), u∗(t), t

)

= −AT(t)ψ(t) + Q(t)x∗(t) + ST(t)u∗(t),

ψ(T ) = − ∂

∂x
h0

(
x∗(T )

) = −Gx∗(T ),

which proves claim 1 (4.8) of this theorem. Besides, by the MP implementation, we
have

u∗(t) ∈ arg min
u∈Rr

H(ψ,x∗, u, t)

or, equivalently,

∂

∂u
H(ψ,x∗, u∗, t) = BT(t)ψ(t) − R(t)u∗(t) − S(t)x∗(t) = 0 (4.11)

which leads to claim 2 (4.9). �



74 4 Linear Quadratic Optimal Control

4.2.2 Sufficiency Condition

Theorem 4.2 (On sufficiency of DMP) If the control u∗(t) is as in (4.9) and

Q(t) − S(t)R−1(t)ST(t) ≥ 0 (4.12)

then it is a unique optimal one.

Proof It follows directly from the theorem on the sufficient conditions of optimality.
The uniqueness is the result of (4.11), which has a unique solution if R(t) ≥ δI a.e.
t ∈ [0, T ], δ > 0 (4.6). Besides, the Hessian of the function H(ψ,x,u, t) (4.10) is

∥
∥
∥
∥
∥
∥
∥∥∥

∂2

∂x2 H(ψ,x,u, t)
∂2

∂x∂u
H(ψ,x,u, t)

∂2

∂u∂x
H(ψ,x,u, t)

∂2

∂u2 H(ψ,x,u, t)

∥
∥
∥
∥
∥
∥
∥∥∥

= −
∥
∥
∥
∥
∥

Q(t) S(t)

ST(t) R(t)

∥
∥
∥
∥
∥

.

Let us show that
∥∥ Q(t) S(t)

ST(t) R(t)

∥∥ ≥ 0. A symmetric block matrix
[M11 M12

MT
12 M22

]
with

M22 > 0 is nonnegative-definite, that is,

[
M11 M12

MT
12 M22

]
≥ 0

if and only if (see, for example, Poznyak 2008)

M11 ≥ 0, M11 − M12M
−1
22 MT

12 ≥ 0.

So, by assumption (4.12) of the theorem we have

∥
∥∥∥∥∥∥∥∥

∂2

∂x2 H(ψ,x,u, t)
∂2

∂x∂u
H(ψ,x,u, t)

∂2

∂u∂x
H(ψ,x,u, t)

∂2

∂u2
H(ψ,x,u, t)

∥
∥∥∥∥∥∥∥∥

≤ 0.

This means that the function H(ψ,x,u, t) is concave (not necessarily strictly) on
(x,u) for any fixed ψ(t) and any t ∈ [0, T ]. �

Corollary 4.1 If S(t) ≡ 0, then the control u∗(t) (4.9) is always uniquely optimal.

Proof Under this assumption the inequality (4.12) always holds. �
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4.3 The Riccati Differential Equation and Feedback Optimal
Control

4.3.1 The Riccati Differential Equation

Let us introduce the symmetric matrix function

P(t) = P T(t) ∈ C1(0, T ;R
n×n)

and the vector function

p(t) ∈ C1(0, T ;R
n)

which satisfy (a.e. t ∈ [0, T ]) the following ODEs:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

−Ṗ (t) = P(t)A(t) + AT(t)P (t) + Q(t)

− [
BT(t)P (t) + S(t)

]T
R−1(t)

[
BT(t)P (t) + S(t)

]

= P(t)Ã(t) + Ã(t)TP(t)

− P(t)
[
B(t)R−1(t)BT(t)

]
P(t) + Q̃(t),

P (T ) = G

(4.13)

with

Ã(t) = A(t) − B(t)R−1(t)S(t),

Q̃(t) = Q(t) − ST(t)R−1(t)S(t)
(4.14)

and
⎧
⎪⎪⎨

⎪⎪⎩

−ṗ(t) = [(
A(t) − B(t)R−1(t)S(t)

)T

− P(t)B(t)R−1(t)BT(t)
]
p(t) + P(t)d(t),

p(T ) = 0.

(4.15)

Definition 4.1 We call the ODE (4.13) the Riccati differential equation, and we call
p(t) the shifting vector associated with the problem (4.7).

4.3.2 Linear Feedback Control

Theorem 4.3 (On linear feedback control) Assume that

P(t) = P T(t) ∈ C1(0, T ;R
n×n)

is a solution of (4.13) and

p(t) ∈ C1(0, T ;R
n)
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verifies (4.15). Then the optimal control

u∗(·) ∈ Uadmis[0, T ]
for the problem (4.7) has the linear feedback form

u∗(t) = −R−1(t)
[(

BT(t)P (t) + S(t)
)
x∗(t) + BT(t)p(t)

]
(4.16)

and the optimal cost function J (u∗(·)) is

J
(
u∗(·)) = 1

2
xT

0 P(0)x0 + pT(0)x0

+ 1

2

∫ T

t=0

[
2pT(t)d(t) − ∥

∥R−1/2(t)BT(t)p(t)
∥
∥2]

dt.

(4.17)

Proof (1) Let us try to find the solution of ODE (4.8) in the form

ψ(t) = −P(t)x∗(t) − p(t). (4.18)

The direct substitution of (4.18) into (4.8) leads to the following identity (t will be
suppressed for simplicity):

(
Q − STR−1S

)
x∗ − (

AT − STR−1BT)[−P(t)x∗ − p
]

= ψ̇ = −Ṗ x∗ − P
[
Ax∗ + B(u∗) + d

]− ṗ

= −Ṗ x∗ − P
[
Ax∗ + BR−1[BT(−Px∗ − p) − Sx∗]+ d

]− ṗ

= −Ṗ x∗ − P
(
A − BR−1[BTP + S

])
x∗ + PBR−1p − Pd − ṗ.

This yields

0 = (
Ṗ (t) + P(t)A(t) + AT(t)P (t) + Q(t)

− [
BT(t)P (t) + S(t)

]T
R−1(t)

[
BT(t)P (t) + S(t)

])
x∗ṗ(t)

+ [(
A(t) − B(t)R−1(t)S(t)

)T − P(t)B(t)R−1(t)BT(t)
]
p(t)

+ P(t)d(t). (4.19)

But in view of (4.13) and (4.15) the right-hand side of (4.19) is identically zero. The
transversality condition

ψ(T ) = −Gx∗(T )

in (4.13) implies

ψ(T ) = −P(T )x∗(T ) − p(T ) = −Gx∗(T ),

which holds for any x∗(T ) if P(T ) = G and p(T ) = 0.
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(2) To prove (4.17) let us apply the chain integration rule for xT(t)P (t)x(t) and
for pT(t)x(t), respectively. In view of (4.1) and (4.13) we obtain

xT(T )P (T )x(T ) − xT(s)P (s)x(s)

= x∗T(T )Gx∗(T ) − x∗T(s)P (s)x∗(s)

=
∫ T

t=s

d

dt

[
xT(t)P (t)x(t)

]
dt

=
∫ T

t=s

[
2xT(t)P (t)ẋ(t) + xT(t)Ṗ (t)x(t)

]
dt

=
∫ T

t=s

{
xT(t)

([
P(t)B(t) + ST(t)

]
R−1(t)

[
P(t)B(t) + ST(t)

]T

− Q(t)
)
x(t) + 2u∗T(t)BT(t)P (t)x(t) + 2dT(t)P (t)x(t)

}
dt (4.20)

and, applying (4.15),

pT(T )x(T ) − pT(s)x(s)

= −pT(s)x(s) =
∫ T

t=s

d

dt

[
pT(t)x(t)

]
dt =

∫ T

t=s

[
ṗT(t)x(t) + pT(t)ẋ(t)

]
dt

=
∫ T

t=s

{
xT(t)

([
P(t)B(t) + ST(t)

]
R−1(t)B(t)p(t) − P(t)d(t)

)

+ pT(t)
[
B(t)u∗(t) + d(t)

]}
dt. (4.21)

Summing (4.20) and (4.21) and denoting

J ∗(s, x(s)
) := 1

2
xT(s)P (s)x(s)

+ 1

2

∫ T

t=s

[
xT(t)Q(t)x(t) + u∗T(t)R(t)u∗(t) + 2u∗T(t)S(t)x(t)

]

we get

J ∗(s, x(s)
) − 1

2
xT(s)P (s)x(s) − pT(s)x(s)

= 1

2

∫ T

t=s

{
u∗T(t)R(t)u∗(t)

+ xT(t)
[
P(t)B(t) + ST(t)

]
R−1(t)

[
P(t)B(t) + ST(t)

]T
x(t)

+ 2xT(t)
[
P(t)B(t) + ST(t)

]T
u∗(t)

+ 2xT(t)
[
P(t)B(t) + ST(t)

]T
R−1(t)BT(t)p(t)

+ 2u∗T
(t)BT(t)p(t) + 2pT(t)d(t)

}
dt
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= 1

2

∫ T

t=s

{∥∥R−1/2(t)
[
R(t)u∗(t) + [

P(t)B(t) + ST(t)
]T

xT(t)
]

+ BT(t)p(t)
∥∥2 − ∥∥R−1/2(t)BT(t)p(t)

∥∥2 + 2pT(t)d(t)
}

dt, (4.22)

which, taking s = 0, x(s) = x0, and in view of

R(t)u∗(t) + [
P(t)B(t) + ST(t)

]T
xT(t) = 0

yields (4.17). �

Theorem 4.4 (The uniqueness of the optimal control) The optimal control u∗(·) ∈
Uadmis[0, T ] is unique if and only if the corresponding Riccati differential equation
(4.13) has a unique solution P(t) ≥ 0 on [0, T ].
Proof (1) Necessity. Assume that u∗(·) ∈ Uadmis[0, T ] is unique and is given by
(4.16). This is possible only if P(t) is uniquely defined (p(t) will be uniquely
defined automatically). So, the corresponding Riccati differential equation (4.13)
should have a unique solution P(t) ≥ 0 on [0, T ].

(2) Sufficiency. If the corresponding Riccati differential equation (4.13) has a
unique solution P(t) ≥ 0 on [0, T ], then, by the previous theorem, u∗(·) is uniquely
defined by (4.16) and the dynamics x∗(t) is given by

ẋ∗(t) = [
A(t) − B(t)R−1(t)

(
BT(t)P (t) + S(t)

)]
x∗(t)

− B(t)R−1(t)BT(t)p(t) + d(t). (4.23)

So, the uniqueness of (4.16) follows from the uniqueness of the solution of ODE
(4.23). �

4.3.3 Analysis of the Differential Riccati Equation and
the Uniqueness of Its Solution

Theorem 4.5 (On the solution of the Riccati ODE) Assume that

R(t) ≥ δI a.e. t ∈ [0, T ], δ > 0 (4.24)

and that P(t) is a solution of (4.13) defined on [0, T ]. Then there exist two functional
matrices

X(t), Y (t) ∈ C1(0, T ;R
n×n)

satisfying
(

Ẋ(t)

Ẏ (t)

)

= H̃ (t)

(
X(t)

Y (t)

)
,

X(T ) = I, Y (T ) = P(T ) = G

(4.25)
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with

H̃ (t) =
[

Ã(t) −B(t)R−1(t)BT(t)

−Q̃(t) −ÃT(t)

]

, (4.26)

where Ã(t) and Q̃(t) are given by (4.14) and P(t) may be uniquely represented as

P(t) = Y(t)X−1(t) (4.27)

for any finite t ∈ [0, T ], being symmetric nonnegative-definite.

Proof By (4.24) R−1(t) exists. Hence H̃ (t) (4.26) is well defined.
(a) Notice that the matrices X(t) and Y(t) exist since they are defined by the

solution to the ODE (4.25).
(b) Show that they satisfy the relation (4.27). First, notice that X(T ) = I , so

detX(T ) = 1 > 0.

From (4.25) it follows that X(t) is a continuous matrix function and, hence, there
exists a time τ such that for all t ∈ [T − τ, T ]

detX(t) > 0.

As a result, X−1(t) exists within the small semi-open interval (T − τ, T ]. Then,
directly using (4.25) and in view of the identities

X−1(t)X(t) = I,

d

dt

[
X−1(t)

]
X(t) + X−1(t)Ẋ(t) = 0

it follows that

d

dt

[
X−1(t)

] = −X−1(t)Ẋ(t)X−1(t)

= −X−1(t)
[
Ã(t)X(t) − B(t)R−1(t)BT(t)Y (t)

]
X−1(t)

= −X−1(t)Ã(t) + X−1(t)B(t)R−1(t)BT(t)Y (t)X−1(t) (4.28)

and, hence, for all t ∈ (T − τ, T ] in view of (4.13)

d

dt

[
Y(t)X−1(t)

] = Ẏ (t)X−1(t) + Y(t)
d

dt

[
X−1(t)

]

= [−Q̃(t)X(t) − ÃT(t)Y (t)
]
X−1(t)

+ Y(t)
[−X−1(t)Ã(t) + X−1(t)B(t)R−1(t)BT(t)Y (t)X−1(t)

]
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= −Q̃(t) − ÃT(t)P (t) − P(t)Ã(t) + P(t)B(t)R−1(t)BT(t)P (t)

= Ṗ (t),

which implies

d

dt

[
Y(t)X−1(t) − P(t)

] = 0

or

Y(t)X−1(t) − P(t) = const
t∈(T −τ,T ]

.

But for t = T we have

const
t∈(T −τ,T ]

= Y(T )X−1(T ) − P(T ) = Y(T ) − P(T ) = 0.

So, for all t ∈ (T − τ, T ]
P(t) = Y(t)X−1(t).

(c) Show that detX(T − τ) > 0. The relations (4.25) and (4.27) lead to the fol-
lowing representation for t ∈ [T − τ, T ]:

Ẋ(t) = Ã(t)X(t) − B(t)R−1(t)BT(t)Y (t)

= [
Ã(t) − B(t)R−1(t)BT(t)P (t)

]
X(t)

and, by Liouville’s Theorem (see Appendix 2.3 to Chap. 2), it follows that

detX(T − τ) = detX(0) exp

{∫ T −τ

t=0
tr
[
Ã(t) − B(t)R−1(t)BT(t)P (t)

]
dt

}
,

1 = detX(T ) = detX(0) exp

{∫ T

t=0
tr
[
Ã(t) − B(t)R−1(t)BT(t)P (t)

]
dt

}
,

detX(T − τ) = exp

{
−

∫ T

t=T −τ

tr
[
Ã(t) − B(t)R−1(t)BT(t)P (t)

]
dt

}
> 0.

By continuity, again there exists a time τ1 > τ where detX(t) > 0 for any t ∈ [T −
τ, T − τ1]. Repeating the same considerations we may conclude that

detX(t) > 0

for any t ∈ [0, T ].
(d) Let us demonstrate that the matrix Y(t)X−1(t) is symmetric. We have

d

dt

[
Y T(t)X(t) − XT(t)Y (t)

]

= Ẏ T(t)X(t) + Y T(t)
d

dt

[
X(t)

]− d

dt
XT(t)Y (t) − XT(t)Ẏ (t)
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= [−Q̃(t)X(t) − ÃT(t)Y (t)
]T

X(t)

+ Y T(t)
[
Ã(t)X(t) − B(t)R−1(t)BT(t)Y (t)

]

− [
Ã(t)X(t) − B(t)R−1(t)BT(t)Y (t)

]T
Y(t)

− XT(t)
[−Q̃(t)X(t) − ÃT(t)Y (t)

] = 0,

Y (T )TX(T ) − [
X(T )

]T
Y(T ) = Y T(T ) − Y(T ) = GT − G = 0,

which implies

Y T(t)X(t) − XT(t)Y (t) = 0

for any t ∈ [0, T ]. So,

Y T(t) = XT(t)Y (t)X−1(t) = XT(t)P (t)

and, hence, by the transposition operation we get

Y(t) = P T(t)X(t),

P (t) = Y(t)X−1(t) = P T(t).

The symmetry of P(t) is proven.
(e) Finally, let us show that P(t) ≥ 0 on [0, T ]. Notice that P(t) does not depend

on d(t), which is why we may take d(t) ≡ 0 on [0, T ] to simplify the calculations.
In view of this,

p(t) ≡ 0

on [0, T ] also, and (4.22) may be represented as

J ∗(s, x(s)) = 1

2
xT(s)P (s)x(s)

+ 1

2

∫ T

t=s

R−1/2(t)
[
R(t)u∗(t) + [

P(t)B(t) + ST(t)
]T

xT(t)
]

dt ≥ 0,

and since

R(t)u∗(t) + [
P(t)B(t) + ST(t)

]T
xT(t) = 0

(such a relation under the condition (4.12) is sufficient for u∗(t) to be optimal), we
obtain

J ∗(s, x(s)
) = 1

2
xT(s)P (s)x(s).

This leads to the relation

xT(s)P (s)x(s) = 2J ∗(s, x(s)
) ≥ 0
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for any s ∈ [0, T ] and any x(s), which is equivalent to the claim that P(s) ≥ 0 on
[0, T ].

(f) The Riccati differential equation (4.13) is uniquely solvable with

P(t) = Y(t)X−1(t) ≥ 0 on [0, T ]
since the matrices X(t) and Y(t) are uniquely defined by (4.27). �

4.4 Stationary Systems on the Infinite Horizon

4.4.1 Stationary Systems and the Infinite Horizon Cost Function

Consider a stationary linear plant given by the ODE

⎧
⎪⎨

⎪⎩

ẋ(t) = Ax(t) + Bu(t), t ∈ [0,∞],
x(0) = x0,

A ∈ R
n×n,B ∈ R

n×r

(4.29)

supplied by the quadratic cost functional (if it exists) in the Lagrange form, namely,

J
(
u(·)) =

∫ ∞

t=0

[
xT(t)Qx(t) + uT(t)Ru(t)

]
dt, (4.30)

where

0 ≤ Q = QT ∈ R
n×n

and

0 < R = RT ∈ R
r×r

are the weighting matrices.
The problem is, as before: find a control u∗(·) minimizing J (u(·)) over all con-

trols within the class of admissible control strategies.
We will try to solve this problem by two methods: the so-called Direct Method

and DPM. But before doing so, we need to introduce several concepts important for
such an analysis.

4.4.2 Controllability, Stabilizability, Observability,
and Detectability

In this section we shall turn to some important concepts that will be frequently used
in the material below.



4.4 Stationary Systems on the Infinite Horizon 83

Controllability

Definition 4.2 The linear stationary system (4.29) or the pair (A,B) is said to be
controllable on a time interval [0, T ] if, for any initial state x0 and any terminal state
xT , there exists a feasible (piecewise continuous) control u(t) such that the solution
of (4.29) satisfies

x(T ) = xT . (4.31)

Otherwise, the system or pair (A,B) is said to be uncontrollable.

The next theorem presents some algebraic criteria (necessary and sufficient con-
ditions) for controllability.

Theorem 4.6 (The criteria of controllability) The pair (A,B) is controllable if and
only if one of the following properties holds.

Criterion 1. The controllability Gramian

Gc(t) :=
∫ t

τ=0
eAτBBTeATτ dτ (4.32)

is positive-definite for any t ∈ [0,∞).
Criterion 2. The controllability matrix

C := [
B AB A2B . . . An−1B

]
(4.33)

has full rank or, in other words,

〈A, ImB〉 :=
n∑

i=1

Im
〈
Ai−1B

〉 = R
n, (4.34)

where ImB is the image (range) of B : R
r → R

n is defined by

ImB := {y ∈ R
n : y = Bu,u ∈ R

r}. (4.35)

Criterion 3. The Hautus matrix [A − λI
... B] has full row rank for all λ ∈ C.

Criterion 4. For any left eigenvalues λ and the corresponding eigenvectors x of
the matrix A, that is, x∗A = λx∗, the following property holds:

x∗B �= 0.

In other words, all modes of A are B-controllable.
Criterion 5. The eigenvalues of the matrix (A + BK) can be freely assigned by

a suitable selection of K .
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Proof Criterion 1. (a) Necessity. Suppose that the pair (A,B) is controllable, but
for some t1 ∈ [0, T ] the Gramian of controllability Gc(T ) is singular, that is, there
exists a vector x �= 0 such that

0 = xT
[∫ t1

τ=0
eAτBBTeATτ dτ

]
x

=
[∫ t1

τ=0
xTeAτBBTeATτ x dτ

]
=

∫ t1

τ=0

∥∥BTeATτ x
∥∥2

dτ.

Thus,

xTeAτB = 0 (4.36)

for all τ ∈ [0, t1]. Select t1 as a terminal instant, that is, t1 = T and x(T ) = xT = 0.
Then by (4.37)

0 = x(t1) = eAt1x0 +
∫ t1

τ=0
eA(t1−τ)Bu(τ)dτ

and pre-multiplying the last equation by xT we obtain

0 = xTx(t1) = xTeAt1x0 +
∫ t1

τ=0
xTeA(t1−τ)Bu(τ)dτ = xTeAt1x0.

Selecting the initial conditions x0 = e−At1x, we obtain ‖x‖2 = 0, or x = 0. This
contradicts the assumption that x �= 0.

(b) Sufficiency. Suppose conversely Gc(t) > 0 for all t ∈ [0, T ]. Hence,
Gc(T ) > 0. Define

u(t) := −BTeAT(T −t)G−1
c (T )

[
eAT x0 − xT

]
.

Then, by (4.29),

x(t) = eAtx0 +
∫ t

τ=0
eA(t−τ)Bu(τ)dτ, (4.37)

which gives

x(T ) = eAT x0 −
[∫ T

τ=0
eA(T −τ)BBTeAT(T −t)G−1

c (T )
[
eAT x0 − xT

]
dτ

]

= eAT x0 −
[∫ T

τ=0
eA(T −τ)BBTeAT(T −t) dτ

]
G−1

c (T )
[
eAT x0 − xT

]

T −τ=s= eAT x0 +
[∫ 0

s=T

eAsBBTeATs ds

]
G−1

c (T )
[
eAT x0 − xT

]
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= eAT x0 − Gc(T )G−1
c (T )

[
eAT x0 − xT

] = xT .

So, the pair (A,B) is controllable. The first criterion is proven.
Criterion 2. (a) Necessity. Suppose that Gc(t) > 0 for any t ∈ [0, T ], but the

controllability matrix C has no full rank, that is, there exists a nonzero vector v ∈ R
n

such that

v∗AiB = 0 for all i = 0,1, . . . , n − 1.

But by the Cayley–Hamilton Theorem (see, for example, Poznyak 2008) any matrix
satisfies its own characteristic equation, namely, if

det(A − λI) = a0λ
n + a1λ

n−1 + · · · + an−1λ + an = 0, a0 �= 0

then

a0A
n + a1A

n−1 + · · · + an−1A + anI = 0, a0 �= 0

or, equivalently,

An = −
(

a1

a0
An−1 + · · · + an−1

a0
A + an

a0
I

)

and hence

v∗AnB = −
(

a1

a0
v∗An−1B + · · · + an−1

a0
v∗AB + an

a0
v∗B

)
= 0.

By the same reasoning

v∗An+1B = −
(

a1

a0
v∗AnB + · · · + an−1

a0
v∗A2B + an

a0
v∗AB

)
= 0

and so on. Therefore,

v∗AiB = 0 for any i ≥ 0. (4.38)

But since eAt = ∑∞
i=0

1
i! (At)i , in view of (4.38), for all t ≥ 0 we have

v∗eAtB =
∞∑

i=0

1

i!v
∗AiBti = 0,

which implies

0 = v∗
∫ t1≤T

t=0
eAtBBTeATt dt = v∗Gc(t1)

for all t1 ≤ T , which is in contradiction to the assumption that Gc(t1) is non-
singular. So, C should have full rank.
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(b) Sufficiency. Conversely, suppose now that C has full rank, but Gc(t) is sin-
gular for some t = t1 ≤ T . Then, by (4.36), there exists a vector xT �= 0 such that
xTeAτB = 0 for all τ ∈ [0, t1]. Taking t = 0, we get xTB = 0. Evaluating the ith
derivatives at the point t = 0, we have

0 = xT
(

d

dτ
eAτ

)

t=0
B = xTAiB, i = 0,1, . . . , n − 1,

which implies

[
B AB A2B . . . An−1B

] = xTC = 0.

This means that C has no full rank. This is in contradiction to the initial assumption
that C has full rank. So, Gc(t) should be nonsingular for all t ∈ [0, T ]. The second
criterion is proven also.

Criterion 3. (a) Necessity. On the contrary, suppose that

[A − λI
... B]

has no full row rank for some λ ∈ C, that is, there exists a vector x∗ �= 0 such that

x∗[A − λI
... B] = 0

but the system is controllable (C has full rank). This is equivalent to the following:

x∗A = λx∗, x∗B = 0,

which results in

x∗C = x∗[B AB A2B . . . An−1B
]

=
[

x∗B︸︷︷︸
0

λx∗B︸︷︷︸
0

λ2x∗B︸︷︷︸
0

· · · λn−1x∗B︸︷︷︸
0

]
= 0.

But this is in contradiction to the assumption that C has full rank.

(b) Sufficiency. Suppose that [A − λI
... B] has full row rank for all λ ∈ C, but C

has no full rank, that is, x∗C = 0 for some x∗ �= 0. Representing this x as a linear
combination of the eigenvectors xi∗ of the matrix A as

x∗ =
n∑

i=1

αixi∗

(
n∑

i=1

α2
i > 0

)

we get
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0 = x∗C =
n∑

i=1

αixi∗ C

=
n∑

i=1

αixi∗[B AB A2B . . . An−1B
]

=
n∑

i=1

αixi∗[B λiB λ2
i B . . . λn−1

i B
]

=
n∑

i=1

αixi∗[I λiI λ2
i I . . . λn−1

i I
]
B = x̄∗B,

where

x̄∗ :=
n∑

i=1

αixi∗[I λiI λ2
i I . . . λn−1

i I
]
.

So, there exists a vector x̃ �= 0 such that x̃∗B = 0 and

x̃∗A =
n∑

i=1

αixi∗[I λiI λ2
i I . . . λn−1

i I
]
A

=
n∑

i=1

αixi∗A
[
I λiI λ2

i I . . . λn−1
i I

]

=
n∑

i=1

αiλixi∗[I λiI λ2
i I . . . λn−1

i I
] = λ̃x̃∗,

where

λ̃ := x̃∗Ax̃

x̃∗x̃
,

which is in contradiction to the assumption that the Hautus matrix [A − λ̃I
... B] has

full row rank.
Criterion 4. It directly follows from Criterion 3.
Criterion 5. The proof can be found in Zhou et al. (1996). �

Stabilizability

Definition 4.3 The linear stationary system (4.29) or the pair (A,B) is said to be
stabilizable if there exists a state feedback

u(t) = Kx(t)



88 4 Linear Quadratic Optimal Control

such that the closed-loop system is stable, that is, the matrix A + BK is stable
(Hurwitz). Otherwise, the system or pair (A,B) is said to be unstabilizable.

Theorem 4.7 (Two criteria of stabilizability) The pair (A,B) is stabilizable if and
only if we have the following.

Criterion 1. The Hautus matrix

[A − λI
... B]

has full rank for all Reλ ≥ 0.
Criterion 2. For all λ and x such that x∗A = λx∗ and Reλ ≥ 0, it follows that

x∗B �= 0.

Proof This theorem is a consequence of the previous one. �

Observability

Let us consider the following stationary linear system supplied by an output model:
{

ẋ(t) = Ax(t) + Bu(t), t ∈ [0,∞], x(0) = x0,

y(t) = Cx(t),
(4.39)

where A ∈ R
n×n,B ∈ R

n×r , y(t) ∈ R
m is referred to as an output vector and

C ∈ R
m×n is an output matrix.

Definition 4.4 The stationary linear system (4.39) or the pair (C,A) is said to be
observable if, for any time t1, the initial state x(0) = x0 can be determined from the
history of the input u(t) and the output y(t) within the interval [0, t1]. Otherwise,
the system or pair (C,A) is said to be unobservable.

Theorem 4.8 (The criteria of observability) The pair (C,A) is observable if and
only if one of the following criteria holds.

Criterion 1. The observability Gramian

Go(t) :=
∫ t

τ=0
eATτCTCeAτ dτ (4.40)

is positive-definite for any t ∈ [0,∞).
Criterion 2. The observability matrix

O :=

⎡

⎢⎢
⎢⎢⎢
⎣

C

CA

CA2

...

CAn−1

⎤

⎥
⎥⎥⎥
⎥
⎦

(4.41)
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has full column rank or, in other words,

n⋂

i=1

Ker
(
CAi−1) = {0}, (4.42)

where Ker(A) is the kernel or null space of A : R
n → R

mdefined by

Ker(A) = N (A) := {x ∈ R
n : Ax = 0}. (4.43)

Criterion 3. The Hautus matrix
[

A−λI
C

]
has full column rank for all λ ∈ C.

Criterion 4. Let λ and y be any eigenvalue and any corresponding right eigen-
vector of A, that is,

Ay = λy

then Cy �= 0.
Criterion 5. The eigenvalues of the matrix A + LC can be freely assigned (com-

plex eigenvalues are in conjugate pairs) by a suitable choice of L.
Criterion 6. The pair (AT,CT) is controllable.

Proof Criterion 1. (a) Necessity. Suppose that the pair (C,A) is observable, but for
some t1 the Gramian of observability G0(t1) is singular, that is, there exists a vector
x �= 0 such that

0 = xT
[∫ t1

τ=0
eATτCTCeAτ dτ

]
x

=
[∫ t1

τ=0
xTeATτCTCeAτx dτ

]
=

∫ t1

τ=0

∥∥CeAτx
∥∥2

dτ.

Thus,

CeAτx = 0 (4.44)

for all τ ∈ [0, t1]. Then by (4.37)

x(t1) = eAt1x0 +
∫ t1

τ=0
eA(t1−τ)Bu(τ)dτ

and, hence,

y(t1) = Cx(t1) = CeAt1x0 +
∫ t1

τ=0
CeA(t1−τ)Bu(τ)dτ

or

v(t1) := y(t1) −
∫ t1

τ=0
CeA(t1−τ)Bu(τ)dτ = CeAt1x0.
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Selecting the initial condition x0 = 0, we obtain v(t1) = 0. But we have the same
results for any x0 = x �= 0 satisfying (4.44); this means that x0 cannot be determined
from the history of the process, and this contradicts that (C,A) is observable.

(b) Sufficiency. Suppose conversely: Go(t) > 0 for all t ∈ [0,∞]. Hence,

0 < xT
[∫ t

τ=0
eATτCTCeAτ dτ

]
x

=
[∫ t1

τ=0
xTeATτCTCeAτx dτ

]
=

∫ t1

τ=0

∥
∥CeAτx

∥
∥2 dτ,

which implies that there exists a time τ0 ∈ [0, t] such that

∥
∥CeAτ0x

∥
∥2

> 0

for any x �= 0. This means that CeAτ0 is a full rank matrix

eATτ0CTCeAτ0 > 0.

Then

v(τ0) := y(τ0) −
∫ τ0

τ=0
CeA(τ0−τ)Bu(τ)dτ = CeAτ0x0

and, hence,

eATτ0CTv(τ0) = eATτ0CTCeAτ0x0

and

x0 = [
eATτ0CTCeAτ0

]−1
eATτ0CTv(τ0).

So, the pair (C,A) is observable. The first criterion is proven.
Criterion 2. (a) Necessity. Suppose that the pair (C,A) is observable, but that the

observability matrix O does not have full column rank, that is, there exists a vector
x̃ �= 0 such that Ox̃ = 0 or, equivalently,

CAix̃ = 0 ∀i = 0,1, . . . , n − 1.

Suppose now that x0 = x̃. Then, by the Cayley–Hamilton Theorem

v(t) := y(t) −
∫ t

τ=0
CeA(t−τ)Bu(τ)dτ = CeAtx0

= C

∞∑

i=0

1

i! (At)ix0

=
n−1∑

i=0

t i

i!CAix0︸ ︷︷ ︸
0

+
2n−1∑

i=n

t i

i!CAix0︸ ︷︷ ︸
0

+ . . .︸︷︷︸
0

= 0. (4.45)
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This implies

v(t) = CeAtx0 = 0

and, hence, x0 cannot be determined from v(t) ≡ 0. We obtain a contradiction.
(b) Sufficiency. From (4.45) it follows that

ṽ :=

⎡

⎢⎢
⎢
⎢
⎢
⎢
⎣

v(0)

v̇(0)

v̈(0)

...

v(n−1)(0)

⎤

⎥⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢⎢
⎢
⎢
⎢
⎢
⎣

C

CA

CA2

...

CAn−1

⎤

⎥⎥
⎥
⎥
⎥
⎥
⎦

x0 = Ox0

and since O has a full rank, we have OTO > 0 and hence

x0 = [
OTO

]−1 OTṽ,

which means that x0 may be uniquely defined. This completes the proof.
Criteria 3–6. They follow from the duality of Criterion 6 to the corresponding

criteria of controllability since the controllability of the pair (AT,CT) is equivalent
to the existence of a matrix LT such that AT + CTLT is stable. But then it follows
that

(
AT + CTLT)T = A + LC

is also stable; this coincides with Criterion 6 of observability. �

Detectability

Definition 4.5 The stationary linear system (4.39) or the pair (C,A) is said to be
detectable if the matrix A + LC is stable (Hurwitz) for some L. Otherwise, the
system or pair (C,A) is said to be undetectable.

Theorem 4.9 (The criteria of detectability) The pair (C,A) is detectable if and only
if one of the following criteria holds.

Criterion 1. The Hautus matrix
[

A−λI
C

]
has full column rank for all Reλ ≥ 0.

Criterion 2. Let λ and y be any eigenvalue and any corresponding right eigen-
vector of A, such that

Ay = λy, Reλ ≥ 0;
then Cy �= 0.

Criterion 3. There exists a matrix L such that the matrix A + LC is stable.
Criterion 4. The pair (AT,CT) is stabilizable.

Proof It follows from the duality of Criterion 4 of this theorem to the corresponding
criterion of stabilizability. �
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Modes of the Systems

Definition 4.6 Let λ be an eigenvalue of the matrix A, or equivalently, a mode of
the system (4.39). Then the mode λ is said to be

1. controllable if x∗B �= 0 for all left eigenvectors x∗ of the matrix A associated
with this λ, that is,

x∗A = λx∗, x∗ �= 0

2. observable if Cx �= 0 for all right eigenvectors x of the matrix A associated with
this λ, that is,

Ax = λx, x �= 0

Otherwise, the mode is called uncontrollable (unobservable).

Using this definition we may formulate the following test rule (the Popov–
Belevitch–Hautus or, for short, PBH test, Hautus and Silverman 1983) for the veri-
fication of the properties discussed above.

Claim 4.1 (PBH test) The system (4.39) is

1. controllable if and only if every mode is controllable
2. stabilizable if and only if every unstable mode is controllable
3. observable if and only if every mode is observable
4. detectable if and only if every unstable mode is observable

4.4.3 Sylvester and Lyapunov Matrix Equations

This section is required for the study of the case of the optimal control for the sta-
tionary systems tackled below.

Sylvester Equation

Let us define the Kronecker matrix product as

A ⊗ B := ‖aijB‖ ∈ R
n2×n2

, A,B ∈ R
n×n (4.46)

and the spreading operator col{·} as

colA := (a1,1, . . . , a1,n, a2,1, . . . , a2,n, . . . , an,1, . . . , an,n)
T. (colA)

Let col−1 A be the operator inverse to colA.
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Lemma 4.1 For any matrices A,B,X ∈ R
n×n the following property holds:

col{AXB} = (A ⊗ B) col{X}. (4.47)

Proof We have

col{AXB} = col

{∥∥∥∥∥

n∑

k=1

aik

n∑

s=1

xksbjs

∥∥∥∥∥
i,j=1,...,n

}

=

⎛

⎜
⎜
⎜
⎝

∑n
k=1 a1,k

∑n
s=1 b1,sxk,s

...
∑n

k=1 an,k

∑n
s=1 bn,sxk,s

⎞

⎟
⎟
⎟
⎠

and

(A ⊗ B) col{X} = ‖aijB‖(x1,1, . . . , x1,n, x2,1, . . . , x2,n, . . . , xn,1, . . . , xn,n)

=

⎛

⎜⎜⎜
⎝

∑n
k=1 a1,k[b1,1xk,1 + b1,2xk,2 + · · · + b1,nxk,n]

...
∑n

k=1 an,k[bn,1xk,1 + bn,2xk,2 + · · · + bn,nxk,n]

⎞

⎟⎟⎟
⎠

=

⎛

⎜⎜
⎝

∑n
k=1 a1,k

∑n
s=1 b1,sxk,s

. . .
∑n

k=1 an,k

∑n
s=1 bn,sxk,s

⎞

⎟⎟
⎠ .

So, the right-hand sides of the two previous relations coincide, which proves the
lemma. �

Lemma 4.2 The eigenvalues of (A ⊗ B) are λiμj (i, j = 1, . . . , n) where λi are
the eigenvalues of A and μj are the eigenvalues of B .

Proof Let x̄i and ȳj be the corresponding eigenvectors of A and B , that is,

Ax̄i = λix̄i , Bȳj = μj ȳj .

Define the vector

ēij := x̄i ⊗ ȳj .

Then

(A ⊗ B)ēij =

∥∥
∥
∥∥∥∥

a11B a12B . . . a1nB
...

an1B an2B . . . annB

∥∥
∥∥
∥∥∥

⎛

⎜
⎝

x1i ȳj

...

xni ȳj

⎞

⎟
⎠



94 4 Linear Quadratic Optimal Control

=

∥
∥∥∥∥∥∥

a11x1iBȳj + · · · + a1nxniBȳj

...

an1x1iBȳj + · · · + annxniBȳj

∥
∥∥∥∥∥∥

=

∥∥∥∥∥∥∥

a11x1i(μj ȳj ) + · · · + a1nxni(μj ȳj )
...

an1x1i(μj ȳj ) + · · · + annxni(μj ȳj )

∥∥∥∥∥∥∥
= Ax̄i ⊗ μj ȳj

= λi x̄i ⊗ μj ȳj = λiμj (x̄i ⊗ ȳj ) = λiμj ēij ,

which proves the lemma. �

Lemma 4.3 The matrix Sylvester equation

AX + XBT = −Q, A,X,B,Q ∈ R
n×n,detA �= 0 (4.48)

has the unique solution

X = − col−1{[I + A−1 ⊗ BT]−1
col

{
A−1Q

}}
(4.49)

if and only if

λi + μj �= 0 for any i, j = 1, . . . , n, (4.50)

where λi are the eigenvalues of A and μj are the eigenvalues of B .

Proof Since det A �= 0, A−1 exists and the Sylvester equation can be rewritten as

X + A−1XBT = −A−1Q.

Applying to this equation the operator col{·} and using (4.47), we deduce

col{X} + col
{
A−1XBT} = col{X} + (

A−1 ⊗ BT) col{X}
= [

I + A−1 ⊗ BT] col{X} = − col
{
A−1Q

}
.

The result of this lemma may be obtained if and only if the eigenvalues of the matrix
[I +A−1 ⊗BT] are distinct from zero (this matrix is invertible or nonsingular). But
by the previous lemma and in view of the identity μ(B) = μ(BT), the eigenvalues
of the matrix [I + A−1 ⊗ BT] are

1 + λ−1
i μj = 1

λi

(λi + μj),

which are distinct from 0 if and only if (4.50) holds. The lemma is proven. �
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Lyapunov Matrix Equation

Lemma 4.4 (Lyapunov 1935; the original by 1897)

(1) The Lyapunov matrix equation

AP + PAT = −Q, A,P,Q = QT ∈ R
n×n (4.51)

has a unique symmetric solution P = P T if and only if

λi + λi �= 0 (4.52)

for all eigenvalues λi of the matrix A, which also entail the property that A has
no neutral eigenvalues lying at the imaginary axis (Reλi �= 0).

(2) If (4.51) holds for some positive-definite

Q = QT > 0

and

P = P T > 0

then A is stable.
(3) Equation (4.51) has a positive-definite solution

P = P T =
∫ ∞

t=0
eAtQeATt dt > 0 (4.53)

if and only if the matrix A is stable (Hurwitzian) and
(a) either

Q = QT > 0

(if Q = QT ≥ 0, then P = P T ≥ 0)
(b) or Q has the structure

Q = BBT

such that the pair (A,B) is controllable, that is,

rank
[
B AB A2B . . . An−1B

] = n. (4.54)

Proof (1) Claim 1 of this lemma follows directly from the previous lemma if we put

B = A, X = P,

and take into account that the inequality (4.50) is always fulfilled for different (non-
conjugate) eigenvalues, and that for complex conjugate eigenvalues

μj = λ̄i = ui − ivi ,

λi = ui + ivi
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the inequality (4.50) leads to (4.52). The symmetry of P follows from the following
fact: applying the transposition procedure to both sides of (4.51) we get

P TAT + AP T = −QT = −Q

which coincides with (4.51). But this equation has a unique solution; hence P = P T.
(2) Let λi be an eigenvalue of AT, that is,

ATxi = λixi, xi �= 0.

Then we also have

x∗
i A∗ = λ̄ix

∗
i

(here A∗ := (AT), that is, the transposition together with the complex conjugation).
Multiplying the left-hand side of (4.51) by x∗

i and the right-hand side by xi , it fol-
lows that

x∗
i

(
AP + PAT)xi = λ̄ix

∗
i P xi + x∗

i P λix
∗
i = (λ̄i + λi)x

∗
i P xi = −x∗

i Qxi < 0

and, since, by the supposition, x∗
i P xi > 0, we obtain (λ̄i +λi) = 2 Reλi < 0, which

means that A is stable.
(3) Sufficiency. Let A be stable. Defining the matrices

H(t) := eAtQ, U(t) := eATt ,

it follows that

dH(t) := AeAtQdt, dU(t) := eATtAT dt.

Then we have
∫ T

t=0
d
[
H(t)U(t)

] = H(T )U(T ) − H(0)U(0)

= eAT QeATT − Q

=
∫ T

t=0
H(t)dU(t) +

∫ T

t=0
dH(t)U(t)

=
∫ T

t=0
eAtQeATtAT dt +

∫ T

t=0
AeAtQeATt dt

=
[∫ T

t=0
eAtQeATt dt

]
AT + A

[∫ T

t=0
eAtQeATt dt

]
. (4.55)

The stability of A implies

eAT ReATT →
T →∞ 0
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and, moreover, the integral

P := lim
T →∞

[∫ T

t=0
eAtQeATt dt

]

exists since
∥∥∥
∥

∫ T

t=0
eAtQeATt dt

∥∥∥
∥ ≤

∫ T

t=0

∥∥eAtQeATt
∥∥dt

≤ ‖Q‖
∫ T

t=0

∥
∥eAt

∥
∥2

dt ≤ ‖Q‖
∫ T

t=0
e2λmaxAt dt

≤ ‖Q‖
∫ T

t=0
e2αt dt ≤ ‖Q‖

∫ ∞

t=0
e−2|α|t dt = 1

2|α| ‖Q‖ < ∞,

where

λmax(A) ≤ −min
i

Re |λi | := α < 0.

So, taking T → ∞ in (4.55), we obtain (4.51), which means that (4.53) is the solu-
tion of (4.51).

(a) If Q > 0, then

P =
∫ ∞

t=0
eAtQeATt dt ≥ λmin(Q)

∫ ∞

t=0
e(A+AT)t dt > 0.

(b) If Q = BBT, then for any x ∈ R
n

xTPx =
∫ ∞

t=0
xTeAtBBTeATt x dt =

∫ ∞

t=0

∥∥BTeATt x
∥∥2 dt. (4.56)

Suppose that there exist x �= 0 and an interval (t0, t1) (t0 < t1) such that

∥∥xTeAtB
∥∥2 = 0 for all t ∈ (t0, t1) (t0 < t1)

and, hence,

xTeAtB = 0. (4.57)

Then the sequential differentiation of (4.57) by t gives

xTeAtAB = 0, xTeAtA2B = 0, . . . , xTeAtA(n−1)B = 0,

which may be rewritten in the matrix form

xTeAt
[
B AB A2B . . . A(n−1)B

] = 0

for all t ∈ (t0, t1) (t0 < t1). This means that

rank
[
B AB A2B . . . An−1B

]
< n,
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which is in contradiction to (4.54). Therefore,

∥∥xTeAtB
∥∥2

> 0

for at least at one interval (t0, t1) and, hence, by (4.56)

xTPx =
∫ ∞

t=0

∥∥BTeATt x
∥∥2

dt ≥
∫ t1

t=t0

∥∥BTeATt x
∥∥2

dt > 0

for all x �= 0. This means that P > 0.
Necessity. Suppose that there exists a positive solution P > 0 given by (4.53).

Then this integral exists only if A is stable.
(a) But P may be positive only if Q > 0 (this is easily seen by contradiction).
(b) Let x∗i �= 0 be an unstable mode (a left eigenvector of A corresponding to an

unstable eigenvalue λi ), that is,

x∗iA = λix
∗i , Reλi ≥ 0.

By the relation

0 < x∗iP xi =
∫ ∞

t=0

∥∥x∗ieAtB
∥∥2 dt

=
∫ ∞

t=0

∥∥∥∥∥
x∗i

[ ∞∑

l=0

1

l! (At)l

]

B

∥∥∥∥∥

2

dt

=
∫ ∞

t=0

∥
∥∥∥∥

[ ∞∑

l=0

1

l!x
∗iAlt l

]

B

∥
∥∥∥∥

2

dt

=
∫ ∞

t=0

∥∥∥∥∥

[

x∗i
∞∑

l=0

1

l!λ
l
i t

l

]

B

∥∥∥∥∥

2

dt

=
∫ ∞

t=0

∥∥x∗ieλtB
∥∥2 dt =

∫ ∞

t=0
e2λt‖x∗iB‖2 dt

it follows that it should be

x∗iB �= 0

because if it were not, we would get x∗iP xi = 0. However, this means that the pair
(A,B) is controllable (see the PBH test). �

Remark 4.1 Notice that for Q = qI the matrix P as the solution of (4.53) can be
represented as

P = P T = q

∫ ∞

t=0
eAteATt dt > 0,
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but never as q
∫ ∞
t=0 e(A+AT)t dt , that is,

P �= q

∫ ∞

t=0
e(A+AT)t dt

since

eAteATt �= e(A+AT)t ,

which may be verified by use of the Taylor series expansion for the matrix exponent.

4.4.4 Direct Method

Let us introduce the function V : R
n → R

V (x) := xTPx, (4.58)

where the matrix P is positive-definite, that is,

0 < P = P T ∈ R
n×n.

Then, in view of (4.29), we obtain

V̇ (x(t)) = 2xT(t)P ẋ(t) = 2xT(t)P
[
Ax(t) + Bu(t)

]
.

The integration of this equation leads to

V
(
x(T )

)− V
(
x(0)

) = xT(T )Px(T ) − xT
0 Px0

=
∫ T

t=0
2xT(t)P

[
Ax(t) + Bu(t)

]
dt.

Adding and subtracting the terms xT(t)Qx(t) and uT(t)Ru(t), the last identity may
be rewritten in the form

xT(T )Px(T ) − xT
0 Px0

=
∫ T

t=0

(
2xT(t)P

[
Ax(t) + Bu(t)

]+ xT(t)Qx(t) + uT(t)Ru(t)
)

dt

−
∫ T

t=0

[
xT(t)Qx(t) + uT(t)Ru(t)

]
dt

=
∫ T

t=0

(
xT(t)[PA + AP + Q]x(t)

+ 2
(
R−1/2BTPx(t)

)T
R1/2u(t) + ∥∥R1/2u(t)

∥∥2
)

dt
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−
∫ T

t=0

[
xT(t)Qx(t) + uT(t)Ru(t)

]
dt

=
∫ T

t=0

(
xT(t)

[
PA + AP + Q − PBR−1BTP

]
x(t)

+ ∥∥R−1/2BTPx(t) + R1/2u(t)
∥∥2

)
dt

−
∫ T

t=0

[
xT(t)Qx(t) + uT(t)Ru(t)

]
dt,

which implies

∫ T

t=0

[
xT(t)Qx(t) + uT(t)Ru(t)

]
dt

= xT
0 Px0 − xT(T )Px(T ) +

∫ T

t=0

∥
∥R−1/2BTPx(t) + R1/2u(t)

∥
∥2 dt

+
∫ T

t=0
xT(t)

[
PA + AP + Q − PBR−1BTP

]
x(t)dt. (4.59)

Selecting (if possible) the matrix P as a positive solution of the following matrix
Riccati equation

PA + AP + Q − PBR−1BTP = 0 (4.60)

from (4.59) we get

∫ T

t=0

[
xT(t)Qx(t) + uT(t)Ru(t)

]
dt

= xT
0 Px0 − xT(T )Px(T ) +

∫ T

t=0

∥∥R−1/2BTPx(t) + R1/2u(t)
∥∥2 dt. (4.61)

Remark 4.2 Any admissible control u(·), pretending to be optimal, should be stabi-
lizing in the following sense:

x(·) ∈ L2(0, T ;R
n), u(·) ∈ L2(0, T ;R

r )

and if additionally Q = QT > 0, as a result, the corresponding closed system should
be asymptotically stable, that is,

x(t) →
t→∞ 0, u(t) →

t→∞ 0. (4.62)

This claim is evident since, if it would not hold, there would exist at least one
subsequence of times {tk} such that lim infk→∞ ‖x(tk)‖ = ε > 0; then the integral
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in (4.30) does not exist since
∫ ∞

t=0

[
xT(t)Qx(t) + uT(t)Ru(t)

]
dt

≥
∫ ∞

t=0
xT(t)Qx(t)dt

≥
∞∑

k=1

∫ tk+ε/2

tk−ε/2
xT(tk)Qx(tk) ≥ λmin(Q)ε

∞∑

k=1

∥∥x(tk)
∥∥2

≥ λmin(Q)ε

∞∑

k=1

lim inf
k→∞

∥
∥x(tk)

∥
∥2 = ∞ if we take ε > 0.

In view of (4.62) and if T → ∞, the expression (4.61) becomes
∫ ∞

t=0

[
xT(t)Qx(t) + uT(t)Ru(t)

]
dt

= xT
0 Px0 +

∫ T

t=0

∥∥R−1/2BTPx(t) + R1/2u(t)
∥∥2 dt ≥ xT

0 Px0. (4.63)

So, for any admissible control u(·) the cost function (4.30) is bounded from below
by the term xT

0 Px0, and the equality in (4.63) is obtained if and only if for any t ≥ 0

∥∥R−1/2BTPx(t) + R1/2u(t)
∥∥2 = 0,

which gives the optimal control as

u∗(t) = −R−1BTPx(t) (4.64)

and the corresponding minimal cost function (4.30) turns out to be equal to

min
u(·)∈Uadmiss

J
(
u(·)) = J ∗(u(·))

=
∫ ∞

t=0

[
xT(t)Qx(t) + u∗T(t)Ru∗(t)

]
dt = xT

0 Px0. (4.65)

4.4.5 DPM Approach

Consider the following HBJ equation (3.23):
⎧
⎪⎨

⎪⎩

−h̄ + sup
u∈U

H

(
− ∂

∂x
V (x), x,u

)
= 0, x ∈ R

n, h̄ = const,

V (0) = 0

(4.66a)
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with

H(ψ,x,u) := ψT(Ax + Bu) − xTQx − uTRu,

x,u,ψ ∈ [0,∞] × R
n × R

r × R
n. (4.67)

Theorem 4.10 (Verification rule for the LQ problem) If the control u∗ is a maxi-
mizing vector for (4.67) with some h̄ = const, that is,

u∗ = −1

2
R−1BT ∂

∂x
V (x),

where V (x) is a solution to the following HJ equation:

− ∂

∂x
V T(x)Ax − xTQx + 1

4

∂

∂x
V T(x)BR−1BT ∂

∂x
V (x) = h̄,

then such a u∗ is an optimal control.

Proof It is evident that an admissible control can only be stabilizing (if this is not
the case, then the cost function does not exist). By (4.67) for any stabilizing u(·) it
follows that

H

(
− ∂

∂x
V (x∗), x∗, u∗

)
= h̄,

H

(
− ∂

∂x
V (x), x,u

)
≤ h̄

and, hence,

H

(
− ∂

∂x
V (x), x,u

)
≤ H

(
− ∂

∂x
V (x∗), x∗, u∗

)

which, after integration, leads to the inequality
∫ ∞

t=0

[
− ∂

∂x
V T(x)(Ax + Bu) − xTQx − uTRu

]
dt

≤
∫ ∞

t=0

[
− ∂

∂x
V T(x∗)(Ax∗ + Bu∗) − x∗TQx∗ − u∗TRu∗

]
dt

or, equivalently,

∫ T

t=0

[
x∗TQx∗ + u∗TRu∗]dt

≤
∫ T

t=0

[
xTQx + uTRu

]
dt +

∫ ∞

t=0
d
(
V (x) − V (x∗)

)

V (x(0))=V T(x∗(0))=
∫ T

t=0

[
xTQx + uTRu

]
dt + V

(
x(T )

)− V T(x∗(T )
)
.
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Within the class of stabilizing strategies we have

V
(
x(T )

)− V T(x∗(T )
) →

T →∞ 0,

which, in view of the last inequality, shows that u∗(·) is an optimal control. �

Let us try to find the solution to (4.67) as

V (x) = xTPx

with P = P T > 0. This implies

∂

∂x
V (x) = 2Px

and, hence,

0 = −2xTP
(
Ax − BR−1BTPx

)− xTQx − xTPBR−1BTPx

= xT(−PA − ATP − Q + PBR−1BTP
)
x.

The last equation is identically fulfilled for any x ∈ R
n if P is the solution to the

same Riccati matrix equation as in (4.60). So, finally, the optimal control is

u∗(t) = −R−1BTPx(t),

which naturally coincides with (4.64). To complete the study we need to know when
the Riccati matrix equation (4.60) has a positive solution. The next section tackles
this question.

4.5 Matrix Riccati Equation and the Existence of Its Solution

As is shown in the previous sections the optimal control (4.64) for the deterministic
LQ problem in the stationary case is a linear stationary feedback with the gain matrix
containing as a multiplier the positive-definite matrix P representing a solution to
the Riccati matrix equation (4.60). The next propositions1 state the conditions for

this matrix equation to have a unique stabilizing solution.

1Here we follow the presentation of the material given in Zhou et al. (1996).
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Fig. 4.1 Eigenvalues of H

4.5.1 Hamiltonian Matrix

Let us consider the matrix Riccati equation2 (4.60)

PA + ATP + Q − PBR−1BTP = 0

and the associated 2n × 2n Hamiltonian matrix

H :=
[

A −BR−1BT

−Q −AT

]
. (4.68)

Lemma 4.5 The spectrum σ(H) of the set of eigenvalues of H (4.68) is symmetric
about the imaginary axis.

Proof To see this, let us introduce the 2n × 2n matrix

J :=
[

0 −In×n

In×n 0

]
(4.69)

having the obvious properties

J 2 = −I2n×2n, J−1 = −J.

Thus, we have

J−1HJ = −JHJ = −H T, (4.70)

which implies that λ is an eigenvalue of H (4.68) if and only if (−λ̄) is also an
eigenvalue (see Fig. 4.1). �

2In the Russian technical literature this equation is known as the matrix Lurie equation (Lurie
1951).
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4.5.2 All Solutions of the Algebraic Riccati Equation

Definition 4.7 Let A : C
n → C

n be a linear transformation (matrix), λ be an eigen-
value of A, and x be a corresponding eigenvector of A, that is, Ax = λx. Thus,

A(αx) = λ(αx)

for any α ∈ R.

1. We say that the eigenvector x defines a one-dimensional subspace which is in-
variant with respect to premultiplication by A since

Ak(αx) = λk(αx), k = 1, . . . , l.

2. Generalizing the definition before, we say that a subspace S ⊂ C
n is invariant

with respect to the transformation A, or A-invariant, if

Ax ∈ S for any x ∈ S

or, in another words,

AS ⊂ S.

3. If one of the eigenvalues has multiplicity l, that is, λ1 = λ2 = · · · = λl , then the
generalized eigenvectors xi (i = 1, . . . , l) are obtained by the rule

(A − λ1I )xi = xi−1, i = 1, . . . , l, x0 := 0. (4.71)

Theorem 4.11 Let Θ ⊂ C
2n be an n-dimensional invariant subspace of H , that is,

if z ∈ Θ then Hz ∈ Θ , and let P1,P2 ∈ C
n×n be two complex matrices such that

Θ = Im

[
P1
P2

]
,

which means that the columns of
[ P1

P2

]
may be considered as a basis in Θ . If P1 is

invertible, then

P = P2P
−1
1 (4.72)

is a solution to the matrix Riccati equation (4.60) which is independent of a specific
choice of bases of Θ .

Proof Since Θ is an invariant subspace of H , there exists a matrix Λ ∈ C
n×n such

that

H

[
P1
P2

]
=

[
P1
P2

]
Λ. (4.73)
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Indeed, let the matrix
[ P1

P2

]
be formed by the eigenvectors of H such that

[
P1
P2

]
= [v1 . . . vn ],

where each vector vi satisfies the equation

Hvi = λivi.

Here λi are the corresponding eigenvalues. Combining these equations for all i =
1, . . . , n, we obtain

H

[
P1
P2

]
= H [v1 . . . vn ]

= [λ1v1 . . . λnvn ]

= [v1 . . . vn ]

⎡

⎢⎢⎢⎢
⎣

λ1 0 . . . 0

0
. . .

. . .
...

...
. . .

. . . 0
0 . . . 0 λn

⎤

⎥⎥⎥⎥
⎦

=
[
P1
P2

]
Λ, Λ = diag{λ1, . . . , λn}.

In the extended form, the relation (4.73) is

[
A −BR−1BT

−Q −AT

][
P1
P2

]
=

[
P1
P2

]
Λ. (4.74)

Postmultiplying this equation by P−1
1 we get

[
A −BR−1BT

−Q −AT

][
In×n

(
P2P

−1
1

)

]

=
[

In×n
(
P2P

−1
1

)

]

P1ΛP −1
1 .

Then, the premultiplication of this equality by [−(P2P
−1
1 )

... In×n] implies

[−(
P2P

−1
1

) ... In×n

]
[

A −BR−1BT

−Q −AT

][
In×n

(
P2P

−1
1

)

]

= [−(
P2P

−1
1

) ... In×n

]
[

A − BR−1BT
(
P2P

−1
1

)

−Q − AT
(
P2P

−1
1

)

]
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= −(
P2P

−1
1

)
A + (

P2P
−1
1

)
BR−1BT(P2P

−1
1

)− Q − AT(P2P
−1
1

)

= [−(
P2P

−1
1

) ... In×n

]
[

In×n
(
P2P

−1
1

)

]

P1ΛP −1
1 = 0,

which means that P := P2P
−1
1 satisfies (4.60). Let T be a nonsingular matrix. Then

any other basis from
[ P̃1

P̃2

]
spanning Θ can be represented as

[
P̃1

P̃2

]

=
[

P1

P2

]

T =
[

P1T

P2T

]

,

[
P1

P2

]

=
[

P̃1

P̃2

]

T −1 =
[

P̃1T
−1

P̃2T
−1

]

and, hence,

P = P2P
−1
1 = (

P̃2T
−1)(P̃1T

−1)−1

= P̃2T
−1T

(
P̃1

)−1 = P̃2
(
P̃1

)−1
,

which proves the theorem. �

Corollary 4.2 The relation (4.74) implies

AP1 − BR−1BTP2 = P1Λ,

A − (
BR−1BT)P = P1ΛP −1

1 .
(4.75)

Theorem 4.12 If P ∈ C
n×n is a solution of the matrix Riccati equation (4.60), then

there exist matrices P1,P2 ∈ C
n×n with P1 invertible such that (4.72) holds, that is,

P = P2P
−1
1

and the columns of
[ P1

P2

]
form a basis of Θ .

Proof Define

Λ̃ := A − (
BR−1BT)P.

Pre-multiplying by P gives

PΛ̃ := PA − P
(
BR−1BT)P = −Q − AT.P .

These two relations may be rewritten as
[

A −BR−1BT

−Q −AT

][
In×n

P

]

=
[

In×n

P

]

Λ̃.
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Hence, the columns of
[

In×n

P

]
span the invariant subspace Θ , and defining P1 :=

In×n and P2 = P completes the proof. �

Example 4.1 Let

A =
[−3 2

−2 1

]

, B =
[

0

1

]

, R = I2×2, Q = 0,

H =

⎡

⎢
⎢
⎢
⎢
⎣

−3 2 0 0

−2 1 0 −1

0 0 3 2

0 0 −2 −1

⎤

⎥
⎥
⎥
⎥
⎦

.

Then the eigenvalues of H are 1,1,−1,−1 and the eigenvector and the generalized
eigenvector (4.71) corresponding to λ1 = λ2 = 1 are

v1 = (1,2,2,−2)T, v2 = (−1,−3/2,1,0)T

and the eigenvector and the generalized eigenvector corresponding to λ3 = λ4 = −1
are

v3 = (1,1,0,0)T, v4 = (1,3/2,0,0)T.

Several possible solutions of (4.60) are given below.

1. span{v1, v2} := {z ∈ C2n×2n : z = αv1 + βv2, α,β ∈ R} is H -invariant: let

[
P1

P2

]

= [
v1 v2

]

then

P = P2P
−1
1 =

[
2 1

−2 0

][
1 −1

2 −3/2

]−1

=
[

2 1

−2 0

][−3.0 2.0

−4.0 2.0

]

=
[−10.0 6.0

6.0 −4.0

]

.

2. span{v1, v3} is H -invariant: let

[
P1

P2

]

= [v1 v3 ]
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then

P = P2P
−1
1 =

[
2 0

−2 0

][
1 1
2 1

]−1

=
[

2 0
−2 0

][−1.0 1.0
2.0 −1.0

]
=

[−2.0 2.0
2.0 −2.0

]
.

3. span{v3, v4} is H -invariant: let

[
P1
P2

]
= [v3 v4 ]

then

P = P2P
−1
1 =

[
0 0
0 0

][
1 1
0 3/2

]−1

=
[

0 0
0 0

]
.

4. Notice that here span{v1, v4}, span{v2, v3}, and span{v2, v4} are not H -invariant.

Remark 4.3 If a collection of eigenvectors of H forms a basis in C
n that defines a

solution of the Riccati matrix equation given by P = P 2P
−1
1 , then the number NRic

of possible solutions of this equation is

NRic = (2n)!
n!(2n − n)! = (2n)!

(n!)2 .

4.5.3 Hermitian and Symmetric Solutions

Theorem 4.13 Let Θ ⊂ C
2n be an n-dimensional invariant subspace of H and let

P1,P2 ∈ C
n×n be two complex matrices such that

Θ = Im

[
P1

P2

]

.

Then the assumption

λi + λ̄j �= 0 for all i, j = 1, . . . ,2n, (4.76)

where λi, λ̄j are the eigenvalues of H , implies that

1. P ∗
1 P2 is Hermitian, that is,

P ∗
1 P2 = P ∗

2 P1.
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2. If, in addition, P1 is nonsingular, the matrix P = P2P
−1
1 is Hermitian as well,

that is,

P ∗ = (
P2P

−1
1

)∗ = P.

Remark 4.4 The condition (4.76) is equivalent to the restriction

Reλi �= 0 for all i = 1, . . . ,2n, (4.77)

which means that H has no eigenvalues on the imaginary axis and this corresponds
to the case when in (4.76) λ̄j = λ̄i .

Proof Since Θ is an invariant subspace of H , there exists a matrix Λ such that the
spectra of the eigenvalues of Λ and H coincide, that is,

σ(Λ) = σ(H)

and (4.73) holds:

H

[
P1

P2

]

=
[

P1

P2

]

Λ. (4.78)

Premultiplying this equation by
[ P1

P2

]∗
J , we get

[
P1

P2

]∗
JH

[
P1

P2

]

=
[

P1

P2

]∗
J

[
P1

P2

]

Λ.

By (4.70), it follows that JH is symmetric and, hence, it is Hermitian (since H is
real). So, we find that the left-hand side is Hermitian, and, as a result, the right-hand
side is Hermitian as well:

[
P1

P2

]∗
J

[
P1

P2

]

Λ = Λ∗
[

P1

P2

]∗
J ∗

[
P1

P2

]

= −Λ∗
[

P1

P2

]∗
J

[
P1

P2

]

,

which implies

XΛ + Λ∗X = 0,

X := (−P ∗
1 P2 + P ∗

2 P1
)
.

But this is the Lyapunov equation, which has a unique solution X = 0 if λi(Λ) +
λ̄j (Λ) �= 0. However, since the spectra of eigenvalues of Λ and H coincide, we
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obtain the proof of the claim. Moreover, if P1 is nonsingular, then for P = P2P
−1
1

it follows that

P ∗ = (
P2P

−1
1

)∗ = (
P −1

1

)∗
P ∗

2 = (
P−1

1

)∗(
P ∗

1 P2P
−1
1

)

= (
P ∗

1

)−1
P ∗

1 P2P
−1
1 = P2P

−1
1 = P.

The theorem is proven. �

Theorem 4.14 Suppose a Hamiltonian matrix H (4.68) has no pure imaginary
eigenvalues and X−(H) and X+(H) are n-dimensional invariant subspaces cor-
responding to eigenvalues λi(H) (i = 1, . . . , n) in Re s < 0 and to λi(H) (i =
n + 1, . . . ,2n) in Re s > 0, respectively, that is, X−(H) has the basis

[v1 . . . vn ] =

⎡

⎢
⎢
⎢
⎢⎢⎢⎢⎢
⎣

v1,1 . . . vn,1
...

...
...

v1,n . . . vn,n

v1,n+1 . . . vn,n+1
...

...
...

v1,2n . . . vn,2n

⎤

⎥
⎥
⎥
⎥⎥⎥⎥⎥
⎦

=
[

P1

P2

]

,

P1 =
⎡

⎢
⎣

v1,1 . . . vn,1

...
...

...

v1,n . . . vn,n

⎤

⎥
⎦ , P2 =

⎡

⎢
⎣

v1,n+1 . . . vn,n+1

...
...

...

v1,2n . . . vn,2n

⎤

⎥
⎦ .

Then P1 is invertible, that is, P −1
1 exists if and only if the pair (A,B) is stabilizable.

Proof Sufficiency. Let the pair (A,B) be stabilizable. We want to show that P1 is
nonsingular. On the contrary, suppose that there exists a vector x0 �= 0 such that
P1x0 = 0. Then we have the following.

First, notice that

x∗
0P ∗

2

(
BR−1BT)P2x0 = ∥∥R−1/2BTP2x0

∥∥2 = 0 (4.79)

or, equivalently,

R−1/2BTP2x0 = 0. (4.80)

Indeed, premultiplication of (4.78) by [I 0] implies

AP1 − (
BR−1BT)P2 = P1Λ, (4.81)

where Λ = diag(λ1, . . . , λn) is a diagonal matrix with elements from Re s < 0.
Then, premultiplying the last equality by x∗

0P ∗
2 , postmultiplying by x0, and using
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the symmetry P ∗
2 P1 = P ∗

1 P2, we get

x∗
0 P ∗

2

[
AP1 − (

BR−1BT)P2
]
x0

= −x∗
0P ∗

2

(
BR−1BT)P2x0 = x∗

0P ∗
2 P1Λx0

= x∗
0 P ∗

1 P2Λx0 = (P1x0)
∗P2Λx0 = 0,

which implies (4.79). Premultiplying (4.78) by [0 I ], we get

−QP1 − ATP2 = P2Λ. (4.82)

Postmultiplying (4.82) by x we obtain

(−QP1 − ATP2
)
x0 = −ATP2x0 = P2Λx0 = λ0P2x0,

where

λ0 = x∗
0Λx0

‖x0‖2
,

which implies

0 = ATP2x0 + P2λ0x0 = (
AT + λ0I

)
P2x0.

Taking into account that by (4.79)

(
BR−1BT)P2x0 = 0,

it follows that

[(
AT + λ0I

) ...
(
BR−1BT)]P2x0 = 0.

Then, the stabilizability of (A,B) (see the criterion 1 of stabilizability) implies that
P2x0 = 0. So,

[
P1

P2

]

x0 = 0

and, since
[ P1

P2

]
forms the basis and, hence, has a full rank, we get x0 = 0, which is

a contradiction.
Necessity. Let P1 is invertible. Hence, by (4.81)

A − (
BR−1BT)P2P

−1
1 = P1ΛP −1

1 .

Since the spectrum of eigenvalues of P1ΛP −1
1 coincides with the one of Λ, we may

conclude that the matrix

Aclosed := A − (
BR−1BT)P2P

−1
1
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is stable and, hence, the pair (A,BR−1BT) is stabilizable (in the corresponding
definition K = P2P

−1
1 ). This means that for all λ and x such that Ax = λx and

Reλ ≥ 0, or in other words, for all unstable modes of A

x∗BR−1BT �= 0, (4.83)

which implies

x∗B �= 0.

Indeed, by the contradiction, assuming that x∗B = 0, we obtain x∗BR−1BT = 0,
which violates (4.83). �

Corollary 4.3 The stabilizability of the pair (A,B) implies that the matrix

Aclosed := A − (
BR−1BT

)
P2P

−1
1 (4.84)

is stable (Hurwitz).

Proof Postmultiplying (4.78) by P −1
1 we get

H

[
I

P

]

=
[

I

P2

]

P1ΛP −1
1 , P = P2P

−1
1 ,

which after premultiplication by [I 0] gives

[I 0]H
[

I

P2P
−1
1

]

= [I 0]
[

A − (
BR−1BT

)
P

−Q − ATP

]

= A − (
BR−1BT)P

= Aclosed = [I 0]
[

I

P2

]

P1ΛP −1
1 = P1ΛP −1

1 .

But P1ΛP −1
1 is stable, and hence Aclosed is stable as well. �

Theorem 4.15 Assuming that the pair (A,B) is stabilizable, the Hamiltonian ma-
trix H (4.68) has no pure imaginary eigenvalues if and only if the pair (C,A), where
Q = CTC, has no unobservable mode on the imaginary axis, that is, for all λ and
x1 �= 0 such that Ax1 = λx1, λ = jω, it follows that Cx1 �= 0.
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Proof Suppose that λ = jω is an eigenvalue and the corresponding eigenvector[ x1
x2

] �= 0. Then

H

[
x1
x2

]
=

[
Ax1 − BR−1BTx2

−CTCx1 − ATx2

]

= jω

[
x1
x2

]
=

[
jωx1
jωx2

]
.

After the rearranging, we have

(A − jωI)x1 = BR−1BTx2,

−(
AT − jωI

)
x2 = CTCx1,

(4.85)

which implies
(
x2, (A − jωI)x1

) = (
x2,BR−1BTx2

) = ∥
∥R−1/2BTx2

∥
∥,

−(
x1,

(
AT − jωI

)
x2

) = −(
(A − jωI)x1, x2

)

= (
x1,C

TCx1
) = ‖Cx1‖2.

As a result, we get
∥∥R−1/2BTx2

∥∥+ ‖Cx1‖2 = 0

and, hence,

BTx2 = 0, Cx1 = 0.

In view of this, from (4.85) it follows that

(A − jωI)x1 = BR−1BTx2 = 0,

−(AT − jωI)x2 = CTCx1 = 0.

Combining the four last equations we obtain

x∗
2 [(A − jωI) B] = 0,

[
(A − jωI)

C

]
x1 = 0.

The stabilizability of (A,B) provides the full rank for the matrix [(A − jωI) B]
and implies that x2 = 0. So, it is clear that jω is an eigenvalue of H if and only if it
is an unobservable mode of (C,A), that is, the corresponding x1 = 0. �

Theorem 4.16 Let Θ ⊂ C
2n be an n-dimensional invariant subspace of H and let

P1,P2 ∈ C
n×n be two complex matrices such that the columns of

[ P1
P2

]
form a basis

of Θ and P1 is nonsingular. Then

P = P2P
−1
1
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is real if and only if Θ is conjugate symmetric, that is, z ∈ Θ implies that z̄ ∈ Θ .

Proof Sufficiency. Since Θ is conjugated symmetric, there exists a nonsingular ma-
trix N such that

[
P̄1

P̄2

]
=

[
P1
P2

]
N .

Therefore,

P̄ = P̄2P̄
−1
1 = (P2 N )(P1 N )−1 = P2N N −1P −1

1 = P2P
−1
1 = P.

Therefore, P is real. �

Necessity. We have P̄ = P . By assumption P ∈ R
n×n and, hence,

Im

[
I

P

]
= Θ = Im

[
I

P̄

]
.

Therefore, Θ is a conjugate-symmetric subspace.

Remark 4.5 Based on this theorem, we may conclude that to form a basis in an
invariant conjugate-symmetric subspace one needs to use the corresponding pairs
of the complex conjugate-symmetric eigenvectors or its linear nonsingular trans-
formation (if n is odd then necessarily there exists a real eigenvalue of which the
eigenvector should be added to complete a basis) which guarantees that P is real.

Example 4.2 Let

A =
[−1 2

0 1

]
, B =

[
0
1

]
, R = I2×2,

Q =
[

1 0
0 1

]
, H =

⎡

⎢⎢
⎣

−1 2 0 0
0 1 0 −1

−1 0 1 0
0 −1 −2 −1

⎤

⎥⎥
⎦ .

The eigenvalues λi and the corresponding eigenvectors vi are

λ1 = −1.4053 + 0.68902i, v1 =

⎛

⎜
⎜
⎝

−0.4172 − 0.50702i
0.25921 − 4.0993 × 10−2i

−0.10449 − 0.24073i
0.59522 − 0.27720i

⎞

⎟⎟
⎠ ,

λ2 = −1.4053 − 0.68902i, v2 =

⎛

⎜⎜
⎝

−0.50702 − 0.4172i
−4.0993 × 10−2 + 0.25921i

−0.24073 − 0.10449i
−0.27720 + 0.59522i

⎞

⎟⎟
⎠ ,
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λ3 = 1.4053 + 0.68902i, v3 =

⎛

⎜⎜
⎝

2.9196 × 10−2 + 0.44054i
−0.11666 + 0.53987i
−0.49356 − 0.24792i

0.41926 − 0.1384i

⎞

⎟⎟
⎠ ,

λ4 = 1.4053 − 0.68902i, v4 =

⎛

⎜⎜
⎝

−0.44054 − 2.9196 × 10−2i
−0.53987 + 0.11666i
0.24792 + 0.49356i
0.1384 − 0.41926i

⎞

⎟⎟
⎠ .

Notice that (−iv2) = v̄1 and (iv4) = v̄3, which corresponds to the fact that the
eigenvectors stay the same as they are being multiplied by a complex number. Then
forming the basis in two-dimensional subspace as

[v1 v2] =

⎛

⎜
⎜
⎝

−0.4172 − 0.50702i −0.50702 − 0.4172i
0.25921 − 4.0993 × 10−2i −4.0993 × 10−2 + 0.25921i

−0.10449 − 0.24073i −0.24073 − 0.10449i
0.59522 − 0.27720i −0.27720 + 0.59522i

⎞

⎟
⎟
⎠ ,

we may define

P1 :=
[ −0.4172 − 0.50702i −0.50702 − 0.4172i

0.25921 − 4.0993 × 10−2i −4.0993 × 10−2 + 0.25921i

]
,

P −1
1 =

[−0.13800 + 0.8726i 1.7068 + 1.4045i
−0.8726 + 0.13800i −1.4045 − 1.7068i

]
,

and

P2 :=
[−0.10449 − 0.24073i −0.24073 − 0.10449i

0.59522 − 0.27720i −0.27720 + 0.59522i

]
.

Hence,

P = P2P
−1
1 =

[
0.44896 0.31952
0.31949 2.810 5

]

and we see that P is a real matrix.

4.5.4 Nonnegative and Positive-Definite Solutions

Theorem 4.17 The matrix Riccati equation (4.60)

PA + ATP + Q − PBR−1BTP = 0

has a unique nonnegative-definite solution P = P T ≥ 0 which provides the stability
to the matrix

Aclosed := A − BR−1BTP (4.86)
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(this matrix corresponds to the original dynamic system closed by the linear feed-
back control given by (4.64)) if and only if the pair (A,B) is stabilizable and the
pair (C,A), where

Q = CTC (4.87)

has no unobservable mode on the imaginary axis.

Proof The existence of P = P2P
−1
1 and its symmetry and reality have already been

proven. We need to prove only that P ≥ 0. Let us represent (4.60) in the form

PA + ATP + Q − KTRK = 0,

RK = BTP.
(4.88)

By (4.88) it follows that

PAclosed + AT
closedP = −(

Q + KTRK
)
,

Aclosed := A − BK, K = R−1BTP.
(4.89)

Since (Q + KTRK) ≥ 0, by the Lyapunov Lemma it follows that P ≥ 0. �

Theorem 4.18 (A positive-definite solution) Under the assumptions of the previous
theorem, P > 0 if the pair (C,A) has no stable unobservable modes, that is, for
any x such that

Ax = λx, Reλ < 0

it follows that

Cx �= 0.

Proof Suppose that there exists a vector x̃ �= 0 such that

P x̃ = 0.

Then we get

Aclosedx̃ = Ax̃ = λ̃x̃, Re λ̃ < 0,

which means that λ̃ is a stable eigenvalue of A. The postmultiplication of (4.89) by
x̃ leads to the identity

[
PAclosed + AT

closedP
]
x̃ = PAclosedx̃ = λ̃P x̃ = 0

= −(
Q + KTRK

)
x̃ = −Qx̃ = −CTCx̃

or, equivalently, Cx̃ = 0. Hence, (C,A) has an unobservable stable mode λ̃ which
contradicts the accepted supposition. �
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Summary 4.1 The matrix Riccati equation (4.60) has a unique positive-definite
solution

(1) if and only if the pair (A,B) is stabilizable and the pair (C,A) has (on the
imaginary axis) no neutral unobservable modes, that is,

if Ax = λx,λ = jω, then Cx �= 0,

(2) and if, in addition, the pair (C,A) has no stable unobservable modes, that is,

if Ax = λx,Reλ < 0, then Cx �= 0.

Example 4.3 (Zhou et al. 1996) This simple example shows that the observability
of the pair (C,A) is not necessary for the existence of a positive-definite solution.
Indeed, for

A =
[

1 0
0 2

]
, B =

[
1
1

]
, C = [0 0 ]

such that (A,B) is stabilizable, but (C,A) is not observable (not even detectable)
the solution of the Riccati equation (4.60) is

X =
[

18 −24
−24 36

]
> 0.

4.6 Conclusions

The optimal control for linear models, given by a linear nonstationary ODE and
consisting of the optimization of a quadratic cost functional defined on finite or
infinite horizons, is shown to be designed as a linear nonstationary state feedback.
The corresponding optimal feedback gain matrix is given by a differential (in the
case of a finite horizon) or an algebraic (in the case of an infinite horizon) matrix
Riccati equation. Both these solutions are shown to be represented as a product
(supplied by one inversion operation) of two matrices generated by a coupled pair
of linear matrix ODEs (or a system of linear matrix algebraic equations in the infinite
horizon case). A complete analysis of the matrix Riccati equation is presented and
the conditions for the parameters of a linear system are given. They guarantee the
existence and uniqueness of a positive-definite solution which is part of the gain
matrix in the corresponding optimal linear feedback control.



Chapter 5
Time-Optimization Problem

This chapter presents a detailed analysis of the so-called time-optimization prob-
lem. A switching control is shown to be optimal for this problem. The “Theorem
on n-intervals” is proven for a class of linear stationary systems. Some examples
illustrate the main results.

5.1 Nonlinear Time Optimization

5.1.1 Representation of the Cost Function

Many problems of optimal control consider as the cost function the “reaching time
of the given terminal set M.” In this case the optimal control problem converts into
the time-optimization problem. Such problems may be rewritten in the Bolza form
with the general cost function (2.2) in the following manner:

J
(
u(·)) := T =

∫ T

t=0
dt = h0

(
x(T )

) +
∫ T

t=0
h
(
x(t), u(t), t

)
dt (5.1)

with

h0
(
x(T )

) ≡ 0, h
(
x(t), u(t), t

) ≡ 1. (5.2)

5.1.2 Hamiltonian Representation and Optimal Control

The Hamiltonian (2.41) for this problem becomes

H(ψ,x,u, t) := ψTf (x,u, t) − μ,

t, x,u,ψ ∈ [0, T ] × R
n × R

r × R
n

(5.3)

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_5, © Springer Science+Business Media, LLC 2012
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and the corresponding optimal control u∗(t) should satisfy

u∗(t) ∈ arg max
u∈U

[
ψTf (x,u, t) − μ

] = arg max
u∈U

ψTf (x,u, t). (5.4)

For the class of stationary systems (2.43), as follows from (2.55),

H
(
ψ(t), x∗(t), u∗(t), t

) := ψ(t)Tf
(
x∗(t), u∗(t), t

) − μ = 0

for any t ≥ 0 where ψ(t) satisfies (2.29) having the form

ψ̇(t) = − ∂

∂x
f

(
x∗(t), u∗(t), t

)T
ψ(t),

ψ(T ) +
L∑

l=1

νl

∂

∂x
gl

(
x∗(T )

) = 0.

(5.5)

5.2 Linear Time Optimization

5.2.1 Structure of Optimal Control

For a linear plant given by (4.1) we have

u∗(t) ∈ arg max
u∈U

ψT(t)
[
A(t)x(t) + B(t)u(t) + d(t)

]

= arg max
u∈U

ψT(t)B(t)u(t) = arg max
u∈U

[
BT(t)ψ(t)

]T
u(t)

= arg max
u∈U

r∑

k=1

[
BT(t)ψ(t)

]
k
uk(t). (5.6)

Theorem 5.1 (On a linear time-optimal control) If the set U of the admissible con-
trol values is a polytope defined by

U := {
u ∈ R

r : u−
k ≤ uk(t) ≤ u+

k , k = 1, . . . , r
}

(5.7)

then the optimal control (5.6) is

u∗
k(t) =

⎧
⎪⎪⎨

⎪⎪⎩

u+
k if

[
BT(t)ψ(t)

]
k
> 0,

u−
k if

[
BT(t)ψ(t)

]
k
< 0,

any ū ∈ U if
[
BT(t)ψ(t)

]
k
= 0

(5.8)

and it is unique.
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Proof Formula (5.8) follows directly from (5.6) and (5.7), and uniqueness is a con-
sequence of the theorem on the sufficient condition of the optimality which demands
concavity (not necessarily strict) of the Hamiltonian with respect to (x,u) for any
fixed ψ , which evidently is fulfilled for the function

H
(
(ψ,x,u, t)

) = ψT[
A(t)x + B(t)u + d(t)

]

that is linear on x and u. �

5.2.2 Theorem on n-Intervals for Stationary Linear Systems

Let us consider in detail the partial case of linear systems (4.1) when the matrices
of the system are constant, that is,

A(t) = A, B(t) = B.

For this case the result below has been obtained by Feldbaum (1953) and is known
as the Theorem on n-intervals. But first, let us prove an auxiliary lemma.

Lemma 5.1 If λ1, λ2, . . . , λm are real numbers and f1(t), . . . , fm(t) are polynomi-
als with real coefficients and having orders k1, . . . , km, respectively, then the func-
tion

ϕ(t) =
m∑

i=1

fi(t)e
λi t (5.9)

has a number of real roots that does not exceed

n0 := k1 + · · · + km + m − 1. (5.10)

Proof To prove this result let us use the induction method.
(1) For m = 1 the lemma is true. Indeed, in this case the function ϕ(t) = f1(t)eλ1t

has the number of roots coinciding with k1 since eλ1t > 0 for any t .
(2) Suppose that this lemma is valid for m−1 > 0. Then let us prove that it holds

for m. Multiplying (5.9) by e−λmt we obtain

ϕ(t)e−λmt =
m−1∑

i=1

fi(t)e
(λi−λm)t + fm(t). (5.11)

With differentiation by t the relation (5.11) (km + 1)times implies

d(km+1)

dt (km+1)

(
ϕ(t)e−λmt

) =
m−1∑

i=1

f̃i (t)e
(λi−λm)t := ϕkm+1(t),
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where f̃i (t) are polynomials of the same order as fi(t). By the same supposition as
before, the function ϕkm+1(t) has a number of roots that do not exceed

nkm+1 := k1 + · · · + km−1 + m − 2.

Since between two roots of a continuously differentiable function, there is at least
one root of its derivative, the function

ϕkm(t) := dkm

dt km

(
ϕ(t)e−λmt

)

will have

nkm
= nkm+1 + 1.

Continuing this process, finally we find that the function

ϕ0(t) := ϕ(t)e−λmt

will have

n0 = n1 + 1 = n2 + 2 = · · · = nkm+1 + (km + 1)

= (k1 + · · · + km−1 + m − 2) + (km + 1)

= k1 + · · · + km + m − 1.

Since e−λmt > 0 always, we may conclude that ϕ(t) has the same number of roots
as ϕ0(t). The lemma is proven. �

Now we are ready to prove the main result of this section (Feldbaum 1953).

Theorem 5.2 (Feldbaum, 1953) If the matrix A ∈ R
n×n has only real eigenvalues,

then the number of switches of any component of the optimal control (5.8) does not
exceed (n−1), that is, the number of intervals where each component of the optimal
program (5.8) is constant and does not exceed n.

Proof Let λ1, λ2, . . . , λm be the different eigenvalues of the matrix A and r1, r2,

. . . , rm be their multiplicity numbers, respectively. Then a general solution of the
adjoint system of equations (5.5), which in this case is

ψ̇(t) = −ATψ(t),

may be represented as

ψi(t) =
m∑

j=1

pij (t)e
−λj t , i = 1, . . . , n, (5.12)
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where pij (t) are polynomials on t whose order does not exceed (rj − 1). The sub-
stitution of (5.12) into (5.6) implies

u∗
k(t) = u+

k

2

[

1 + sign

(
n∑

i=1

bikψi(t)

)]

+ u−
k

2

[

1 − sign

(
n∑

i=1

bikψi(t)

)]

= u+
k

2

[

1 + sign

(
n∑

i=1

bik

m∑

j=1

pij (t)e
−λj t

)]

+ u−
k

2

[

1 − sign

(
n∑

i=1

bik

m∑

j=1

pij (t)e
−λj t

)]

= u+
k

2

[

1 + sign

(
m∑

j=1

p̃kj (t)e
−λj t

)]

+ u−
k

2

[

1 − sign

(
m∑

j=1

p̃kj (t)e
−λj t

)]

,

where p̃kj (t) are the polynomials on t , whose order does not exceed (rj − 1), equal
to

p̃kj (t) :=
n∑

i=1

bikpij (t). (5.13)

Now the number of switches is defined by the number of roots of the polynomials
(5.13). Applying directly the lemma above, we find that the polynomial function∑m

j=1 p̃kj (t)e−λj t has a number of real roots that do not exceed

(r1 − 1) + (r2 − 1) + · · · + (rk − 1) + (k − 1) = r1 + · · · + rk − 1 = n − 1.

The theorem is proven. �

5.3 Solution of the Simplest Time-Optimization Problem

Consider the following optimal control problem:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

T → inf
u

,

ẋ1 = x2, ẋ2 = u,

|u| ≤ 1,

x1(0) = x10, x2(0) = x20,

x1(T ) = x2(T ) = 0.

(5.14)

Here we have n = 2, r = 1 and

A(t) =
∥∥∥
∥

0 1
0 0

∥∥∥
∥ , B(t) =

∥∥∥
∥

0
1

∥∥∥
∥ .
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We may represent the terminal condition in the following manner:

x1(T ) = 0 is equivalent to g1(x) := x1 ≤ 0, g2(x) := −x1 ≤ 0,

x2(T ) = 0 is equivalent to g3(x) := x2 ≤ 0, g4(x) := −x2 ≤ 0.

The Hamiltonian function (5.3) is

H(ψ,x,u, t) := ψ1x2 + ψ2u − μ

and the optimal control (5.8) becomes

u∗(t) = sign(ψ2) (5.15)

(here sign(0) ∈ [−1,1]). The adjoint variables ψi(t) satisfy the following ODE:

ψ̇(t) = −ATψ(t)

and the transversality conditions are

ψ(T ) +
4∑

l=1

νl

∂

∂x
gl

(
x∗(T )

) = ψ(T ) +
(

ν1 − ν2
ν3 − ν4

)
= 0

with

g1(x) := x1, g2(x) := −x1, g3(x) := x2, g4(x) := −x2

or, in coordinate form,

ψ̇1(t) = 0, ψ̇2(t) = −ψ1(t),

which implies

ψ1(t) = ψ1(T ) = ν2 − ν1 := c1,

ψ2(t) = −c1t + c,

ψ2(T ) = ν3 − ν4 := c2

and, hence,

−c1T + c = c2,

ψ2(t) = c2 + c1(T − t).

In view of this, the given plant, controlled by the optimal control (5.15), has the
following dynamics:

ẋ1 = x2,

ẋ2 = sign
(
c2 + c1(T − t)

) =
{

1 if [c2 + c1(T − t)] > 0,

−1 if [c2 + c1(T − t)] < 0,
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x1(0) = x10, x2(0) = x20,

x1(T ) = x2(T ) = 0.

Case 1: [c2 + c1(T − t)] > 0 for any t ∈ [0, τ ) in the Initial Phase The corre-
sponding dynamics are

ẋ1 = x2, ẋ2 = 1,

which implies

x2(t) = t + x20,

x1(t) = 1

2
t2 + x20t + x10.

(5.16)

After a time τ , according to the theorem on (n − 1) switches, the operator sign(·)
will change sign, which leads to the following dynamics:

ẋ1 = x2, ẋ2 = −1,

x2(t) = −(t − τ) + x2(τ ),

x1(t) = −1

2
(t − τ)2 + x2(τ )(t − τ) + x1(τ ).

Taking into account that

x1(T ) = x2(T ) = 0

from the previous relations we derive

T − τ = x2(τ ),

1

2
(T − τ)2 − x2(τ )(T − τ) = x1(τ )

and, by (5.16),

x2(τ ) = τ + x20,

x1(τ ) = 1

2
τ 2 + x20τ + x10.

Combining the last equations we get

T − τ = τ + x20,

−1

2
(T − τ)2 = 1

2
τ2 + x20τ + x10,

which implies

τ 2 + 2x20τ + x10 + 1

2
x2

20 = 0
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and

τ = τ1 := −x20 ±
√

1

2
x2

20 − x10. (5.17)

So, τ = τ1 > 0 exists if

1

2
x2

20 − x10 ≥ 0 and ±
√

1

2
x2

20 − x10 > x20, (5.18)

and, as a result,

τ1 := −x20 +
√

1

2
x2

20 − x10,

Tmin = 2τ1 + x20 = −x20 + 2

√
1

2
x2

20 − x10.

(5.19)

Remark 5.1 The minus sign (−) before the root in (5.17) in the expression for τ1

has no physical meaning since it leads to the inequality

T = −x20 − 2

√
1

2
x2

20 − x10 < τ1 := −x20 −
√

1

2
x2

20 − x10,

which is in contradiction to the inequality τ1 ≤ T .

Case 2: [c2 + c1(T − t)] < 0 for any t ∈ [0, τ ) in the Initial Phase By analogous
calculations we get

ẋ1 = x2, ẋ2 = −1,

x2(t) = −t + x20,

x1(t) = −1

2
t2 + x20t + x10

(5.20)

and after a time τ

ẋ1 = x2, ẋ2 = 1,

x2(t) = (t − τ) + x2(τ ),

x1(t) = 1

2
(t − τ)2 + x2(τ )(t − τ) + x1(τ ).

By the same reasoning (x1(T ) = x2(T ) = 0),

T − τ = −x2(τ ),

−1

2
(T − τ)2 − x2(τ )(T − τ) = x1(τ )
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Fig. 5.1 The synthesis of the
time-optimal control

and, by (5.20),

x2(τ ) = −τ + x20,

−1

2
τ 2 + x20τ + x10 = x1(τ ),

which gives

T − τ = τ − x20,

1

2
(T − τ)2 = −1

2
τ 2 + x20τ + x10

and, hence,

τ 2 − 2x20τ − x10 + 1

2
x2

20 = 0.

Finally, we obtain

τ = τ2 := x20 ±
√

1

2
x2

20 + x10. (5.21)

So, τ = τ2 > 0 exists if

1

2
x2

20 + x10 ≥ 0, x20 ±
√

1

2
x2

20 + x10 > 0 (5.22)

and

τ2 := x20 +
√

1

2
x2

20 + x10,

Tmin = 2τ2 − x20 = x20 + 2

√
1

2
x2

20 + x10.

(5.23)

By the same reasoning as in Case 1, the minus sign (−) in (5.21) has no meaning
since it leads to a contradiction.

The Synthesis We may summarize both cases in the following manner. If the
initial conditions in the phase plane (x1, x2) are below the line AOB (see Fig. 5.1),
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that is, we start from a point such as c, then we are in Case 1 and the optimal control
is

u∗(t) =
{

1 if t ∈ [0, τ ),

−1 if t ∈ (τ, T ]
and

τ = τ1 = −x20 +
√

1

2
x2

20 − x10, T = −x20 + 2

√
3

4
x2

20 − x10.

If the initial conditions in the phase plane (x1, x2) are such that we have a location
upon the line AOB , that is, we are in a point such as d , then we are in Case 2, and
the optimal control is

u∗(t) =
{−1 if t ∈ [0, τ ),

1 if t ∈ (τ, T ]
and

τ = τ2 = x20 +
√

1

2
x2

20 + x10, T = x20 + 2

√
1

2
x2

20 + x10.

5.4 Conclusions

This chapter deals with a detailed analysis of the so-called Time-Optimization Prob-
lem where the control actions are supposed to be bounded and “the reaching time
of the given terminal set” is a principal goal. For linear system time optimization
a switching control is shown to be optimal for this problem. The “Theorem on
n-intervals” by Feldbaum is proven for a class of linear stationary systems. A few
examples illustrate the main results. In the following, it will be proven that the nec-
essary conditions of optimality for the time-optimization problem are also sufficient
(see Chap. 10).
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Chapter 6
The Tent Method in Finite-Dimensional Spaces

The Tent Method is shown to be a general tool for solving a wide spectrum of ex-
tremal problems. First, we show its workability in finite-dimensional spaces. Then
topology is applied for the justification of some results in variational calculus.
A short historical remark on the Tent Method is made and the idea of the proof of the
Maximum Principle is explained in detail, paying special attention to the necessary
topological tools. The finite-dimensional version of the Tent Method allows one to
establish the Maximum Principle and to obtain a generalization of the Kuhn–Tucker
Theorem in Euclidean spaces.

6.1 Introduction

6.1.1 On the Theory of Extremal Problems

The Theory of Extremal Problems covers the mathematical theory of optimal con-
trol, mathematical programming, different Min-Max problems, game theory, and
many other branches. The central results of this theory (such as the Maximum Prin-
ciple, Boltyanski 1958 and Pontryagin et al. 1969; the Kuhn–Tucker Theorem, Kuhn
and Tucker 1951; Robust Maximum Principle, Boltyanski and Poznyak 1999b; and
other optimality criteria) are important tools in Applied Mathematics.

At the same time, specific formulations of extremal problems arising in differ-
ent applied situations vary widely. Often a new statement of an extremal problem
falls out of the scope of the standard formulation of the Kuhn–Tucker Theorem or
the Maximum Principle. This leads to new versions of the corresponding theorems.
Today, the umbrella name of the Kuhn–Tucker Theorem covers a group of simi-
lar results differing one from another by the specific conditions posed. The same
situation occurs with respect to the Maximum Principle and other criteria.

Fortunately, there are unified, general methods applicable to most extremal prob-
lems. From this point of view, the knowledge of a general method is more impor-
tant than the listing of criteria for numerous concrete extremal problems. Indeed,
a general method helps one to obtain the specific optimization criterion for a new

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_6, © Springer Science+Business Media, LLC 2012
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formulation of an extremal problem via a scheme of reasoning that is more or less
standard. The Tent Method and the Dubovitski–Milyutin Method (Dubovitski and
Milyutin 1963, 1965) are such general methods.

6.1.2 On the Tent Method

The first version of the Tent Method was worked out in 1975 (Boltyanski 1975).
Prior to that, without mention of the Tent Approach, closely resembling ideas were
studied in the well-known papers by Dubovitski and Milyutin (1963, 1965). As
Dubovitski and Milyutin have written in their papers, the main necessary criterion
in their theory (called the Euler equation) was discovered by them after examin-
ing the proof of the Farkas Lemma (which is well known in linear programming
(Polyak 1987)) and Boltyanski’s first proof of the Maximum Principle (Boltyan-
ski 1958). So the Tent Method and the Dubovitski–Milyutin Method are twins, and
they have much in common. The differences between these two methods will be
indicated in the following. We notice that a general method for the solution of ex-
tremal problems was worked out by Neustadt (1969). His method is close enough to
the ones mentioned above, but the Neustadt Method is essentially more complicated
in its statement and application.

The first version of the Tent Method (Boltyanski 1975) dealt with finite-
dimensional optimization problems. Nevertheless, it allowed one to obtain simple
proofs of the Kuhn–Tucker Theorem and the Maximum Principle, as well as the so-
lutions of some other different extremal problems. Later on, another version of the
Tent Method was worked out (see Boltyanski 1985, 1986) with the “curse of finite
dimensionality” removed.

In Boltyanski et al. (1999) the optimization theory for nonlinear controlled plants
(“nonclassical variational calculus”) is given under the assumption that all of them
are given by ordinary differential equations in finite-dimensional Euclidean space.
In that monograph the Tent Method was presented as the main geometrical tool.
Moreover, in Boltyanski et al. (1999) the Kuhn–Tucker Theorem (with many other
generalizations) and some Min-Max extremal problems in Euclidean spaces (which
correspond to Nonlinear Programming Problems) were also considered. In this
chapter we deal with some extremal problems in finite-dimensional spaces, includ-
ing some optimal control problems. Again, the Tent Method is the main geometrical
tool.

6.2 The Classical Lagrange Problem and Its Generalization

6.2.1 A Conditional Extremum

To begin with, consider the classical Lagrange problem on a conditional extremum.
The problem is as follows.
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Problem 6.1 Find the minimum (or maximum) of a function given in a finite-
dimensional space under the constraints of the equality type, that is,

f (x) → min
x∈Rn

(6.1)

under the constraints

gi(x) = 0, i = 1, . . . , s, (6.2)

where gi : R
n → R is differentiable on

Ωi := {
x ∈ R

n : gi(x) = 0
}
.

This problem may be reformulated in the following way: find the minimum (or
maximum) of the function f (x) considered on the set

Ω1 ∩ · · · ∩ Ωs. (6.3)

If the functions g1(x), . . . , gs(x) are independent (that is, the corresponding func-
tional matrix

∥∥
∥∥

∂

∂xi

gj (x)

∥∥
∥∥

i=1,...,n;j=1,...,s

has maximal rank on Ω1 ∩ · · · ∩ Ωs ), then the intersection

Ω1 ∩ · · · ∩ Ωs

is also an (n − s)-dimensional manifold in R
n. In this case the problem is reduced

to the minimization of a given function defined at this manifold.
Furthermore, if we suppose that some of the sets Ω1, . . . ,Ωs are defined by the

equalities

gi(x) = 0 (i = 1, . . . , s1)

and other ones are defined by the inequalities

gi(x) ≤ 0 (i = s1 + 1, . . . , s) (6.4)

(gi : R
n → R is assumed to be differentiable in R

n), then we obtain the problem
of mathematical programming which is reduced geometrically to the minimizing
of a function defined on an (n − s)-dimensional “curvilinear” polytope in R

n. The
classical Lagrange theorem dealing with the equality-type constraints solves the first
of the above problems, whereas the Kuhn–Tucker theorem solves the second one.
Later we will generalize these problems considering the optimization in a Banach
space where each point is treated as a function and a constraint optimization problem
corresponds to an optimal control problem.
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6.2.2 Abstract Extremal and Intersection Problems

We now generalize the Lagrange problem.

Problem 6.2 (Abstract extremal problem) There are sets Ω1, . . . ,Ωs in R
n and a

real function f whose domain contains the set

Σ = Ω1 ∩ · · · ∩ Ωs.

Find the minimum (and the minimizers) of the function f on the set Σ .

We expect that x1 ∈ Σ is a minimizer of the function f on the set Σ . To justify
this, we consider the set

Ω0 = {
x : f (x) < f (x1)

} ∪ {x1}.

Theorem 6.1 (Criterion of optimality) The point x1 ∈ Σ is a minimizer of the func-
tion f on Σ if and only if

Ω0 ∩ Σ = Ω0 ∩ Ω1 ∩ · · · ∩ Ωs = {x1}.

All results of this section will be given without the proofs, since all of them are
particular cases of the claims in the next section dealing with extremal problems in
Banach spaces, which will be proven in detail.

This theorem reduces the abstract extremal problem to the following one.

Problem 6.3 (Abstract intersection problem) There are sets Ω0,Ω1, . . . ,Ωs in R
n

with a common point x1. Find a condition under which the intersection

Ω0 ∩ Ω1 ∩ · · · ∩ Ωs

consists only of the point x1.

Notice that this problem is more convenient than the previous one by its symme-
try, and it ranges over a wide category of extremal problems.

6.2.3 Interpretation of the Mayer Problem

For example, consider a controlled plant

ẋ = g(x,u)

with x ∈ R
n, u ∈ U , where U ⊂ R

r is a compact resource set.
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Fig. 6.1 Mayer optimization
problem

Every piecewise continuous function u(t),0 ≤ t ≤ t1, with values in U , is an
admissible control. Let x0 ∈ R

n be a given initial point, Ω1 be a smooth terminal
manifold, and f (x) be a given penalty function. The Mayer optimization problem is
as follows.

Problem 6.4 (The Mayer optimization problem) Find an admissible control which
transfers x0 to a point x1 ∈ Ω1 (see Fig. 6.1) and supplies the minimal value f (x1)

of the penalty function at the terminal point x1, conditional on the moment t1 not
being given in advance.

Denote by Ω2 the controllability region, that is, the set of all points which can
be obtained, starting from x0 by a suitable admissible control. Then the problem
consists in finding the minimum of the function f (x) on the set Ω1 ∩ Ω2, and we
again come to the abstract intersection problem (with s = 2, in this case):

Ω0 ∩ Ω1 ∩ Ω2 = {x1}.

6.3 Basic Ideas of the Tent Method

6.3.1 Tent and Support Cone

The Tent Method (Boltyanski 1975) is a tool for a decision on the above abstract
intersection problem. The idea is to replace each of the sets Ω0,Ω1, . . . ,Ωs by its
“linear approximation” to pass from the equality

Ω0 ∩ Ω1 ∩ · · · ∩ Ωs = {x1}
to a simpler condition in terms of the linear approximations.

Definition 6.1 Let Ω ⊂ R
n be a set containing a point x1 and let K be a closed,

convex cone with apex x1. The cone K is said to be a tent of Ω at the point x1 (see
Fig. 6.2) if there exists a continuous mapping ϕ : U → R

n where U is a neighbor-
hood of the point x1 such that

(i) ϕ(x) = x + o(x − x1),

(ii) ϕ(K ∩ U) ⊂ Ω.
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Fig. 6.2 Tent K

Fig. 6.3 The support cone at
the point x1

Fig. 6.4 Separability of
cones

For example, if Ω ⊂ R
n is a smooth manifold and x1 ∈ Ω , then the tangential

plane of Ω at x1 is a tent of Ω at x1. Furthermore, if Ω ⊂ R
n is a convex set with

a boundary point x1, then its support cone at the point x1 (Fig. 6.3) is the tent of Ω

at x1.

6.3.2 Separable Convex Cones

In Boltyanski (1958) a tent of the controllability region for a controlled object was
constructed. This allowed one to prove the Maximum Principle, representing a nec-
essary condition for optimization problems.

Definition 6.2 A system K0,K1, . . . ,Ks of closed, convex cones with common
apex x1 in R

n is said to be separable if there exists a hyperplane Γ through x1 that
separates one of the cones from the intersection of the others (Fig. 6.4).

Theorem 6.2 (The criterion of separability) For the separability of convex cones
K0,K1, . . . ,Ks with common apex x1 in R

n it is necessary and sufficient that there
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exist dual vectors ai, i = 0,1, . . . , s fulfilling

〈ai, x − x1〉 ≤ 0

for all x ∈ Ki at least one of which is distinct from zero and such that

a0 + a1 + · · · + as = 0.

Theorem 6.3 (A necessary condition of separability) Let Ω0,Ω1, . . . ,Ωs be sets in
R

n with a common point x0, and K0,K1, . . . ,Ks be tents of the sets at the point x0.
Assume that at least one of the tents is distinct from its affine hull (not a flat). If the
cones K0,K1, . . . ,Ks are not separable, then there exists a point

x′ ∈ Ω0 ∩ Ω1 ∩ · · · ∩ Ωs

distinct from x0. In other words, separability is a necessary condition for

Ω0 ∩ Ω1 ∩ · · · ∩ Ωs = {x1}.

Remark 6.1 The Tent Method is much like the Dubovitski–Milyutin Method
(Dubovitski and Milyutin 1965), which, however, requires that all cones, except
maybe one, have nonempty interiors. The Tent Method, because of the use of the
separation theory of cones (Boltyanski 1975), is free from that restriction.

Below we show how the Tent Method works in the classical Lagrange Condi-
tional Extremum Problem.

Example 6.1 By Theorem 6.1,

Ω0 ∩ Ω1 ∩ · · · ∩ Ωs = {x1}
is a necessary (and sufficient) condition for f to take its minimal value at x1. By
Theorems 6.2 and 6.3, this means that the cones K0,K1, . . . ,Ks are separable, that
is, there are dual vectors a0, a1, . . . , as not all equal to 0 with

a0 + a1 + · · · + as = 0.

Since K1, . . . ,Ks are the tangential hyperplanes of the manifolds Ω1, . . . ,Ωs , we
have

ai = λi gradgi(x1), i = 1, . . . , s.

Furthermore, by definition of the set Ω0, we have

a0 = λ0 gradf (x1)

with λ0 ≥ 0. Now the necessary condition takes the form

λ0 gradf (x1) + λ1 gradgi(x1) + · · · + λs gradgi(x1) = 0.
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We may suppose here λ0 = 1 (by the independence of the functions g1, . . . , gs ),
which gives the Lagrange Necessary Condition of the Extremum.

6.3.3 How the Basic Theorems May Be Proven

Theorem 6.1 is trivial. Indeed, if there is a point

x′ ∈ Ω0 ∩ Σ

distinct from x1, then x ′ ∈ Σ and

f (x′) < f (x1),

contradicting that x1 is a minimizer. Thus the condition

Ω0 ∩ Σ = {x1}
is necessary. The proof of sufficiency is analogous.

Theorem 6.2 can be proven by the methods of convex set theory. Indeed, assume
that K0,K1, . . . ,Ks are separable; say

K0 ⊂ Π1

and

K1 ∩ · · · ∩ Ks ⊂ Π2,

where Π1 and Π2 are the closed half-spaces with a common boundary hyperplane
Γ through x1. Denote by v and w the unit outward normals of the half-spaces
(Fig. 6.3). Then

a0 = w ∈ K ∗
0

and

v ∈ (K1 ∩ · · · ∩ Ks)
∗.

By the Farkas Lemma (McShane 1978; Poznyak 2008) there are dual vectors
a1, . . . , as with

v = a1 + · · · + as

and hence the condition

a0 + a1 + · · · + as = 0

is necessary. The proof of sufficiency is analogous.
Now we explain the topological tools which allow us to prove Theorem 6.3 and

thus to justify the Tent Method (for more details, see the first chapter in Boltyanski
et al. 1999).
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Example 6.2 Let V ⊂ R
3 be a ball centered at the origin and M0,M1,M2 be the

coordinate planes (Fig. 6.4). Denote by E0,E1,E2 the intersections

E0 := M0 ∩ V, E1 := M1 ∩ V, E2 := M2 ∩ V.

Furthermore, let ξi : Ei → R
3 be a continuous mapping with

∥∥x − ξi(x)
∥∥ < ε

for all x ∈ Ei , i = 0,1,2. Then ξi(Ei) is a continuous surface in R
3 close to Ei ,

i = 0,1,2. It is intuitively obvious that, for ε > 0 small enough, the surfaces ξ0(E0),
ξ1(E1), ξ2(E2) have at least one point in common.

This example is generalized in the following lemma.

6.3.4 The Main Topological Lemma

Lemma 6.1 (The Main Topological Lemma) Let L0,L1, . . . ,Ls be subspaces of
R

n such that

R
n = L0 ⊕ L1 ⊕ · · · ⊕ Ls.

Let x∗ ∈ R
n. For every index i = 0,1, . . . , s denote by Mi the vector sum of all

subspaces L0,L1, . . . ,Ls except for Li and by M∗
i the plane x∗ + Mi . Let V ⊂ R

n

be a ball centered at x∗. Denote by Ei the intersection

M∗
i ∩ V, i = 0,1, . . . , s.

Finally, let ξi : Ei → R
n be a continuous mapping with

∥∥x − ξi(x)
∥∥ < ε

for all x ∈ Ei , i = 0,1, . . . , s. Then for small enough ε > 0 the intersection

ξ0(E0) ∩ ξ1(E1) ∩ · · · ∩ ξs(Es)

is nonempty.

The proof of this lemma is easily obtained on the basis of homology theory.

A Brief Treatment of the Homology Theory In mathematics, homology theory
(see, for example, Hilton 1988) is the axiomatic study of the intuitive geometric
idea of the homology of cycles on topological spaces. It can be broadly defined
as the study of homology theories on topological spaces. To any topological space
X and any natural number k, one can associate a set Hk(X), whose elements are
called (k-dimensional) homology classes. There is a well defined way to add and
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subtract homology classes, which makes Hk(X) into an abelian group, called the
kth homology group of X. In heuristic terms, the size and structure of Hk(X) give
information on the number of k-dimensional holes in X. The central purpose of
homology theory is to describe the number of holes in a mathematically rigorous
way.

In addition to the homology groups Hk(X), one can define cohomology groups
Hk(X). In general, the relationship between Hk(X) and Hk(X) is controlled by the
universal coefficient theorem. The main advantage of cohomology over homology
is that it has a natural ring structure: there is a way to multiply an i-dimensional
cohomology class by a j -dimensional cohomology class to get an i +j -dimensional
cohomology class.

This theory has several important applications. Notable theorems proved using
homology include the following.

– The Brouwer fixed point theorem: If f is any continuous map from the ball Bn to
itself, then there is a fixed point with f (a) = a.

– Invariance of domain: If U is an open subset of V and f is an injective continuous
map, then V = f (U) is open and f is a homeomorphism between U and V .

– The hairy ball theorem: Any vector field on the two-sphere (or more generally,
the 2k-sphere for any k ≥ 1) vanishes at some point.

– The Borsuk–Ulam theorem: Any continuous function from an n-sphere into Eu-
clidean n-space maps some pair of antipodal points to the same point. (Two points
on a sphere are called antipodal if they are in exactly opposite directions seen
from the sphere’s center.)

– Intersection theory and Poincaré duality: Let M be a compact oriented mani-
fold of dimension n. The Poincaré duality theorem gives a natural isomorphism
Hk(M) � Hn−k(M), which we can use to transfer the ring structure from coho-
mology to homology. For any compact oriented submanifold N ⊆ M of dimen-
sion d , one can define a so-called fundamental class [N ] ∈ Hd(M) � Hn−d(M).
If L is another compact oriented submanifold which meets N transversely, it
turns out that [L][N ] = [L ∩ N ]. In many cases the group Hd(M) will have a ba-
sis consisting of fundamental classes of submanifolds, in which case the product
rule [L][N ] = [L ∩ N ] gives a very clear geometric picture of the ring structure.

Proof of Lemma 6.1 We have

z0 = E0, z1 = E1, . . . , zs = Es.

These are local cycles in a neighborhood of x∗, and their intersection is not homolo-
gous to zero (or, which is the same, the product of the cocycles dual to z0, z1, . . . , zs

is not cohomologous to zero). For ε > 0 small enough, this affirmation also remains
true for continuous cycles

z0 = ξ0(E0), z1 = ξ1(E1), . . . , zs = ξs(Es),

which proves the lemma.
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Fig. 6.5 Illustration to the
Topological Lemma

Now we explain the idea of the proof of Theorem 6.3. Since K0,K1, . . . ,Ks are
not separable, there exists a point x∗ ∈ R

n belonging to the relative interior of each
cone K0,K1, . . . ,Ks . Moreover, there is a direct decomposition

R
n = L0 ⊕ L1 ⊕ · · · ⊕ Ls

such that the plane M∗
i as in the Topological Lemma is contained in the affine hull

of Ki, i = 0,1, . . . , s. Let V be a ball centered at x∗ such that

Ei = M∗
i ∩ V ⊂ intKi

for every index i = 0,1, . . . , s (Fig. 6.5).
Furthermore, for every positive integer k denote by hk the homothety with coef-

ficient 1
k

and center at the point

x1 ∈ Ω0 ∩ Ω1 ∩ · · · ∩ Ωs.

We consider the mapping

ξi = λ −1
k ◦ ϕi ◦ λk : Ei → R

n,

where ϕi is the mapping as in Definition 6.1 for the tent Ki of the set Ωi . Since
λ−1

k ◦ λk is the identity mapping of R
n and

ϕi(x) = x + o(x)

the mapping,

ξi = λ−1
k ◦ ϕi ◦ λk : Ei → R

n

is arbitrarily close to the identity embedding Ei → R
n when k is large enough.

Consequently, by the Topological Lemma, it is possible to select k such that the
intersection

ξ0(E0) ∩ ξ1(E1) ∩ · · · ∩ ξs(Es)

would be nonempty. Let y ∈ R
n be a point contained in this intersection. Thus

y ∈ λ−1
k

(
ϕi

(
λk(Ei)

))
,
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that is,

λk(y) ∈ ϕi

(
λk(Ei)

)
.

In other words, for every i = 0,1, . . . , s the point x ′ = λk(y) belongs to the set

ϕi

(
λk(Ei)

) ⊂ Ωi,

that is,

x′ ∈ Ω0 ∩ Ω1 ∩ · · · ∩ Ωs.

It remains to be seen that x′ �= x1 since at least one of the cones K0,K1, . . . ,Ks , say
Kj , is not flat, that is,

x1 /∈ intKj

and, hence, x1 /∈ Ej , that is, x ′ ∈ ϕi(λk(Ei)) is distinct from x1, which proves the
theorem. �

6.4 The Maximum Principle by the Tent Method

In conclusion we show how the Tent Method allows one to obtain the Maximum
Principle. Suppose that every admissible control u(t),0 ≤ t ≤ t1 is continuous at
the moment t1, that is,

u(t1) = u(t1 − 0)

and is continuous from the right for every τ < t1, that is,

u(τ) = u(τ + 0).

By x(t),0 ≤ t ≤ t1, denote the corresponding trajectory with the initial state
x0 ∈ R

n, that is, the solution of the equation

ẋ = g
(
x,u(t)

)

with x(0) = x0.
(1) First we describe a tent of the controllability set Ω2 at the point x1 = x(t1).

Let τ < t1 be a time and u be a point of the set U . On the interval [τ, t1] we consider
the continuous, piecewise smooth vector function ξ(t) that satisfies the variational
equation

ξ̇ k =
n∑

i=1

∂gk(x(t), u(t))

∂xi
ξi , τ ≤ t ≤ t1, k = 1, . . . , n

with the initial condition

ξ(τ ) = g
(
x(τ), u

) − g
(
x(τ), u(τ )

)
.
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Fig. 6.6 A needle-shaped
variation

Then Δ(τ,u) = ξ(t1) is the deviation vector corresponding to the chosen τ and u.
By Q we denote the closed convex cone generated by all deviation vectors and by
K the vector sum of Q and the line through the origin that is parallel to the vector
f (x(t1), u(t1)). The convex cone

K(P ) = x1 + K

with apex x1 is a tent of the set Ω2 at the point x1. Indeed, consider the process

uε(t), xε(t), 0 ≤ t ≤ t1

with the same initial state x0 ∈ R
n, where uε(t) is the following needle-shaped

variation (Boltyanski 1958) of the control u(t):

uε(t) =

⎧
⎪⎨

⎪⎩

u(t) for t < τ,

u for τ ≤ t < τ + ε,

u(t) for t ≥ τ + ε.

Then

xε(t1) = x(t1) + εΔ(τ,u) + o(ε),

where Δ(τ,u) is the deviation vector as above. Since

xε(t1) ∈ Ω2,

the deviation vector Δ(τ,u) is a tangential vector of Ω2 (see Fig. 6.6). This allows
us to prove that K(P ) is a tent of Ω2 at the point x1.

(2) For an auxiliary variable ψ = (ψ1, . . . ,ψn) we write the Hamiltonian

H(ψ,x,u) = 〈
ψ,g(x,u)

〉 =
n∑

k=1

ψkg
k(x,u)

and the conjugate differential equations

ψ̇j = ∂

∂xj

H
(
ψ,x(t), u(t)

) =
n∑

k=1

ψk

∂gk(x(t), u(t))

∂xj

, 0 ≤ t ≤ t1.
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Let u(t), x(t),0 ≤ t ≤ t1, be an admissible process and ψ(t) be a solution of the
conjugate system. We say that u(t), x(t),ψ(t) satisfy the Maximum Condition if

H
(
ψ(t), x(t), u(t)

) = max
u∈U

H
(
ψ(t), x(t), u

)
for all t ∈ [0, t1].

(3) The next claim is in fact the desired result.

Claim 6.1 (The Maximum Principle) Let u(t), x(t) be an admissible process with
x(0) = x0. If the process solves the Mayer variational problem, then there is a solu-
tion ψ(t) of the conjugate system such that the triple (x(t), u(t),ψ(t)) satisfies the
Maximum Condition and the following Transversality Condition:

H
(
ψ(t1), x(t1), u(t1)

) = 0,

and there is a number λ ≥ 0 such that

ψ(t1) + λgradf
(
x(t1)

) ⊥ Ω2

at the point x(t1) (the vector ψ(t1) being distinct from 0 if λ = 0).

Proof To prove the Maximum Principle, we use the Tent Method. According to
Theorem 6.1, we conclude that

Ω0 ∩ Ω1 ∩ Ω2 = {x1}.
To apply Theorem 6.3, we have to know tents of the sets Ω0, Ω1, and Ω2 at the
point x1. Since Ω1 is a smooth manifold, its tangential plane K1 at x1 is its tent
at x1. Furthermore, the cone K2 constructed above is a tent of Ω2 at the point x1.
Finally, the half-space

K0 = {
x : 〈

gradf (x1), x − x0
〉 ≤ 0

}

is the tent of Ω0 at the point x1, and, hence, every dual vector a0 has the form

a0 = λgradf (x1),

where λ ≥ 0. By Theorem 6.3, there exist dual vectors a1, a2, and a number λ ≥ 0
such that

λgradf (x1) + a1 + a2 = 0,

where either λ �= 0 or at least one of the vectors a1, a2 is distinct from zero. Since

a1 ⊥ Ω1

at the point x1, the necessary condition of optimality can be formulated in the fol-
lowing form: there exists a number λ ≥ 0 and a dual vector a2 of the cone K2 such
that

λgradf (x1) + a2 ⊥ M1
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at the point x1 and a2 �= 0 when λ = 0. Denote by ψ(t) the solution of the conju-
gate equation with ψ(t1) = a2. Furthermore, consider the solution of the variational
equation with the initial condition

ξ(τ ) = g
(
x(τ), u

) − g
(
x(τ), u(τ )

)
.

By virtue of the variational equation and the conjugate equation, the scalar product
〈ψ(τ), ξ(τ )〉 keeps a constant value for τ ≤ t ≤ t1. Consequently

〈
ψ(τ), ξ(τ )

〉 = 〈
ψ(t1), ξ(t1)

〉 = 〈
a2, ξ(t1)

〉 ≤ 0.

Thus
〈
ψ(τ), ξ(τ )

〉 = 〈
ψ(τ), g

(
x(τ), u

) − g
(
x(τ), u(τ )

)〉 ≤ 0.

In other words,

H
(
ψ

(
τ, x(τ ), u

)) ≤ H
(
ψ

(
τ, x(τ ), u(τ )

))
.

Thus, the Maximum Condition holds.
It remains to establish the transversality condition. Since

x1 + g
(
x(t1), u(t1)

) ∈ K(P )

and

x1 + g
(
x(t1), u(t1)

) ∈ K(P ),

we have
〈
a2, g

(
x(t1), u(t1)

)〉 = 0,

that is,

H
(
ψ(t1), x(t1), u(t1)

) = 0.

Furthermore, there is a number λ ≥ 0 such that

λgradf (x1) + a2 ⊥ Ω1

at the point x(t1), where λ �= 0 if the vector a2 = ψ(t1) vanishes. The claim is
proven. �

Besides the Mayer optimization problem, some other ones may be considered.
The Lagrange problem is obtained when we replace the value of the penalty function
at the terminal point by an integral functional

J =
∫ t1

0
f ∗(x,u)dt.

In particular, if f ∗(x,u) ≡ 1, then J = t1 is the transferring time and we obtain the
time-optimization problem: to transfer x0 to Ω1 in the shortest time.
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Finally, the Bolza variational problem replaces the above integral functional by
a mixed one:

J = f
(
x(t1)

) +
∫ t1

0
f ∗(x(t), u(t)

)
dt.

The three problems are equivalent, that is, every one of them can be reduced to the
other with a suitable change of variables.

6.5 Brief Historical Remark

Finally, we present some historical remarks. In the middle of the 20th century
Hestenes deduced the Maximum Principle from the classical Weierstrass Theorem
(see the survey of Dubovitski and Milyutin 1965 or Sect. 10 in the first chapter of
Boltyanski et al. 1999). But this result was obtained by Hestenes in the framework of
classical variational calculus, that is, under the restrictions that the function g(x,u)

is smooth, the resource set U ⊂ R
n is an open set in R

r , and the optimization is
considered in a local sense, that is, u(t) is optimal among all controls u satisfying

∥∥u(t) − u
∥∥ < ε

for all t .
The Maximum Principle in the form as in Boltyanski (1958) is free from these

conjectures, that is, it is related to nonclassical variational calculus.
We remark, too, that for the first time a nonclassical time-optimization prob-

lem was solved in 1953 by Feldbaum (1953), who is undoubtedly the pioneer of
nonclassical variational calculus. Feldbaum often said in his talks that for engineer-
ing problems it is important to consider variational problems with closed resource
sets.

Based on this Feldbaum ideology and on some linear examples which were cal-
culated with the help of the Maximum Principle (Pontryagin et al. 1969), Pontryagin
conjectured that for any closed resource set the Maximum Principle is a local suf-
ficient condition for time optimality. In fact, this hypothesis was the only merit of
Pontryagin in the development of the Maximum Principle. But nevertheless, this
hypothesis was very essential since it signified the passing to nonclassical varia-
tional calculus, which ignores the requirement of the openness of the resource set.
As Gamkrelidze proved (Pontryagin et al. 1969, in Russian), for linear controlled
plants the Maximum Principle is a necessary and sufficient condition of optimality.
For nonlinear models the Maximum Principle (established in Boltyanski 1958) is
a global necessary condition of time optimality (in the nonlinear case this condi-
tion, generally speaking, is not sufficient, contradicting Pontryagin’s hypothesis).
But emphasizing the important impact of Pontryagin’s ideas onto the optimization
of dynamic processes, now this principle is referred to as the Pontryagin Maximum
Principle.

Today there are several dozens of different versions of this as well as the
Maximum Principle (see, for example, Chap. I in Dubovitski and Milyutin 1965;
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Fattorini 1999; Bressan and Piccoli 2007). This group of similar results is the kernel
of modern nonclassical variational calculus.

6.6 Conclusions

• This chapter presents to the readers the so-called Tent Method, which may serve
as a general tool for solving a wide spectrum of extremal problems.

• The corresponding technique is presented here for finite-dimensional spaces.
• Using this approach, we give here another proof of the Maximum Principle,

which differs from the one discussed in Chap. 2.
• In the following, we will use this approach for finding robust optimal controls for

dynamic plants with different possible scenarios and subject to both deterministic
and stochastic external noise.





Chapter 7
Extremal Problems in Banach Spaces

This chapter deals with the extension of the Tent Method to Banach spaces. The
Abstract Extremal Problem is formulated as an intersection problem. The subspaces
in the general positions are introduced. The necessary condition of the separability
of a system of convex cones is derived. The criterion of separability in Hilbert spaces
is presented. Then the analog of the Kuhn–Tucker Theorem for Banach spaces is
discussed in detail.

7.1 An Abstract Extremal Problem

7.1.1 Formulation of the Problem

Problem 7.1 (Abstract Extremal Problem) There are subsets Ω1, . . . ,Ωs of a Ba-
nach space B and a real function f whose domain contains the set

Σ = Ω1 ∩ · · · ∩ Ωs. (7.1)

Find the minimum (and, maybe, the minimizers) of the function (functional) f on
the set Σ .

We recall that a point x0 ∈ Σ is a minimizer of the function f defined in Σ if
f (x0) ≤ f (x) for any point x ∈ Σ . If x0 ∈ Σ is a minimizer of f , then f (x0) is the
minimum of f on the set Σ .

7.1.2 The Intersection Theorem

The following, almost trivial, theorem contains a formal solution of the problem.
To formulate the theorem, let x0 ∈ Σ ; we expect that x0 is a minimizer of the func-

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_7, © Springer Science+Business Media, LLC 2012
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tion f . To justify this, we introduce the set

Ω0 = {
x : f (x) < f (x0)

} ∪ {x0}, (7.2)

which depends on the choice of the point x0.

Theorem 7.1 The point x0 ∈ Σ is a minimizer of the function f defined on Σ ⊂ B

if and only if the intersection Ω0 ∩ Σ consists only of the point x0:

Ω0 ∩ Σ = Ω0 ∩ Ω1 ∩ · · · ∩ Ωs = {x0}. (7.3)

Proof If there exists a point x′ ∈ Ω0 ∩ Σ distinct from x0, then, by the definition of
the set Ω0, the inequality f (x′) < f (x0) holds, contradicting that x0 is a minimizer.
Thus the condition (7.3) is necessary. Sufficiency is verified similarly. �

We remark that Theorem 7.1 holds without the assumption that x0 is the unique
minimizer. Indeed, for example, let x0 and x ′

0 be two minimizers of the function
f (x) defined on Σ (and hence f (x0) = f (x ′

0)). The equality that is analogous to
(7.3) for the point x ′

0 has the form

Ω ′
0 ∩ Σ = Ω ′

0 ∩ Ω1 ∩ · · · ∩ Ωs = {x′
0}, (7.4)

where

Ω ′
0 = {

x : f (x) < f (x0)
} ∪ {x′

0}, (7.5)

that is, for the points x0 and x ′
0 Theorem 7.1 gives different conditions of the mini-

mum.
Theorem 7.1 reduces the Abstract Extremal Problem to the following one.

Problem 7.2 (The Abstract Intersection Problem) Suppose that in a Banach space
B there are subsets Ω0, Ω1, . . . ,Ωs with a common point x0. Find a condition under
which the intersection Ω0 ∩ Ω1 ∩ · · · ∩ Ωs consists only of the point x0.

This problem is more convenient to deal with than the previous one because of
its symmetry. Besides, this problem is spread over a wider category of concrete
extremal problems from different investigation lines of applied mathematics: math-
ematical programming, optimization, Min-Max problems, and so on (cf. Sect. 2 in
Boltyanski et al. 1999). It is hopeless to try to find a solution of the Abstract Inter-
section Problem in the general case.

7.2 Some Definitions Related to Banach Spaces

To obtain a solution of the problem in the general case, it is necessary to restrict our-
selves by some types of sets in Banach spaces, which admit convenient geometrical
(or analytical) description. In this connection, we introduce here some definitions
relating to Banach spaces.



7.2 Some Definitions Related to Banach Spaces 151

7.2.1 Planes and Convex Bodies

Definition 7.1

1. A plane in a Banach space B is a set of the form x0 + L where L is a subspace
of B . Thus, in general, a plane does not contain the origin 0 ∈ B .

2. If the plane x0 + L is a closed set in B (that is, if L is a closed subspace), we say
that x0 + L is a closed plane.

3. If L is a hypersubspace (that is, B = L ⊕ l, where l is a one-dimensional sub-
space), we say that x0 + L is a hyperplane in B .

4. Let M ⊂ B be a convex set. The minimal plane that contains M is called the
affine hull of M and is denoted by affM .

5. We say that the convex set M is standard if affM is a closed plane and the
relative interior riM of the set M is nonempty.

6. We recall that a point x ∈ M belongs to the relative interior riM if there exists a
neighborhood U ⊂ B of x such that U ∩ affM ⊂ M . In particular, if the interior
intM of the convex set M in the space B is nonempty, then M is a standard
convex set called a convex body in the space B .

Remark 7.1 If the Banach space B is finite-dimensional, then every convex set
M ⊂ B is standard.

Example 7.1 Denote by l2 the Hilbert space of all sequences (x1, . . . , xn, . . .) with
convergent series

∑∞
i=1(xi)

2. Let P be the Hilbert cube, that is, the set of all points
in l2 with |xi | ≤ 1

i
, i = 1,2, . . . . Then P is a convex set and its relative interior is

empty, that is, the convex set P is not standard.

7.2.2 Smooth Manifolds

Definition 7.2

1. Set K ⊂ B is said to be a cone with an apex at the origin if, for every point x ∈ K

and every nonnegative real number λ, the point λx belongs to K .
2. If K is a cone with an apex at the origin, then the set x0 + K is said to be a cone

with an apex at x0. In the sequel, we usually consider standard convex cones
with an apex at a point x0.

3. Let B1,B2 be Banach spaces, and G1 ⊂ B1 be an open set. A mapping f : G1 →
B2 is said to be smooth if it has a Frechét derivative f ′

x at each point x ∈ G1, and
if this derivative is continuous with respect to x. In other words, f ′

x is a bounded
linear operator B1 → B2 verifying the property

∥∥f (x + h) − f (x) − f ′
x(h)

∥∥ = o(h) (7.6)

and the operator f ′
x depends continuously on x.
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4. A mapping g : U1 → B2 defined on a neighborhood U1 of the origin 0 ∈ B1 is
said to be an o-mapping if its Frechét derivative at the origin vanishes, that is,

lim‖h‖→0

‖g(h)‖
‖h‖ = 0. (7.7)

For simplicity, in the sequel every o-mapping is denoted by o.
5. A smooth mapping f : G1 → B2 defined on an open set G1 ⊂ B1 is nondegen-

erate if at every point x ∈ G1 its Frechét derivative f ′
x is nondegenerate, that is,

the image f ′
x(B1) of the linear operator f ′

x coincides with the whole space B2.

In particular, let B1,B2 be finite-dimensional, say, dimB1 = n, dimB2 = r < n,
and (x1, . . . , xn), (y1, . . . , yr ) be coordinate systems in B1, respectively, B2. Then
the smooth mapping f : B1 → B2 is described by a system of smooth functions

yi = fi(x1, . . . , xn), i = 1, . . . , r. (7.8)

Definition 7.3

1. The mapping is nondegenerate if the functional matrix
(

∂fi

∂xj

)

i=1,...,n;j=1,...,r

has maximal rank r .
2. Let f : G1 → B2 be a smooth, nondegenerate mapping defined in an open set

G1 ⊂ B1. Then the inverse image

Mb = f −1(b) = {
x ∈ G1 : f (x) = b

}
, b ∈ B2 (7.9)

is said to be a smooth manifold in B1. Furthermore, let a ∈ Mb.
3. Denote by K the kernel of the linear operator f ′

a , that is,

K = {
h ∈ B1 : f ′

a(h) = 0
}
. (7.10)

Then the plane a + K is said to be the tangential plane of the manifold Mb

at the point a. In particular, let the Banach space B2 = R be one dimensional.
This means, in the above notation, that f is a smooth, nondegenerate (nonlinear)
functional G1 → R and its Frechét derivative f ′

a is a bounded linear functional.
Then the manifold Mb is said to be a smooth hypersurface in B1, and a + K is
said to be its tangential hyperplane at the point a ∈ Mb .

In the case when the spaces B1,B2 are finite dimensional, the manifold (7.9) is
described by the system

fi(x1, . . . , xn) = bi, i = 1, . . . , r. (7.11)

The subspace K consists of all vectors x = (x1, . . . , xn) such that for every i =
1, . . . , r the scalar product 〈 ∂

∂x
fi(x)|x=a, x〉 is equal to zero. Then a + K is the

tangential plane of the manifold Mb at the point a.
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7.2.3 Curved Half-spaces

Finally, let us formulate the last definitions.

Definition 7.4 Let f : G1 → R be a smooth, nondegenerate (nonlinear) functional
defined in an open set G1 ⊂ B1. Choose a point a ∈ G1 and put b = f (a). The set

Ω ′ = {
x ∈ G1 : f (x) ≤ f (a)

}
(7.12)

is said to be a curved half-space in B1, and the set

Ω ′
0 = {

x ∈ G1 : f (x) < f (a)
} ∪ {a}

is said to be a pointed curved half-space.

In the following we suppose that the sets Ω0, . . . ,Ωs in the Abstract Intersec-
tional Problem are either standard convex sets, or smooth manifolds, curved half-
spaces, or pointed curved half-spaces in a Banach space. Under this restriction, we
will give a solution of the general problem under consideration.

7.3 Tents in Banach Spaces

7.3.1 Definition of a Tent

The Tent Method is a tool for solving the above Abstract Intersection Problem. The
idea is to replace each of the sets Ω0,Ω1, . . . ,Ωs by a linear approximation to pass
from the equality (7.3) to a simpler condition in terms of the linear approximations.
We will assume that for each set Ωi , i = 0,1, . . . , s a convex cone Ki ⊂ B is chosen
as a linear approximation of Ωi at the point x0. In the following, the cone Ki is said
to be a tent of Ωi at the point x0 (the exact definition is given below).

Two simple examples supply a preliminary visual understanding of the notion of
a tent.

Example 7.2 If Ω ⊂ B is a smooth manifold, then the tangent plane of Ω at a point
x0 ∈ Ω is a tent of Ω at this point.

Example 7.3 Furthermore, let Ω ⊂ B be a standard, convex body and let x0 be its
boundary point. Then the support cone of Ω at the point x0 is a tent of Ω at this
point.

We recall that the support cone of Ω at the point x0 is the closure of the union of
all rays emanating from x0 and passing through points of Ω distinct from x0. After
these intuitive examples we are going to pass to the general definition of a tent.
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Definition 7.5 Let Ω ⊂ B be a set containing a point x0 and let K ⊂ B be a stan-
dard, closed, convex cone with apex x0. The cone K is said to be a tent of Ω at the
point x0 if for every point z ∈ riK there exists a convex cone Qz ⊂ K with apex x0
and a mapping ψz : U → B , where U ⊂ B is a neighborhood of the point x0, such
that

(i) affQz = affK
(ii) z ∈ riQz

(iii) ψz(x) = x + o(x − x0)

(iv) ψz(Qz ∩ U) ⊂ Ω

Let Ω ⊂ B be a set containing a point x0 and K be a standard, closed, convex
cone with apex x0. It is easily shown that (under certain conditions) K is a tent of
Ω at the point x0: there exists a neighborhood U ⊂ B of the point x0 and a mapping
ψ : U → B such that

(i) ψ(x) = x + o(x − x0)

(ii) ψ(K ∩ U) ⊂ Ω

This remark gives a simplified definition of the tent that is convenient enough in
many cases. We remark that if K is a tent of the set Ω ⊂ B at a point x0 ∈ Ω , then
every standard, closed, convex cone K1 ⊂ K with apex x0 is also a tent of Ω at the
point x0. This shows that the most interesting problem is to find the maximal tent at
the point x0 (if it exists).

7.3.2 Maximal Tent

The following three theorems describe the maximal tents for the sets considered in
the previous section such as smooth manifolds, curved half-spaces, pointed curved
half-spaces, and standard convex sets.

Theorem 7.2 Let Ω ⊂ B be a smooth manifold and x0 ∈ Ω . Then the tangential
plane K of Ω at the point x0 is a tent of Ω at this point.

Proof Let g : G1 → B2 be a smooth, nondegenerate mapping defined on an open
set G1 ⊂ B1. Furthermore, let b ∈ B2 and x0 be a point of the smooth manifold
Ω = g−1(b). We assume that

g(x) = g(x0) + h(x − x0) + o(x − x0),

where h : B1 → B2 is a bounded, nondegenerate linear operator. Suppose also that
there exists a closed subspace L ⊂ B1 such that the operator h, considered only on
L, possesses the bounded inverse operator k : B2 → L. Then

K = x0 + h−1(0)
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is the tangential plane of Ω at the point x0. We have to establish that K is a tent
of Ω at x0. It is sufficient to consider the case where b = 0, x0 = 0, that is,

g = h + o, Ω = g−1(0),

and the tangential plane of Ω at the point 0 is the kernel K = h−1(0) of the opera-
tor h. We put

p = k ◦ h, q = e − p,

where e : B1 → B1 is the identity. Then p(x) = x for every x ∈ L. Hence for every
x ∈ B1 the equality

p
(
q(x)

) = p(x) − p
(
p(x)

) = p(x) − p(x) = 0

holds, that is,

q(x) ∈ p−1(0) = h−1(0) = K.

We also put

f = k ◦ g = p + o, ϕ = f + q.

Then

ϕ = (p + o) + (e − p) = e + o.

Consequently, there exist neighborhoods V and Σ of the origin such that ϕ maps
homeomorphically V onto Σ and the mapping ψ = ϕ−1 has the form ψ = e + o.
For every point x ∈ K ∩ Σ the relation

f
(
ψ(x)

) = ϕ
(
ψ(x)

) − q
(
ψ(x)

) = x − q
(
ψ(x)

) ∈ K

holds. Also,

f
(
ψ(x)

) = k
(
g
(
ψ(x)

)) ∈ L.

Hence

f
(
ψ(x)

) ∈ K ∩ L = {0},
that is,

f
(
ψ(x)

) = 0.

Thus

ψ(x) ∈ f −1(0) = g−1(0) = Ω.

Consequently,

ψ(K ∩ Σ) ⊂ Ω

and K is a tent of the set Ω at the point 0. �
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Theorem 7.3 Let f (x) be a real functional defined on a neighborhood of a point
x0 ∈ B . Assume that

f (x) = f (x0) + l(x − x0) + o(x − x0),

where l is a nontrivial, bounded, linear functional. Consider the curved half-space

Ω = {
x : f (x) ≤ f (x0)

}

and the pointed curved half-space

Ω0 = {
x : f (x) < f (x0)

} ∪ {x0}.
Then the half-space

K = {
x : l(x) ≤ l(x0)

}

is a tent of each of the sets Ω,Ω0 at the point x0.

Proof It is sufficient to consider the case x0 = 0. Let z ∈ riK , that is, l(z) < 0. The
set

Wz =
{
w : l(w) < −1

2
l(z)

}
⊂ B

is open and contains the origin. Hence the set z + Wz is a neighborhood of the
point z. Denote by Q′

z the cone with an apex at the origin spanned by the set z+Wz.
If x ∈ Q′

z and x �= 0, that is,

x = λ(z + w), λ > 0, w ∈ Wz

then

l(x) = l
(
λ(z + w)

) = λ
(
l(z) + l(w)

)

< λ

(
l(z) − 1

2
l(z)

)
= 1

2
λl(z) < 0. (7.13)

Hence Q′
z ⊂ K . Now we put h = 1

2 l, f1 = f − h = h + o, and denote by C the
negative real semi-axis. Then C is a cone with an apex at the origin. Since

h(z) = 1

2
l(z) < 0

we have h(z) ∈ intC. Hence there exists a cone Q′′
z with an apex at the origin and a

neighborhood Σz ⊂ B of the origin such that

z ∈ intQ′′
z and f1

(
Q′′

z ∩ Σz

) ⊂ C,

that is, f1(x) ≤ 0 for every x ∈ Q′′
z ∩ Σz. In other words,

f1(x) = f (x) − 1

2
l(x) ≤ 0 (7.14)



7.3 Tents in Banach Spaces 157

for every x ∈ Q′′
z ∩ Σz. Finally, we put

Qz = Q′
z ∩ Q′′

z ⊂ K.

Then z ∈ intQz and affQz = B = affK , that is, the conditions (i) and (ii) of the last
definition are satisfied. Furthermore, if

x ∈ Qz ∩ Σz, x �= 0,

then, by (7.13) and (7.14),

f (x) = 1

2
l(x) +

(
f (x) − 1

2
l(x)

)
< 0.

Hence

Qz ∩ Σz ⊂ Ω0.

Consequently, denoting by ψz the identity e : B → B , the conditions (iii) and (iv)
in the same definition are satisfied also. Thus K is a tent of the set Ω0 at the origin.
Since Ω ⊂ Ω0, the cone K is a tent of the set Ω at the origin as well. �

Definition 7.6 Let Ω ⊂ B be a standard convex set with 0 ∈ Ω . The cone

K = cl

(⋃

λ>0

(λΩ)

)

is said to be the support cone of the set Ω at the origin.

Furthermore, let Ω ′ ⊂ B be a standard convex set and a ∈ Ω ′. Then Ω = −a + Ω ′
is a standard convex set in B and 0 ∈ Ω . Denoting by K the support cone of Ω at
the origin, the cone K ′ = a + K is said to be the support cone of Ω ′ at the point a.
In other words, K ′ = clQ′, where Q′ is the union of all rays emanating from a,
each of which contains a point of Ω ′ distinct from a.

Theorem 7.4 Let Ω ⊂ B be a standard convex set and K be its support cone at a
point a ∈ Ω . Then K is a tent of Ω at the point a.

Proof It is sufficient to consider the case a = 0. Let z ∈ riK . Then the point
z belongs to the set

⋃
λ>0(λ(riΩ)). Consequently, there exists λ0 > 0 such that

z ∈ λ0(riΩ). We put μ = 1
λ0

. Then μz ∈ riΩ . Let ε be a positive number such that

x ∈ Ω if x ∈ affΩ and ‖x − μz‖ < ε. We may suppose that ε < 1
2‖μz‖. Denote by

U ⊂ B the open ball of the radius ε centered at the origin. We also put

W = (affΩ) ∩ (μz + U).

Then W ⊂ Ω . Denote by Qz the cone with apex 0 spanned by the set W . Then z ∈
riQz and affQz = affΩ = affK , that is, the conditions (i) and (ii) in Definition 7.5
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are satisfied. Denoting by ψz the identity mapping of the space B , the condition (iii)
holds also. Let x be a nonzero element of ψz(U ∩ Qz), that is,

x ∈ U ∩ Qz, x �= 0.

Then ‖x‖ < ε and x = k(μz + h), where h ∈ affΩ,‖h‖ < ε, k > 0, and conse-
quently μz + h = 1

k
x. If k ≥ 1, then the inequalities ‖ 1

k
x‖ ≤ ‖x‖ < ε hold, and

hence

‖μz‖ =
∥
∥
∥
∥

1

k
x − h

∥
∥
∥
∥ ≤

∥
∥
∥
∥

1

k
x

∥
∥
∥
∥ + ‖h‖ < ε + ε = 2ε,

contradicting ε < 1
2‖μz‖. Consequently, k < 1. Finally, since μz + h ∈ W ⊂ Ω , we

have k(μz + h) ∈ Ω , that is, x ∈ Ω . Thus

ψz(U ∩ Qz) = U ∩ Qz ⊂ Ω,

that is, the condition (iv) holds also. The theorem is proven. �

We remark that under the condition of Theorem 7.4 the support cone K of Ω at
the point x0 is a standard, convex cone.

7.4 Subspaces in the General Position

7.4.1 Main Definition

Let L be a closed plane (in particular, a closed subspace) of a Banach space B and
a ∈ B . As usual, the number

inf
x∈L

‖a − x‖ (7.15)

is said to be the distance of the point a from the plane L. We denote this distance
by d(a,L). Note that in (7.15) the symbol inf can be replaced by min, that is, there
exists a point b ∈ L such that ‖a − b‖ = d(a,L).

Definition 7.7 A system Q0,Q1, . . . ,Qs (s ≥ 1) of closed planes in a Banach space
B is said to be in the general position if for every ε > 0 there exists a positive number
δ such that the inequalities

d(a,Qi) ≤ δ‖a‖, i = 0,1, . . . , s

imply

d(a,Q0 ∩ Q1 ∩ · · · ∩ Qs) ≤ ε‖a‖.
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By homogeneity with respect to ‖a‖, the property contained in the last def-
inition can be formulated only for unit vectors. In other words, the system
Q0,Q1, . . . ,Qs (s ≥ 1) of closed planes of a Banach space B is in a general po-
sition if and only if for every ε > 0 there exists a positive number δ such that for
‖a‖ = 1 the inequalities

d(a,Qi) ≤ δ, i = 0,1, . . . , s

imply

d(a,Q0 ∩ Q1 ∩ · · · ∩ Qs) ≤ ε.

Remark 7.2 If B is finite-dimensional, then every system of closed planes in B is in
the general position.

In the sequel we will consider the general position only for subspaces of B . In
particular, let L0,L1 be two closed subspaces of B with L0 ∩L1 = {0}. In this case,
the subspaces L0 and L1 are in a general position if and only if there exists δ > 0
such that for every pair of unit vectors a0 ∈ L0, a1 ∈ L1 the inequality ‖a0 −a1‖ > δ

holds. This circumstance may be considered as one characterized by the existence
of a “nonzero angle” between L0 and L1.

Example 7.4 Let e1, e2, . . . be an orthonormalized basis of Hilbert space H . Denote
by L1 the closed subspace spanned by the vectors e2, e4, . . . , e2n, . . . and by L2 the
closed subspace spanned by the unit vectors

e′
n = n√

n2 + 1

(
e2n − 1

n
e2n−1

)
, n = 1,2, . . . .

Then

L1 ∩ L2 = {0},
but the condition indicated in the Definition 7.7 is not satisfied. Indeed, for a = e′

n

we have

d(a,L1) = 1√
n2 + 1

, d(a,L2) = 0,

that is, for every δ > 0 there exists a vector a for which ‖a‖ = 1 and

d(a,L1) < δ, d(a,L2) < δ.

This means that the subspaces L1 and L2 are not in the general position. At the same
time

lim
n→∞〈e′

n, e2n〉 = n√
n2 + 1

= 1,

that is, the angle between the vectors e2n ∈ L1 and e′
n ∈ L2 tends to zero as n → ∞.

Thus we have to accept that the “angle” between the subspaces L1 and L2 is equal
to zero. This explains why the subspaces are not in the general position.



160 7 Extremal Problems in Banach Spaces

We are now going to formulate the main conditions under which two subspaces
L1 and L2 of a Banach space B are in the general position. First we give the state-
ments and then the proofs.

7.4.2 General Position for Subspaces in Banach Space

Theorem 7.5 Two closed subspaces L1 and L2 of a Banach space B are in the
general position if and only if there exists a number k > 0 such that every vector
x ∈ L1 + L2 may be represented in the form x = x1 + x2 with x1 ∈ L1, x2 ∈ L2 and

‖x1‖ ≤ k‖x‖, ‖x2‖ ≤ k‖x‖.

Theorem 7.6 Two closed subspaces L1 and L2 of a Banach space B are in the
general position if and only if the subspace L1 + L2 is closed.

Theorem 7.7 Two closed subspaces L1 and L2 of a Banach space B are in the
general position if and only if for every relatively open sets G1 ⊂ L1 and G2 ⊂ L2
the sum G1 + G2 is an open set of the subspace L1 + L2.

Theorem 7.8 Two closed subspaces L1 and L2 of a Banach space B with L1 ∩L2 =
{0} are in the general position if and only if the subspace M = cl(L1 + L2) is their
direct sum, that is,

M = L1 ⊕ L2.

The proof of Theorem 7.5 is an immediate consequence of the following two
lemmas.

Lemma 7.1 If two closed subspaces L1 and L2 of a Banach space B are in the
general position then there exists a number k > 0 such that every vector x ∈ L1 + L2
may be represented in the form x = x1 + x2 with x1 ∈ L1, x2 ∈ L2 and

‖x1‖ ≤ k‖x‖, ‖x2‖ ≤ k‖x‖.

Proof of Lemma 7.1 We put ε = 1
3 and choose δ > 0 as in Definition 7.7. Denote by

k the greatest of the numbers 1
δ

and 9. Let x ∈ L1 + L2, x �= 0. Then

x = x1 + x2, x1 ∈ L1, x2 ∈ L2. (7.16)

Assume that at least one of the required inequalities

‖x1‖ ≤ k‖x‖, ‖x2‖ ≤ k‖x‖
does not hold, say,

‖x1‖ > k‖x‖.
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Since x1 ∈ L1, x2 ∈ L2 (and taking into consideration that k ≥ 1
δ
) we have

d(x1,L1) = 0 < δ‖x1‖,

d(x1,L2) = d(x − x2,L2) = d(x,L2) ≤ ‖x‖ <
1

k
‖x1‖ ≤ δ‖x1‖.

By Definition 7.7, this implies

d(x1,L1 ∩ L2) < ε‖x1‖ = 1

3
‖x1‖.

Consequently, x1 = z + x ′
1, where z ∈ L1 ∩ L2 and ‖x′

1‖ < 1
3‖x1‖. We now put

x ′
2 = x2 + z. Then

x ′
1 + x′

2 = x1 + x2 = x,

that is,

x = x ′
1 + x′

2, x′
1 ∈ L1, x

′
2 ∈ L2. (7.17)

Furthermore,

‖x′
2‖ = ‖x′

1 − x‖ ≤ ‖x ′
1‖ + ‖x‖ <

1

3
‖x1‖ + ‖x‖ (7.18)

and

1

3
‖x − x2‖ + ‖x‖ ≤ 1

3
‖x2‖ + 4

3
‖x‖.

Besides,

‖x‖ <
1

k
‖x1‖ ≤ 1

9
‖x1‖

(since k ≥ 9), and hence

‖x‖ <
1

9
‖x − x2‖ ≤ 1

9
‖x‖ + 1

9
‖x2‖.

This implies ‖x‖ < 1
8‖x2‖. Now, by (7.18), we have

‖x′
2‖ <

1

3
‖x2‖ + 4

3
‖x‖ <

1

3
‖x2‖ + 4

3
· 1

8
‖x2‖ = 1

2
‖x2‖.

Thus

‖x′
1‖ <

1

3
‖x1‖ <

1

2
‖x1‖, ‖x′

2‖ <
1

2
‖x2‖.

We see that if at least one of the inequalities

‖x1‖ ≤ k‖x‖, ‖x2‖ ≤ k‖x‖



162 7 Extremal Problems in Banach Spaces

does not hold, then instead of (7.16) we have an analogous decomposition (7.17),
where the norms of the vectors x′

1, x′
2 are at least two times less than the norms of

x1, x2, respectively. Now if

‖x′
1‖ ≤ k‖x‖, ‖x′

2‖ ≤ k‖x‖
our aim is achieved. If even at least one of the inequalities does not hold, we can
once more reduce the norms of the vectors x′

1, x ′
2 at least twice, and so on. �

Lemma 7.2 Let L1 and L2 be two closed subspaces of a Banach space B . If there
exists a number k > 0 such that every vector x ∈ L1 + L2 may be represented in the
form x = x1 + x2 with x1 ∈ L1, x2 ∈ L2 and

‖x1‖ ≤ k‖x‖, ‖x2‖ ≤ k‖x‖,
then L1 and L2 are in the general position.

Proof Let ε be an arbitrary positive number. Denote by δ the least of the numbers
ε

4k
and ε

2 . Let a ∈ B be a vector such that d(a,L1) < δ‖a‖ and d(a,L2) < δ‖a‖.
Then there exists a vector b ∈ L1 with d(b, a) = ‖b − a‖ < δ‖a‖. Consequently,

d(b,L2) ≤ d(b, a) + d(a,L2) < 2δ‖a‖.
Furthermore, let c ∈ L2 be a vector such that d(b, c) < 2δ‖a‖. Then ‖b − c‖ =
d(b, c) < 2δ‖a‖. By the assumption, the vector x = b − c ∈ L1 + L2 can be repre-
sented in the form

x = x1 + x2, x1 ∈ L1, x2 ∈ L2

with

‖x1‖ ≤ k‖x‖ ≤ 2kδ‖a‖ ≤ ε

2
‖a‖,

‖x2‖ ≤ k‖x‖ ≤ 2kδ‖a‖ ≤ ε

2
‖a‖.

We now put z = b − x1. Then

z = b − x1 = c + (b − c) − x1 = c + x − x1 = c + x2.

Since b − x1 ∈ L1 and c + x2 ∈ L2, the equality z = b − x1 = c + x2 implies z ∈ L1,
z ∈ L2, that is, z ∈ L1 ∩ L2. Furthermore,

‖a − z‖ = ∥∥(b − z) − (b − a)
∥∥ ≤ ‖b − z‖ + ‖b − a‖

= ‖x1‖ + ‖b − a‖ <
ε

2
‖a‖ + δ‖a‖ ≤ ε

2
‖a‖ + ε

2
‖a‖ = ε‖a‖.

Thus there exists a vector z ∈ L1 ∩ L2 with ‖a − z‖ < ε‖a‖, that is,

d(a,L1 ∩ L2) < ε‖a‖.
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This means that L1 and L2 are in the general position. �

The proof of Theorem 7.6 is an immediate consequence of the following three
lemmas.

Lemma 7.3 If two closed subspaces L1 and L2 of a Banach space B are in the
general position, then the subspace L1 + L2 is closed.

Proof Let k be a number as in the previous theorem. Assume that a ∈ cl(L1 + L2).
Then for every ε > 0 there exists b ∈ L1 +L2 with ‖a − b‖ < ε. Choose a sequence
b1, b2, . . . , bn, . . . in the subspace L1 + L2 such that ‖a − bn‖ < 1

2n , n = 1,2, . . . ,
and put c1 = b1, cn = bn − bn−1 for n > 1. Then

c1 + c2 + · · · + cn = bn

for every n = 1,2, . . . , and hence the series c1 + c2 + · · · converges (with respect to
the norm) to the vector a. Besides, for every n ≥ 2 we have

‖cn‖ = ‖bn − bn−1‖ = ∥∥(a − bn−1) − (a − bn)
∥∥

≤ ‖a − bn−1‖ + ‖a − bn‖ <
1

2n−1
+ 1

2n
= 3

2n
. (7.19)

Since bn ∈ L1 + L2 for every n = 1,2, . . . , we have cn ∈ L1 + L2, and hence, by
the previous theorem, there exists a decomposition

cn = xn1 + xn2, xn1 ∈ L1, xn2 ∈ L2

with

‖xn1‖ ≤ k‖cn‖, ‖xn2‖ ≤ k‖cn‖.
Consequently, by (7.19), for n > 2 the following inequalities hold:

‖xn1‖ ≤ k‖cn‖ <
3k

2n
, ‖xn2‖ ≤ k‖cn‖ <

3k

2n
.

This implies that each of the series

x11 + x21 + · · · + xn1 + · · · , x12 + x22 + · · · + xn2 + · · ·
is convergent (with respect to the norm). Let a1 and a2 be the sums of these series,
respectively. Since the spaces L1 and L2 are closed and xn1 ∈ L1, xn2 ∈ L2, we have
a1 ∈ L1, a2 ∈ L2. Finally, by convergence of the series, we obtain

a =
∞∑

n=1

cn =
∞∑

n=1

(xn1 + xn2) =
∞∑

n=1

xn1 +
∞∑

n=1

xn2 = a1 + a2.

Consequently, a ∈ L1 + L2. This means that the subspace L1 + L2 is closed. �
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Lemma 7.4 Let L1 and L2 be two closed subspaces of a Banach space B such that
B = L1 ⊕ L2, that is, every vector x ∈ B is uniquely represented in the form

x = x1 + x2, x1 ∈ L1;x2 ∈ L2. (7.20)

Then L1 and L2 are in the general position.

Proof Consider the factor space C = B/L2 with its usual norm, that is,

‖M‖ = inf
x∈M

‖x‖

for every coset M = a + L2 ∈ C. With this norm, C is a Banach space. Denote
by h : L1 → C the one-to-one linear operator from L1 onto the Banach space C

defined by h(x1) = x1 + L2 ∈ C. Then

∥
∥h(x1)

∥
∥ = inf

x∈x1+L1
‖x‖ ≤ ‖x1‖

for every x1 ∈ L1, that is, the operator h is bounded (with ‖h‖ ≤ 1). By the Banach
Theorem on the homeomorphism, the inverse operator

h−1 : C → L1

is also bounded. This means that there exists a number M > 0 such that

∥∥h−1(z)
∥∥ ≤ M‖z‖

for every z ∈ C. Denoting h−1(z) by x1, we have

‖x1‖ ≤ M‖h(x1)‖
for every x1 ∈ L1. Now let x ∈ B . Consider the representation (7.20) for this x and
set h(x1) = z. Then x1 = h−1(z) and hence

‖x1‖ ≤ M‖z‖ = M inf
y∈x+L2

‖y‖ ≤ M ‖x‖.

Furthermore,

‖x2‖ = ‖x − x1‖ ≤ ‖x‖ + ‖x1‖ ≤ ‖x‖ + M ‖x‖ = (M + 1)‖x‖.
Denoting by k the numbers M + 1, we conclude that every x ∈ B is representable
in the form (7.20) with ‖x1‖ ≤ k‖x‖,‖x2‖ ≤ k‖x‖. By Theorem 7.5 this means that
the subspaces L1 and L2 are in the general position. �

Lemma 7.5 Let L1 and L2 be two closed subspaces of a Banach space B . If the
subspace L1 + L2 is closed, then L1 and L2 are in the general position.
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Proof Denote the closed subspace L1 ∩ L2 by K . Then the factor space B ′ = B/K

is a Banach space, and L′
1 = L1/K , L′

2 = L2/K are its closed subspaces. Moreover,

(L1 + L2)/K = L′
1 ⊕ L′

2

and, by Lemma 7.4, the subspaces L′
1 and L′

2 are in the general position in
(L1 + L2)/K and consequently in B ′. By Theorem 7.5, there exists a number k > 0
such that every element z ∈ (L1 + L2)/K is representable in the form z = z1 + z2,
where z1 ∈ L′

1, z2 ∈ L′
2 and

‖z1‖ ≤ k ‖z‖, ‖z2‖ ≤ k ‖z‖. (7.21)

Now let x ∈ L1 +L2. We set z = x +K ∈ (L1 +L2)/K and represent z in the form
(7.21). Then z1 is a coset with respect to K and ‖z1‖ = infa∈z1 ‖a‖. Hence, there is
an element x1 ∈ z1 such that ‖x1‖ ≤ 2‖z1‖. Since x1 ∈ z1 ∈ L′

1, we have x1 ∈ L1.
Furthermore,

‖z1‖ ≤ 2‖z1‖ ≤ 2k‖z‖ ≤ 2k‖x‖
(since x belongs to the coset z). Finally, we set x2 = x − x1. Then

x2 ∈ z − z1 = z2 ∈ L′
2

and hence x2 ∈ L2. From the inequality ‖x1‖ ≤ 2k‖x‖ we obtain

‖x2‖ = ‖x − x1‖ ≤ ‖x‖ + ‖x1‖ ≤ ‖x‖ + 2k‖x‖ = (2k + 1)‖x‖.
Thus for every x ∈ L1 + L2 there exist x1 ∈ L1, x2 ∈ L2 such that x = x1 + x2 and

‖x1‖ ≤ (2k + 1)‖x‖,‖x2‖ ≤ (2k + 1)‖x‖.
By Theorem 7.5, this means that the subspaces L1 and L2 are in the general posi-
tion. �

The proof of Theorem 7.7 is an immediate consequence of the following two
lemmas.

Lemma 7.6 Let L1 and L2 be two closed subspaces of a Banach space B . If for
every relatively open sets G1 ⊂ L1 and G2 ⊂ L2 the sum G1 + G2 is an open set of
the subspace L1 + L2, then L1 and L2 are in the general position.

Proof Denote by Gi the open unit ball of the subspace Li , i = 1,2. Then, by as-
sumption, G1 + G2 is an open subset of the subspace L1 + L2. Hence, there exists
a positive number ε such that every element z ∈ L1 + L2 with ‖z‖ ≤ ε belongs to
G1 + G2. We denote the number 1

ε
by k. Let

x ∈ L1 + L2, x �= 0.
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Then the element z = ε
‖x‖x belongs to G1 +G2 (since ‖z‖ = ε). Consequently, there

exists a representation z = z1 + z2 with z1 ∈ G1, z2 ∈ G2. The inclusion z1 ∈ G1
implies ‖z1‖ < 1. Similarly, ‖z2‖ < 1. Setting x1 = ‖x‖

ε
z1, x2 = ‖x‖

ε
z2, we have

x = ‖x‖
ε

z = ‖x‖
ε

(z1 + z2) = ‖x‖
ε

z1 + ‖x‖
ε

z2 = x1 + x2,

where

‖x1‖ = ‖x‖
ε

‖z1‖ <
‖x‖
ε

,= k‖x‖,

‖x2‖ = ‖x‖
ε

‖z2‖ <
‖x‖
ε

= k‖x‖.

Thus every x ∈ L1 + L2 has a representation

x = x1 + x2, x1 ∈ L1, x2 ∈ L2

with

‖x1‖ ≤ k‖x‖, ‖x2‖ ≤ k‖x‖.
Hence, by Theorem 7.5, the subspaces L1 and L2 are in the general position. �

Lemma 7.7 Let L1 and L2 be two closed subspaces of a Banach space B . If L1
and L2 are in the general position, then for every relatively open sets G1 ⊂ L1 and
G2 ⊂ L2 the sum G1 + G2 is an open set of the subspace L1 + L2.

Proof Let us take G1 + G2 not to be an open set of the subspace L1 + L2. Then
there exists a point x0 ∈ G1 + G2 that is not a relatively interior point of the set
G1 + G2 ⊂ L1 + L2. Since x0 ∈ G1 + G2, we have

x0 = x1 + x2, x1 ∈ G1, x2 ∈ G2.

We set

G′
1 = −x1 + G1, G′

2 = −x2 + G2.

Then G′
i is a neighborhood of 0 in the space Li, i = 1,2, but G′

1 + G′
2 does not

contain any neighborhood of 0 in the subspace L1 + L2. Hence in L1 + L2 there
exists a sequence y1, y2, . . . such that the points y1, y2, . . . do not belong to G′

1 + G′
2

and limn→∞ ‖yn‖ = 0. Let 
 > 0 be a number such that if z ∈ Li and ‖z‖ < 2
 then
z ∈ G′

i , i = 1,2. We may suppose without loss of generality that ‖yn‖ < 
 for all

n = 1,2, . . . . Since yn ∈ L1 +L2, there exists a representation yn = y
(1)
n +y

(2)
n with

y
(1)
n ∈ L1, y

(2)
n ∈ L2. Let un be the point of the closed subspace L1 ∩ L2 that is the

nearest to y
(1)
n (if the nearest point is not unique, we choose any one of them), that

is,
∥
∥y(1)

n − un

∥
∥ = d

(
y(1)
n ,L1 ∩ L2

)
.
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We set

z(1)
n = y(1)

n − un ∈ L1, z(2)
n = y(2)

n + un ∈ L2.

Then

z(1)
n + z(2)

n = yn,
∥∥z(1)

n

∥∥ = d
(
z(1)
n ,L1 ∩ L2

)
. (7.22)

It is easily shown that ‖z(1)
n ‖ ≥ 
. Indeed, if ‖z(1)

n ‖ < 
, then z
(1)
n ∈ G′

1 and

∥
∥z(2)

n

∥
∥ = ∥

∥yn − z(1)
n

∥
∥ ≤ ‖yn‖ + ∥

∥z(1)
n

∥
∥ < 
 + 
 = 2
,

that is, z
(2)
n ∈ G′

2 and yn = z
(1)
n + z

(2)
n ∈ G′

1 + G′
2, contradicting the choice of yn.

Finally, let δ be an arbitrary positive number. Choose a positive integer n such that
‖yn‖ < δ
 and set a = ‖z(1)

n ‖−1z
(1)
n . Then d(a,L1) = 0 since a ∈ L1. Furthermore,

d(a,L2) = ∥
∥z(1)

n

∥
∥−1

d
(
z(1)
n ,L2

) = ∥
∥z(1)

n

∥
∥−1

d
(
yn − z(2)

n ,L2
)

= ∥∥z(1)
n

∥∥−1
d(yn,L2) ≤ ∥∥z(1)

n

∥∥−1 ‖yn‖ <
1



· δ
 = δ.

Thus

d(a,L1) < δ, d(a,L2) < δ, ‖a‖ = 1.

At the same time

d(a,L1 ∩ L2) = ∥∥z(1)
n

∥∥−1
d
(
z(1)
n ,L1 ∩ L2

) = ∥∥z(1)
n

∥∥−1∥∥z(1)
n

∥∥ = 1

(cf. (7.22)). But this contradicts that L1 and L2 are in the general position. �

The proof of Theorem 7.8 follows immediately from Lemma 7.3 and Theo-
rem 7.6.

Remark 7.3 If L1 ⊂ B is a closed subspace of finite codimension, that is, the factor
space B/L1 is finite dimensional (in particular, if L1 is a closed hypersubspace),
then for every closed subspaces L2 ⊂ B the subspaces L1 and L2 are in the general
position. Moreover, if L2, . . . ,Ls are closed subspaces in the general position, then
the subspaces L1,L2, . . . ,Ls are in the general position as well. Furthermore, let
L1 ⊂ B be a closed subspace of finite codimension (in particular, a closed hyper-
subspace). It is easily shown that if L2, . . . ,Ls are closed subspaces in the general
position, then the subspaces L1 ∩L2, . . . ,L1 ∩Ls are in the general position as well.

Example 7.5 Let e1, e2, . . . be an orthonormalized basis in the Hilbert space H .
Denote by L1 the closed subspace of H spanned by the unit vectors

e3n and e3n−1 for all n = 1,2, . . . ,
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by L2 the closed subspace of H spanned by the unit vectors

e3n and
1√
2
(e3n−1 + e3n−2) for all n = 1,2, . . . ,

and by L3 the closed subspace of H spanned by the unit vectors

n√
n2 + 1

(
e3n − 1

n
e3n−1

)
and

1√
2
(e3n−1 − e3n−2) for all n = 1,2, . . . .

It may be easily shown that every two of the subspaces L1,L2,L3 are in the general
position, but L1 ∩ L2 and L3 are not in the general position.

Example 7.6 Let L1 and L2 be closed subspaces of a Banach space B , which are
not in the general position. It may be easily shown that for every positive integer n

there is a nonzero vector x ∈ L1 + L2 such that for every representation

x = x1 + x2, x1 ∈ L1, x2 ∈ L2

the two equalities ‖x1‖ ≥ n‖x‖, ‖x2‖ ≥ n‖x‖ hold.

7.5 Separability of a System of Convex Cones

7.5.1 Necessary Conditions for Separability

Definition 7.8 A system K0,K1, . . . ,Ks of cones with the common apex x0 in a
Banach space B is said to be separable if there exists a hyperplane Γ through x0

in B which separates one of the cones from the intersection of others, that is, for an
index i = 0,1, . . . , s the cone Ki is situated in one of the closed half-spaces with the
boundary Γ , and the intersection of the other cones is situated in the other closed
half-space.

The following two examples show some necessary conditions under which a
system of convex cones is separable.

Recall the following assertion, which is valid for the finite-dimensional case.

Claim 7.1 Let K0,K1 ⊂ R
n be convex cones with apex x0 that have only the point

x0 in common. If at least one of the cones does not coincide with its affine hull, then
the cones K0,K1 are separable.

In the infinite-dimensional case this assertion is, in general, false. Consider the
following example.
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Example 7.7 Denote by S the unit sphere of the Hilbert space H , that is,

S = {
x : 〈x, x〉 = 1

}
.

Let M ⊂ S be a countable set dense in S. Denote by K0 ⊂ H the set of all linear
combinations of the vectors in M with nonnegative coefficients. Then K0 is a convex
cone with apex 0. Moreover, the cone K0 is dense in H , but its affine hull L0 does
not coincide with H . Furthermore, let a ∈ S \ L0 and let K1 be the ray emanating
from 0 and containing a. The intersection K0 ∩ K1 consists only of the point 0. At
the same time, the cones K0 and K1 are not separable. Indeed, assume that

K0 ⊂ P0, K1 ⊂ P1,

where P0,P1 are closed half-spaces defined by a closed hyperplane. Then clK0 ⊂
P0, that is, H ⊂ P0, which is, however, impossible. This is the case since the affine
hull L0 of the cone K0 is not closed in H and K0 has no interior points in clL0, that
is, the cone K0 is not standard. In the following, we consider only standard convex
cones.

Again, recall the following assertion, which is valid for the finite-dimensional
case.

Claim 7.2 Let K0, K1 ⊂ R
n be convex cones with apex x0 such that riK0 and riK1

have no points in common. Then the cones K0,K1 are separable.

In the infinite-dimensional case this assertion is, in general, false as well. The
next example illustrates this fact.

Example 7.8 Let L1 and L2 be the closed subspaces considered in Example 6.2.
Denote by K2 the intersection L2 ∩ {x : 〈b, x〉 ≤ 0} where b = ∑∞

n=1
1
n
e′
n. Then

K1 = L1 and K2 are convex cones with apex 0. Moreover, both the cones K1,K2
are standard and

riK1 ∩ riK2 = ∅
since

riK1 = K1, riK2 = L2 ∩ {
x : 〈b, x〉 < 0

} ⊂ L2 \ {0}.
At the same time, the cones K1 and K2 are not separable in H . Indeed, assume that
there exists a vector c �= 0 such that the hyperplane

Γ = {
x : 〈c, x〉 = 0

}

separates K1 and K2, that is, 〈c, x〉 ≤ 0 for every x ∈ K1 and 〈c, x〉 ≥ 0 for every
x ∈ K2. Since ±e2k ∈ K1, we have

〈c, e2k〉 = 0 for every k = 1,2, . . . .
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Hence c = μ1e1 + μ3e3 + μ5e5 + · · · . Furthermore, it is easily shown that
〈

1

n + 1
e′
n − 1

n
e′
n+1, b

〉
= 0

and hence

±
(

1

n + 1
e′
n − 1

n
e′
n+1

)
∈ K2 for every n = 1,2, . . . .

Consequently,
〈
c,

1

n + 1
e′
n − 1

n
e′
n+1

〉
= 0 for every n = 1,2, . . . ,

that is,

n√
n2 + 1

μ2n−1 = n + 1
√

(n + 1)2 + 1
μ2n+1 for every n = 1,2, . . . ,

and hence

(μ2n+1)
2 ≥ n2

n2 + 1
(μ2n−1)

2 ≥ n

n + 1
(μ2n−1)

2

that is,

(n + 1)(μ2n+1)
2 ≥ n(μ2n−1)

2,

which is impossible for c �= 0 since the series
∑∞

n=1(μ2n−1)
2 has to be convergent.

The contradiction obtained shows that K1 and K2 are not separable. We remark
that the planes affK1 = L1 and affK2 = L2 are not in the general position (cf.
Example 6.2). This shows that the general position of the affine hulls is essential for
the separability of convex cones.

7.5.2 Criterion for Separability

We are now going to obtain a necessary and sufficient condition for the separability
for a system of convex cones. To this end we recall the notion of the polar cone.

Definition 7.9 Let K be a convex cone with apex x0 in a Banach space B . By K∗
we denote its polar cone, that is, the set in the conjugate space B∗ consisting of all
linear bounded functionals a ∈ B∗ such that 〈a, x − x0〉 ≤ 0 for all x ∈ K , where
〈a, x〉 is the value of the functional a at the point x ∈ B:

〈a, x − x0〉 = a(x − x0) = a(x) − a(x0).

In other words, a ∈ K∗ if the functional a is nonpositive on the cone −x0 + K ⊂ B

with the apex at the origin.
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In particular, if B = R
n is a finite-dimensional Euclidean space then each linear

functional a ∈ B∗ has the form

a(x) = 〈ā, x〉,
where ā ∈ R

n is a uniquely defined vector. Identifying each functional a ∈ B∗ with
the corresponding vector ā ∈ B , we find that in this case the conjugate space B∗
coincides with the space B = R

n, that is, B = R
n is self-conjugate.

The same holds for the Hilbert space B = H . Consequently, in these cases, the
polar cone K∗ is contained in the self-conjugate space B . In other words, the polar
cone K∗ ⊂ B for a convex cone K ⊂ B with apex x0 consists of all vectors a ∈ B ,
such that

〈a, x − x0〉 ≤ 0

for x ∈ K . Geometrically this means that a nonzero vector a belongs to the polar
cone K∗ if and only if the cone K is situated in the closed half-space with the
outward normal a and the boundary hyperplane through x0.

To formulate a necessary and sufficient condition (or the criterion) for the sepa-
rability for a system of convex cones (cf. Boltyanski 1972a, 1972b, 1975), we recall
that in the finite-dimensional case the following theorem holds.

Theorem 7.9 (The criterion for separability) Let K0,K1, . . . ,Ks be a system of
convex cones in R

n with common apex x0. For the separability of the system
K0,K1, . . . ,Ks , it is necessary and sufficient that there exist vectors ai ∈ K∗

i ,
i = 0,1, . . . , s, at least one of which is not equal to zero such that

a0 + a1 + · · · + at = 0. (7.23)

A similar theorem holds in an arbitrary Banach space, but under some additional
restrictions. We consider this case in more detail below.

Definition 7.10 A system L0,L1, . . . ,Ls of closed subspaces (or closed planes) of
a Banach space B is said to possess the property of general intersection if every two
subspaces Q1,Q2, each of which is represented as the intersection of several of the
subspaces

L0,L1, . . . ,Ls,

are in the general position.

Theorem 7.10 Let L0, L1, . . . ,Ls be a system of closed subspaces of a Banach
space B . The system possesses the property of general intersection if and only if
each of its subsystems (consisting of at least two subspaces) is in the general posi-
tion.

Proof Assume that each subsystem of the system L0, L1, . . . ,Ls (consisting of
at least two subspaces) is in the general position. We prove that the system L0,
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L1, . . . ,Ls possesses the property of general intersection. For definiteness, we es-
tablish that the subspaces

M = L0 ∩ · · · ∩ Lk

and

N = Lk+1 ∩ · · · ∩ Lp

are in the general position (where 0 ≤ k < p). Indeed, by assumption, the system
L0, . . . ,Lk , Lk+1, . . . ,Lp is in the general position, that is, for every ε > 0 there is
a number δ > 0 such that if

d(x,Li) ≤ δ‖x‖ for all i = 0, . . . , p

then

d(x,L0 ∩ · · · ∩ Lp) ≤ ε‖x‖.
Now if d(x,M) ≤ δ‖x‖ and d(x,N) ≤ δ‖x‖ then d(x,Li) ≤ δ‖x‖ for all
i = 0, . . . , k (since M ⊂ L0, . . . , M ⊂ Lk) and similarly d(x,Li) ≤ δ‖x‖ for all
i = k + 1, . . . , p. Consequently,

d(x,L0 ∩ · · · ∩ Lp) ≤ ε‖x‖,
that is, d(x,M ∩ N) ≤ ε‖x‖. This means that M and N are in the general position.
Conversely, assume that the system L0, L1, . . . ,Ls possesses the property of general
intersection. We prove that each subsystem of the system L0, L1, . . . ,Ls (consisting
of at least two subspaces) is in the general position. For definiteness, we prove that
the whole system L0,L1, . . . ,Ls is in the general position (for every subsystem the
proof is analogous). By assumption, L0 and L1 ∩· · ·∩Ls are in the general position,
that is, for every ε > 0 there is a number δ1 > 0 such that if d(x,L0) < δ1‖x‖ and
d(x,L1 ∩ · · · ∩ Ls) < δ1‖x‖, then

d(x,L0 ∩ L1 ∩ · · · ∩ Ls) < ε‖x‖.
Furthermore, by assumption, L1 and L2 ∩ · · · ∩ Ls are in the general position, that
is, there is a number δ2 > 0 with δ2 < δ1 such that if the inequalities d(x,L1) <

δ2‖x‖ and d(x, L2 ∩ · · · ∩ Ls) < δ2‖x‖ hold, then d(x, L1 ∩ · · · ∩ Ls) < δ1‖x‖.
Continuing, we find positive numbers δs < δs−1 < · · · < δ2 < δ1 such that for every
k = 1,2, . . . , s − 1 the following assertion holds: If

d(x,Lk) < δk+1‖x‖
and

d(x,Lk+1 ∩ · · · ∩ Ls) < δk+1‖x‖
then

d(x,Lk ∩ · · · ∩ Ls) < δk‖x‖.
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Consequently, if d(x,Li) < δs‖x‖ for every i = 0,1, . . . , s then we conclude, going
back, that

d(x,Ls−1 ∩ Ls) < δs−1‖x‖,
d(x,Ls−2 ∩ · · · ∩ Ls) < δs−2‖x‖,

...

d(x,L1 ∩ · · · ∩ Ls) < δ1‖x‖,
d(x,L0 ∩ · · · ∩ Ls) < ε‖x‖,

which completes the proof. �

Lemma 7.8 Let K1,K2 be standard convex cones with a common apex in a Banach
space B . If riK1 ∩ riK2 = ∅ and the affine hulls affK1, affK2 are in the general
position, then the cones K1 and K2 are separable.

Proof Without loss of generality, we may assume that the common apex of the cones
K1, K2 coincides with the origin. The sets riK1 and riK2 are convex, relatively
open subsets of the subspaces affK1, affK2, respectively. Hence, by the general po-
sition, the set G = riK1 − riK2 is a convex, relatively open subset of the subspace
L = affK1 + affK2 (Theorem 7.7), and 0 /∈ G. Consequently, there exists a hyper-
subspace L1 ⊂ L such that G is contained in a closed half-space P ⊂ L with the
boundary L1. Therefore, there exists on L a bounded linear functional a (with the
kernel L1) that is nonnegative on G. This means that a(x1) − a(x2) ≥ 0 for every
x1 ∈ riK1 and x2 ∈ riK2. Since 0 ∈ cl(riK1),0 ∈ cl(riK2), we have

a(x1) ≥ 0 for x1 ∈ riK1, a(x2) ≤ 0 for x2 ∈ riK2.

By the Hahn–Banach Theorem, there exists a bounded linear functional ā defined
on the whole space B that coincides with a on the subspace L. Thus

ā(x1) ≥ 0 for x1 ∈ riK1, ā(x2) ≤ 0 for x2 ∈ riK2,

that is, riK1 ⊂ P1, riK2 ⊂ P2, where P1 and P2 are the closed half-spaces defined
in B by the closed hyperplane ker ā. Since the half-spaces P1 and P2 are closed, we
have cl(riK1) ⊂ P1, cl(riK2) ⊂ P2, that is, K1 ⊂ P1,K2 ⊂ P2. Consequently, the
cones K1 and K2 are separable. �

We are now ready to formulate the general theorem on the separability of stan-
dard convex cones in Banach spaces.

Theorem 7.11 Let K0,K1, . . . ,Ks be a system of standard convex cones with a
common apex x0 in a Banach space B . We assume that their affine hulls affK0,
affK1, . . . , affKs possess the property of general intersection. For the separability
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of the system K0,K1, . . . ,Ks it is necessary and sufficient that we have the existence
of the functionals

a0 ∈ K∗
0 , a1 ∈ K∗

1 , . . . , as ∈ K∗
t ,

which are not all equal to zero such that the equality (7.23) holds.

Proof This theorem can be established quite analogously to the finite-dimensional
case (Boltyanski 1975). The main distinction is in using the above Lemma 8, which
shows why it is necessary to consider only the standard convex cones, and which is
the significance of the general position condition. �

Example 7.9 In the notation of Example 6.2, consider the convex cones L1,L2, and

L0 = {
x : 〈b, x〉 ≤ 0

}

with the apex at the origin. The system L0,L1,L2 of standard convex cones is
separable since the hyperplane

Γ = {
x : 〈b, x〉 = 0

}

separates the cones L0 and L1 ∩ L2 = {0}. At the same time, Theorem 7.10 is inap-
plicable, that is, it is impossible to choose vectors

a0 ∈ L∗
0, a1 ∈ L∗

1, a2 ∈ L∗
2

not all equal to zero with

a0 + a1 + a2 = 0.

Indeed, the polar cones L∗
1 and L∗

2 are the orthogonal complements (in the space H )
of the subspaces L1 and L2, respectively, and the polar cone L∗

0 is the ray emanating
from the origin and containing b. Assume that

a0 ∈ L∗
0, a1 ∈ L∗

1, a2 ∈ L∗
2

are vectors with

a0 + a1 + a2 = 0.

If a1 �= 0, then L1 is situated in the half-space

P1 = {
x : 〈a1, x〉 ≤ 0

}
.

Furthermore, 〈a0 + a2, x〉 ≤ 0} for every vector x ∈ L0 ∩ L2, that is, L0 ∩ L2 is
situated in the half-space

P2 = {
x : 〈a1, x〉 ≥ 0

}
.



7.5 Separability of a System of Convex Cones 175

Thus the hyperplane

Γ = {
x : 〈a1, x〉 = 0

}

separates the cones L1 and L0 ∩ L2, contradicting the result in Example 2. This
contradiction shows that a1 = 0, and hence

a0 + a2 = 0.

If a0 �= 0, that is, a0 = λb with a positive λ, then −λb = a2 ∈ L∗
2. This means

that 〈b, x〉 ≥ 0 for every x ∈ L2, contradicting ±e′
n ∈ L2. Thus a0 = 0, and hence

a2 = 0. We see that for the cones L0,L1,L2 the conclusion of Theorem 7.10 is
false, although the cones are separable. The reason for this is that the property of
general intersection does not hold for the system L0,L1,L2 (since the subspaces
L1 and L2 are not in the general position).

7.5.3 Separability in Hilbert Space

As a conclusion we prove a version of Theorem 7.10 (for a Hilbert space) which
does not contain the property of general intersection and gives a necessary condition
for separability.

Theorem 7.12 (The Hilbert space version) Let K0,K1, . . . ,Ks be a system of stan-
dard convex cones with an apex at the origin in Hilbert space. If the system is sepa-
rable, then for every real number ε > 0 there exist vectors

a0 ∈ K∗
0 , a1 ∈ K∗

1 , . . . , as ∈ K∗
s ,

at least one of which satisfies the condition ‖ai‖ ≥ 1 such that

‖a0 + a1 + · · · + as‖ < ε.

Proof The way to establish this theorem is analogous to the proof of Theorem 7.10,
but instead of the property of the general intersection the following lemma is used �

Lemma 7.9 Let K1 and K2 be standard convex cones whose affine hulls L1 =
affK1 and L2 = affK2 are not in the general position. Then for every ε > 0 there
are vectors

a1 ∈ L∗
1 ⊂ K∗

1 and a2 ∈ L∗
2 ⊂ K∗

2

such that

‖a1‖ ≥ 1, ‖a2‖ ≥ 1 and ‖a1 + a2‖ ≤ ε.
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Proof In the notation of this lemma, let it be agreed that for a number ε > 0 there
do not exist vectors

a1 ∈ L∗
1, a2 ∈ L∗

2

with

‖a1‖ ≥ 1, ‖a2‖ ≥ 1

and

‖a1 + a2‖ ≤ sin ε.

Then it may easily be shown that for every pair of nonzero vectors a1 ∈ L∗
1 and

a2 ∈ L∗
2 the angle between a1 and a2 is greater than ε (cf. Example 6.2). �

7.6 Main Theorems on Tents

In this section we combine the notion of a tent with the separation of convex cones.
This gives some theorems that contain a solution of the Abstract Intersection prob-
lem. First, we establish some fundamental theorems on tents.

7.6.1 Some Fundamental Theorems on Tents

Theorem 7.13 Let Ω be a subset of a Banach space B and K be its tent at a point
x0 ∈ Ω . If K is not degenerated into the point x0 (that is, there is a point z ∈ K

distinct from x0), then the set Ω contains a point distinct from x0.

Proof Denote by l the ray emanating from x0 and containing the point z. Then l is a
standard convex cone with apex x0 and l ⊂ K . Hence l is a tent of Ω at the point x0.
According to the conditions (iii) and (iv) in Definition 7.5, there exists a mapping
ψz : U → B where U ⊂ B is a neighborhood of the point x0, such that

ψz(x) = x + o(x − x0)

and

ψz(l ∩ U) ⊂ Ω.

Let ε be a positive number such that the above function o(x − x0) satisfies the
inequality ‖o(x−x0)‖ < 1

2‖x−x0‖ for an arbitrary point x �= x0 with ‖x − x0‖ < ε.
We choose a point x ∈ l distinct from x0 such that ‖x − x0‖ < ε and x ∈ U . Then

∥
∥ψz(x) − x0

∥∥ = ∥∥x − x0 + o(x − x0)
∥∥

≥ ‖x − x0‖ − ∥
∥o(x − x0)

∥
∥ >

1

2
‖x − x0‖ > 0.
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Consequently ψz(x) �= x0. Moreover, ψz(x) ∈ Ω since x ∈ l ∩ U . Thus ψz(x) is a
point of the set Ω distinct from x0. �

Theorem 7.14 Let Ω0,Ω1, . . . ,Ωs be subsets of a Banach space B with a common
point x0, and let K0, K1, . . . ,Ks be tents of the sets at the point x0. We assume that
each cone K0, K1, . . . ,Ks is standard and the planes

L0 = affK0, L1 = affK1, . . . , Ls = affKs

possess the property of general intersection. Moreover, assume that the plane

L = L0 ∩ L1 ∩ · · · ∩ Ls

has a direct complement N in B . Under these conditions if the cones K0, K1, . . . ,Ks

are not separable, then the cone

K0 ∩ K1 ∩ · · · ∩ Ks

is a tent of the set

Ω0 ∩ Ω1 ∩ · · · ∩ Ωs

at the point x0.

Proof Without loss of generality, we may suppose that the point x0 coincides with
the origin. Hence every plane Li = affKi is a subspace of B . We perform induction
over s. For s = 0 the theorem trivially holds. Let s > 0 be an integer. Assume that
for all nonnegative integers less than s the theorem holds, and let us establish its
validity for the integer s. Consider the cones

K = K0 ∩ · · · ∩ Ks−1 and Ks.

It is evident that for s > 1 the cones K0, . . . ,Ks−1 are not separable (otherwise the
whole system K0, . . . ,Ks should be separable, contradicting the statement of the
theorem). Hence

riK = ri(K0 ∩ K1 ∩ · · · ∩ Ks−1) = riK0 ∩ riK1 ∩ · · · ∩ riKs−1 �= ∅
and

affK = aff(K0 ∩ K1 ∩ · · · ∩ Ks−1) = affK0 ∩ affK1 ∩ · · · ∩ affKs−1.

By the hypothesis, the closed subspace affK is in the general position with the
subspace affKs . Consequently, by Theorem 7.6, the subspace

affK + affKs

is closed. Moreover, this subspace is not contained in any closed hyperplane (since
the system K0,K1, . . . ,Ks is not separable). Hence

affK + affKs = B.
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Since the subspace

L = affK ∩ affKt

possesses a direct complement N , we have

affKs = L ⊕ (N ∩ affKs).

Moreover,

B = affK ⊕ (N ∩ affKs).

Consequently, by the inductive assumption, the cone

K = K0 ∩ · · · ∩ Ks−1.

is a tent of the set

Ω = Ω0 ∩ · · · ∩ Ωs−1

at the point 0. Thus we have two sets Ω , Ωs and their tents K , Ks at the point 0.
Moreover, the following assertions hold:

(i) the cones K,Ks are standard and nonseparable
(ii) the closed subspaces affK and affKs are in the general position

(iii) the subspace

L = affK ∩ affKs

has a direct complement N in B

(iv) the subspace affK has a direct complement

N ∩ affKs

in B

Under these conditions we have to prove that K ∩ Ks is a tent of Ω ∩ Ωs at the
point 0. Choose an arbitrary point

z0 ∈ ri(K ∩ Ks) = riK ∩ riKs.

Let Q,ψ satisfy the conditions (i)–(iv) of Definition 7.5 with respect to K , Ω , and
Qs , ψs satisfy the conditions (i)–(iv) of Definition 7.5 with respect to Ks , Ωs . We
may assume that the neighborhood U in (iv) is the same for the two sets Ω , Ωs , that
is,

ψ(Q ∩ U) ⊂ Ω, ψs(Qs ∩ U) ⊂ Ωs.

Denote by p the projection of the space B onto affK and simultaneously

N ∩ affKs
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and by q the projection of the space B onto N ∩affKs parallel to affK . Furthermore,
we set

f = q ◦ ψ−1 ◦ ψt

and

ϕ = f + p.

By the Banach Theorem on homeomorphisms, the operators f and ϕ are defined
in a neighborhood of the point 0. The operator f maps this neighborhood into
N ∩ affKs , and its Frechét derivative at the point 0 coincides with q , that is, its
kernel coincides with the subspace affK . Moreover, ϕ is a local homeomorphism.
In the following, we denote by V1,V2,V3 some neighborhoods of the origin in the
space B . For

x ∈ ϕ−1(L ∩ V1),

we have

ϕ(x) ∈ L ⊂ affK

and, hence,

q
(
ϕ(x)

) = 0,

that is,

q
(
f (x) + p(x)

) = 0, q
(
f (x)

) = 0

and, therefore

f (x) = 0

(since q ◦ q = q), that is,

x ∈ M = f −1(0).

Moreover, for

x ∈ ϕ−1(L ∩ V1),

we have

p(x) = p
(
f (x) + p(x)

) = p
(
ϕ(x)

) ∈ p(L) = L

and, hence,

x ∈ affKs.

Thus

ϕ−1(L ∩ V1) ⊂ M ∩ affKs.

Applying ψs to the obtained inclusion, we find

ψs

(
ϕ−1(L ∩ V1)

) ⊂ ψs(M) ∩ ψs

(
(affKs) ∩ V2

)
. (7.24)
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Furthermore, for every y ∈ M we have

f (y) = 0,

that is,

q
(
ψ−1(ψs(y)

)) = 0

and, hence,

ψ−1(ψs(y)
) ∈ affK,

that is,

ψs(y) ∈ ψ
(
(affK) ∩ V3

)
.

Thus

ψs(M) ⊂ ψ
(
(affK) ∩ V3

)

and, hence, we may rewrite the inclusion (7.24) in the form

ψs

(
ϕ−1(L ∩ V1)

) ⊂ ψ
(
(affK) ∩ V3

) ∩ ψs

(
(affKs) ∩ V2

)
. (7.25)

We may suppose (reducing the cones Q,Qs if necessary) that

Q = C ∩ affK, Qt = C ∩ affKs,

where C is the cone with apex 0 spanned by the set z0 +W , denoting by W a convex
neighborhood of the point 0 in B with

(z0 + W) ∩ affK ⊂ K, (z0 + W) ∩ affKs ⊂ Ks.

Denote by C ′ the cone with apex 0 spanned by the set z0 + 1
2W . Since the operators

ϕ−1 and ψs are almost identical, we may suppose (reducing the neighborhoods
V1,V2,V3 if necessary) that

ψs

(
ϕ−1(C ′ ∩ V1)

) ⊂ ψ(C) ∩ ψs(C), V2 ⊂ U, V3 ⊂ U

(cf. (7.24)). Now, in view of (7.25), we have

ψs

(
ϕ−1(C′ ∩ L ∩ V1)

) = ψs

(
ϕ−1(C′ ∩ V1)

) ∩ ψs

(
ϕ−1(L ∩ V1)

)

⊂ ψ(C) ∩ ψs(C) ∩ ψs

(
ϕ−1(L ∩ V1)

)

⊂ ψ(C) ∩ ψs(C) ∩ ψ
(
(affK) ∩ U

) ∩ ψs

(
(affKs) ∩ U

)

= ψ(C ∩ affK ∩ U) ∩ ψs(C ∩ affKs ∩ U)

= ψ(Q ∩ U) ∩ ψs(Qs ∩ U) ⊂ Ω ∩ Ωs.

This means that the cones K ∩ Ks and Q′ = C′ ∩ L with the mapping ψs ◦ ϕ−1

satisfy the conditions (i)–(iv) of Definition 7.5 with respect to the set Ω ∩ Ωs . Con-
sequently, K ∩ Ks is a tent of the set Ω ∩ Ωs at the point 0. �
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Theorem 7.15 Let Ω0,Ω1, . . . ,Ωs be subsets of a Banach space B with a common
point x0, and let K0,K1, . . . ,Ks be tents of the sets at the point x0. We assume that
the conditions imposed on the cones

K0,K1, . . . ,Ks

in Theorem 7.13 are fulfilled, and moreover, at least one of the cones is not flat (that
is, Ki �= affKi for an index i). Under these conditions, if the cones K0, K1, . . . ,Ks

are not separable, then there exists a point

x′ ∈ Ω0 ∩ Ω1 ∩ · · · ∩ Ωs

distinct from x0. In other words, the separability of the cones

K0,K1, . . . ,Ks

is a necessary condition for the validity of the equality

Ω0 ∩ Ω1 ∩ · · · ∩ Ωs = {x0}. (7.26)

Proof Since the cones K0, K1, . . . ,Ks are not separable, the cone

K0 ∩ K1 ∩ · · · ∩ Ks

is a tent of the set

Ω0 ∩ Ω1 ∩ · · · ∩ Ωs

at the point x0 (by Theorem 7.13). Moreover, since the cones

K0,K1, . . . ,Ks

are not separable, the intersection

riK0 ∩ riK1 ∩ · · · ∩ riKs

is nonempty. Let z be an arbitrary point of this intersection, that is, z ∈ riKi for
every i = 0,1, . . . , s. We have Ki �= affKi for an index i, and hence x0 /∈ riKi .
Consequently, z �= x0 (since z ∈ riKi), that is, the cone

K0 ∩ K1 ∩ · · · ∩ Ks

(containing the point z) has not degenerated into x0. By Theorem 7.12, the set

Ω0 ∩ Ω1 ∩ · · · ∩ Ωs

contains a point distinct from x0. �
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7.6.2 Solution of the Abstract Intersection Problem

Comparing Theorems 7.14 and 7.10, we obtain the following result, which contains
a solution of the Abstract Intersection Problem.

Necessary Conditions

Theorem 7.16 Let Ω0, Ω1, . . . ,Ωs be subsets of a Banach space B with a common
point x0, and let K0, K1, . . . ,Ks be tents of these sets at the point x0. We assume that
the conditions imposed on the cones K0, K1, . . . ,Ks in Theorem 7.13 are fulfilled,
and, moreover, at least one of the cones is not flat (that is, Ki �= affKi for an index i).
Under these conditions, for the validity of the equality (7.3), it is necessary that there
exist vectors

a0 ∈ K∗
0 , a1 ∈ K∗

1 , . . . , as ∈ K∗
s ,

at least one of which is not equal to zero such that

a0 + a1 + · · · + as = 0.

As a consequence, we obtain the following necessary condition for the Abstract
Extremal Problem.

Theorem 7.17 Let Ω1, . . . ,Ωs be subsets of a Banach space B with a common
point x0, and let K1, . . . ,Ks be tents of these sets at the point x0. Assume that each
cone K1, . . . ,Ks is standard and the planes L1 = affK1, . . . ,Ls = affKs possess
the property of general intersection. Moreover, assume that the plane L = L1 ∩· · ·∩
Ls has a direct complement N in B . Furthermore, let f (x) be a functional defined
on the set Ω = Ω1 ∩ · · · ∩ Ωs such that

f (x) = f (x0) + l(x − x0) + o(x − x0),

where l is a nontrivial, bounded, linear functional. If x0 is a minimizer of the func-
tional f (x) considered on the set Ω , then there exist vectors a1 ∈ K∗

1 , . . . , as ∈ K∗
s

such that

l + a1 + · · · + as = 0.

Proof By Theorem 7.3, the half-space

K0 = {
x : l(x) ≤ l(x0)

}

is a tent of the set

Ω0 = {
x : f (x) < f (x0)

} ∪ {x0}
at the point x0, and K0 is not a plane. Moreover, every vector a0 ∈ K∗

0 has the form
a0 = λl with λ ≥ 0. Now Theorem 7.16 follows immediately from Theorems 7.1
and 7.15. �
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Sufficient Conditions

Sufficient conditions for the Abstract Extremal Problem may be obtained with the
help of the following theorem.

Theorem 7.18 Let K0,K1, . . . ,Ks be convex cones with common apex x0 in a Ba-
nach space B , and Ω0, Ω1, . . . ,Ωs be sets satisfying the inclusions

Ωi ⊂ Ki, i = 0,1, . . . , s.

If there exist vectors

a0 ∈ K∗
0 , a1 ∈ K∗

1 , . . . , as ∈ K∗
s

such that a0 �= 0 and

a0 + a1 + · · · + as = 0

then

(intΩ0) ∩ Ω1 ∩ · · · ∩ Ωs = ∅.

Remark 7.4 Assume that the cones

K0,K1, . . . ,Ks ⊂ B

satisfy the conditions of Theorem 7.13. Then in the notation of Theorem 7.17, the
requirement a0 �= 0 may be replaced by the following one: at least one of the vectors
a0, a1, . . . , as is not equal to zero and the cones K1, . . . ,Ks are not separable.

7.7 Analog of the Kuhn–Tucker Theorem for Banach Spaces

The results contained in this section are analogs of the classical Kuhn–Tucker The-
orem in the finite-dimensional case (Kuhn and Tucker 1951) and are obtained as
particular cases of the theorems of the previous section.

7.7.1 Main Theorem

Theorem 7.19 Let

Σ = Ω ∩ Ω ′ ∩ Ω ′′
1 ∩ · · · ∩ Ω ′′

s ,

where Ω is given in a Banach space B by a system of inequalities

f1(x) ≤ 0, . . . , fp(x) ≤ 0, (7.27)
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Ω ′ is given by a system of equalities

g1(x) = 0, . . . , gq(x) = 0, (7.28)

and Ω ′′
1 , . . . , Ω ′′

s are arbitrary sets in B . Furthermore, let f0(x) be a functional
with a domain of definition that contains Σ . All functionals fj , gi are assumed to
be smooth. Let x0 ∈ Σ and K ′′

l be a tent of the set Ω ′′
l at the point x0, l = 1, . . . , s.

The cones K ′′
l , l = 1, . . . , s are assumed to be standard. Moreover, we assume that

the system of planes

L′′
1 = affK ′′

1 , . . . , L′′
s = affK ′′

s

possesses the property of general intersection, and

L′′
1 ∩ · · · ∩ L′′

s

has a direct complement in B . Denote by K ′
i the hyperplane

{
x : 〈

g′
i (x0), x − x0

〉 = 0
}
.

For x0 to be a minimizer of the functional f0 considered on the set Σ it is necessary
that there exist numbers

ψ0,ψ1, . . . ,ψp,λ1, . . . , λq

and vectors

a′′
1 ∈ (

K ′′
1

)∗
, . . . , a′′

s ∈ (
K ′′

s

)∗

such that the following conditions are satisfied:

(α) ψ0 ≥ 0, and if

ψ0 = ψ1 = · · · = ψp = λ1 = · · · = λq = 0

then at least one of the vectors a′′
1 , . . . , a′′

s is distinct from zero
(β)

p∑

j=0

ψjf
′
j (x0) +

q∑

i=1

λig
′
i (x0) + a′′

1 + · · · + a′′
s = 0

(γ ) for every j = 1, . . . , p the relations

ψj ≥ 0, ψjfj (x0) = 0

hold

Proof If g′
α(x0) = 0 for an α, then, setting λα = 1, and assuming all other values

ψj , λi , a′′
l to be equal to zero, we satisfy the conclusion of the theorem (it makes

no difference, in this case, whether f0 takes its minimal value at the point x0 or
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not). Similarly, if f ′
β(x0) = 0 for β = 0 or for an running index β (that is, such

that fβ(x0) = 0) then we satisfy the conclusion of the theorem, setting ψβ = 1 and
assuming all other values ψj , λi , a′′

l to be equal to zero. Therefore, we will assume
that all Frechét derivatives

g′
i (x0), i = 1, . . . , q, and f ′

j (x0) for j = 0 and for j ∈ J

are distinct from zero, where J is the set of all running indices. Let Ω ′
i be the

hypersurface defined in B by the equation gi(x) = 0, and Ωj be the set defined by
the inequality fj (x) ≤ 0. As before, we set

Ω0 = {
x : f0(x) < f0(x0)

} ∪ {x0}.
The hyperplane K ′

i is a tent of the hypersurface Ω ′
i at the point x0, i = 1, . . . , q (by

Theorem 7.2). Furthermore, for j = 0 and for j ∈ J the half-space

Kj = {
x : 〈

f ′
j (x0), x − x0

〉 ≤ 0
}

is a tent of the set Ωj at the point x0 (by Theorem 7.3). Even if j /∈ J (that is,
fj (x0) < 0), then x0 ∈ intΩj , and hence the whole space B (considered as a cone
with the apex x0) is a tent of the set Ωj at the point x0. We have

Σ =
(

p⋂

j=1

Ωj

)

∩
(

q⋂

i=1

Ω ′
i

)

∩
(

s⋂

l=1

Ω ′′
l

)

.

Consequently, if x0 is a minimizer of the functional f0(x) considered on Σ , then
(by Theorem 7.16) there exist vectors

aj ∈ K∗
j , a′

i ∈ (
K ′

i

)∗
, a′′

l ∈ (
K ′′

l

)∗

not all equal to zero such that

p∑

j=0

aj +
q∑

i=1

a′
i +

s∑

l=1

a′′
l = 0.

The following remain to be noted.

(i) Each vector a′
i ∈ (K ′

i )
∗ has the form λig

′
i (x0), where λi is a real number (since

K ′
i is the hyperplane {x : 〈g′

i (x0), x − x0〉 = 0}).
(ii) For j = 0 and for j ∈ J each vector aj ∈ K∗

j has the form ψjf
′
j (x0) where

ψj ≥ 0 (since Kj is the half-space {x : 〈f ′
j (x0), x − x0〉 ≤ 0}).

(iii) For j /∈ J the relation K∗
j = {0} holds, and hence aj = 0, that is, aj =

ψjf
′
j (x0), where ψj = 0. Consequently, the assertions (i)–(iii) in Definition 7.5

imply the conclusions (α) and (β) in Theorem 7.18. Finally, since fj (x0) = 0
for j ∈ J and ψj = 0 for j /∈ J , the conclusion (γ ) also holds. �
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7.7.2 Regular Case

Theorem 7.20 Let Σ be a set that is defined in B by the system of inequalities (7.27)
and equalities (7.28), all functionals fj (x), gi(x) being smooth, and the vectors

g′
1(x0), . . . , g′

q(x0)

being linearly independent at each point x0 ∈ Σ . Furthermore, let f0(x) be a func-
tional with a domain of definition that contains Σ . We assume that at a point x0 ∈ Σ

the Slater condition holds as follows.

– There exists a vector b ∈ B such that

〈
g′

i (x0), b
〉 = 0, i = 1, . . . , q

and
〈
f ′

j (x0), b
〉
< 0 for all running indices j

(that is, for the indices j > 0 with fj (x0) = 0).

For x0 being a minimizer of the functional f0 considered on the set Σ it is nec-
essary that there exist numbers

ψ1, . . . ,ψp,λ1, . . . , λq

such that the following conditions are satisfied:

(β)

p∑

j=0

ψjf
′
j (x0) +

q∑

i=1

λig
′
i (x0) = 0,

where ψ0 = 1
(γ ) for every j = 1, . . . , p the relations

ψj ≥ 0, ψjfj (x0) = 0

hold

Proof The cones K ′
1, . . . ,K

′
q introduced in Theorem 7.18 are now not separable,

since the vectors

g′
1(x0), . . . , g

′
q(x0)

are linearly independent. Furthermore, the point

x1 = x0 + b
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belongs to each cone K ′
i , since x0 ∈ K ′

i and the vector b is orthogonal to g′
i (x0).

Moreover, x1 belongs to each set intKj since, for j ∈ J , the relations

fj (x0) = 0,
〈
f ′

j (x0), b
〉
< 0

hold, and intKj = B for j /∈ J . Consequently, the cones

K1, . . . ,Kp,K ′
1, . . . ,K

′
q

are not separable. By virtue of Theorem 7.18 (for s = 0, that is, for the case, when
there are no vectors a′′

1 , . . . , a′′
s ), we find that there exist numbers

ψ0 ≥ 0,ψ1, . . . ,ψp,λ1, . . . , λq

not all equal to zero such that the conditions (β) and (γ ) are satisfied. Finally,
ψ0 �= 0 since the cones

K1, . . . ,Kp,K ′
1, . . . ,K

′
q

are not separable. �

We remark that Theorem 7.19 was obtained from Theorem 7.18 for s = 0. Setting
some other numbers p,q, s equal to zero, we may obtain from this theorem some
other particular cases. We indicate one of them.

Theorem 7.21 Let Σ be a set that is defined in B by the system of inequalities (7.27)
and equalities (7.28). Let f0(x) be a functional with a domain of definition that
contains Σ . All functionals fj (x), gi(x) are supposed to be smooth. Furthermore,
let x0 ∈ Σ , and let besides this the inequalities (7.27) satisfy the Slater condition at
the point x0, that is, there exists a vector b ∈ B such that

〈
f ′

j (x0), b
〉
< 0 for all running indices j.

For x0 being a minimizer of the functional f0 considered on the set Σ it is necessary
that there exist numbers

ψ0 ≥ 0, λ1, . . . , λq

such that
〈

ψ0f
′
0(x0) +

q∑

i=1

λig
′
i (x0), δx

〉

≥ 0

for every vector δx that satisfies the relation 〈f ′
j (x0), δx〉 ≤ 0 for all active indices j .

Proof We use the notations Kj , K ′
i as in Theorem 7.19. We may assume that all

vectors

g′
i (x0), i = 1, . . . , q
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and f ′
j (x0) for j = 0 and for j ∈ J are distinct from zero (cf. the beginning of the

proof of Theorem 7.28). Since the point

x1 = x0 + b

belongs to each of the sets

intKj , j = 1, . . . , p,

the cones K1, . . . ,Kp are not separable in B . Assume that x0 is a minimizer of the
functional f0(x) considered on Σ . By virtue of Theorem 7.16, there exist vectors

a0 ∈ K∗
0 , a1 ∈ (

K ′
1

)∗
, . . . , aq ∈ (

K ′
q

)∗

not all equal to zero such that

〈a0 + a1 + · · · + aq, δx〉 ≥ 0

for every vector δx, satisfying the inclusion

x0 + δx ∈ K1 ∩ · · · ∩ Kp.

It remains to note that

a0 = ψ0f
′
0(x0), ψ0 ≥ 0; ai = λig

′
i (x0), i = 1, . . . , q;

and the inclusion

x0 + δx ∈ K1 ∩ · · · ∩ Kp

is equivalent to the system of inequalities 〈f ′
i (x0), δx〉 ≤ 0 for all j ∈ J . �
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Chapter 8
Finite Collection of Dynamic Systems

The general approach to the Min-Max Control Problem for uncertain systems, based
on the suggested version of the Robust Maximum Principle, is presented. The un-
certainty set is assumed to be finite, which leads to a direct numerical procedure
realizing the suggested approach. It is shown that the Hamilton function used in
this Robust Maximum Principle is equal to the sum of the standard Hamiltonians
corresponding to a fixed value of the uncertainty parameter. The families of differ-
ential equations of the state and conjugate variables together with transversality and
complementary slackness conditions are demonstrated to form a closed system of
equations, sufficient to construct a corresponding robust optimal control.

8.1 System Description and Basic Definitions

8.1.1 Controlled Plant

Consider the controlled plant

ẋ = f α(x,u), (8.1)

where

• x = (x1, . . . , xn)T ∈ R
n is its state vector

• u = (u1, . . . , ur )T ∈ R
r is the control that may run over a given control region

U ⊂ R
r (both the vectors being contravariant), and

• α is a parameter that may run over a given parametric set A

In this paper we assume that the parametric set A is finite.
On the right-hand side

f α(x,u) = (
f α,1(x,u), . . . , f α,n(x,u)

)T ∈ R
n

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_8, © Springer Science+Business Media, LLC 2012
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and we impose the usual restrictions:

• continuity with respect to the collection of the arguments x,u, and
• differentiability (or the Lipschitz Condition) with respect to x

One more restriction will be introduced below.

8.1.2 Admissible Control

Definition 8.1 A function u(t), t0 ≤ t ≤ t1, is said to be an admissible control if it
is piecewise continuous and

u(t) ∈ U for all t ∈ [t0, t1].

We assume for convenience that every admissible control is right-continuous,
that is,

u(t) = u(t + 0) for t0 ≤ t < t1

and moreover, u(t) is continuous at the terminal moment, that is,

u(t1) = u(t1 − 0).

We also fix the initial point

x0 = (
x1

0 , . . . , xn
0

)T ∈ R
n.

For a given admissible control u(t), t0 ≤ t ≤ t1, consider the corresponding solution

xα(t) = (
xα,1(t), . . . , xα,n(t)

)T

of (8.1) with the initial condition

xα(t0) = x0.

We will suppose that, for any admissible control u(t), t0 ≤ t ≤ t1, all solutions xα(t),
α ∈ A, are defined on the whole interval [t0, t1] (this is an additional restriction to
the right-hand side of (8.1)). For example, this is true if there exist positive constants
a, b such that

∥∥f α(x,u)
∥
∥ ≤ a‖x‖ + b

for any x ∈ R
n, u ∈ U , and α ∈ A.
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Fig. 8.1 A family of
trajectories and a terminal
set M

8.2 Statement of the Problem

8.2.1 Terminal Conditions

In the space R
n, an initial point x0 and a terminal set M are fixed, with M being

defined by the inequality

g(x) ≤ 0, (8.2)

where g(x) is a smooth real function of x ∈ R
n.

For a given admissible control u(t), t0 ≤ t ≤ t1, we are interested in the cor-
responding trajectory starting from the initial point x0. But we do not know the
realized value of α ∈ A. Therefore we have to consider the family of trajectories
xα(t) with insufficient information about the trajectory that is realized.

Definition 8.2 We say that the control u(t), t0 ≤ t ≤ t1, realizes the terminal condi-
tion (8.2) if for every α ∈ A the corresponding trajectory xα(t) satisfies the inclusion

xα(t1) ∈ M

(see Fig. 8.1).

8.2.2 Minimum Cost Function

We assume furthermore that a smooth, positive cost function f 0(x) is defined on an
open set G ⊂ R

n that contains the terminal set M. Let u(t), t0 ≤ t ≤ t1, be a control
that realizes the given terminal condition. For every α ∈ A we deal with the cost
value f 0(xα(t1)) defined at the terminal point xα(t1) ∈ M. Since the realized value
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of the parameter α is unknown, we define the minimum (maximum) cost

F 0 = max
α∈A

f 0
(
xα(t1)

)
. (8.3)

The function F 0 depends only on the considered admissible control u(t), t0 ≤ t ≤ t1.

8.2.3 Robust Optimal Control

Definition 8.3 We say that the control is robust optimal if

(i) it realizes the terminal condition
(ii) it realizes the minimal (maximum) cost F 0 (among all admissible controls

which satisfy the terminal condition)

Thus the Robust Optimization Problem consists of finding a control action u(t),
t0 ≤ t ≤ t1, which realizes

min
u(t)

F 0 = min
u(t)

max
α∈A

f 0(xα(t1)
)
, (8.4)

where the minimum is taken over all admissible controllers satisfying the terminal
condition.

8.3 Robust Maximum Principle

To formulate the theorem which gives a necessary condition for robust optimality,
we have to introduce a corresponding formalism to be used throughout this chapter.

8.3.1 The Required Formalism

Let q be the cardinality of the parameter set A. Consider an nq-dimensional vector
space R

� with coordinates xα,i , where

α ∈ A, i = 1, . . . , n.

For each fixed α ∈ A, we consider

xα = (
xα,1, . . . , xα,n

)T
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as a vector in n-dimensional (self-conjugate) Euclidean space R
α with the standard

norm

|xα| =
√(

xα,1
)2 + · · · + (

xα,n
)2

.

However, in the whole space R
�, we introduce the norm of an element

x� = (xα,i ) ∈ R
n

in another way:

‖x�‖ = max
α∈A

‖xα‖ = max
α∈A

√(
xα,1

)2 + · · · + (
xα,n

)2
.

The conjugate space R� consists of all covariant vectors a� = (aα,i ), where

α ∈ A, i = 1, . . . , n.

The norm in R� is defined by

‖a‖ =
∑

α∈A
‖aα‖ =

∑

α∈A

√
(aα,1)2 + · · · + (aα,n)2. (8.5)

For all vectors x� ∈ R
� and a� ∈ R� we define the scalar product as

〈a�, x�〉 =
∑

α∈A
〈aα, xα〉 =

∑

α∈A

n∑

i=1

aα,ix
α,i

so that the following analog of the Cauchy–Bounyakovski–Schwartz inequality
holds:

〈a�, x�〉 ≤
∑

α∈A
‖aα‖ · ‖xα‖ ≤ ‖a�‖ · ‖x�‖.

Denote by f �(x,u) ∈ R
� the vector with coordinates

f �(x,u) = (
f α,1(xα,u), . . . , f α,n(xα,u)

)T
, α ∈ A.

Then equation (8.1), defining the family of controlled plants, may be rewritten in
the form

d

dt
x� = f �(x�, u). (8.6)

Now, let

ψ� = (ψα,i ) ∈ R�
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be a covariant vector. We introduce the Hamiltonian function

H�(ψ�, x�, u) = 〈
ψ�, f �(x�, u)

〉 =
∑

α∈A

〈
ψα,f α(xα,u)

〉

=
∑

α∈A

n∑

i=1

ψα,if
α,i (xα,u)

. (8.7)

We remark that H�(ψ,x,u) is the sum of the “usual” Hamiltonian functions:

H�(ψ�, x�, u) =
∑

α∈A

〈
ψα,f α(xα,u)

〉
.

The function (8.7) allows us to write the following conjugate equation for the plant
(8.1):

d

dt
ψ� = −∂H�(ψ�, x�(t), u(t))

∂x� (8.8)

or, in coordinate form,

d

dt
ψα,j = −

n∑

k=1

∂f α,k(xα(t), u(t))

∂xα,j
ψα,k. (8.9)

Now let

b� = (bα,i ) ∈ R�,

be a covariant vector. Denote by ψ�(t) the solution of (8.9) with the terminal condi-
tion

ψ�(t1) = b�,

that is,

ψα,j (t1) = bα,j , t0 ≤ t ≤ t1, α ∈ A, j = 1, . . . , n. (8.10)

Thus we obtain a covariant vector function ψ�(t). It is correctly defined if we
have an admissible control u(t), t0 ≤ t ≤ t1 (consequently, we have the trajectory
x�(t) ∈ R

�) and we choose a vector b� ∈ R�.
We say that the control u(t), t0 ≤ t ≤ t1, satisfies the maximum condition with

respect to x�(t),ψ�(t) if

u(t) = arg max
u∈U

H�(ψ�(t), x�(t), u
) ∀t ∈ [t0, t1], (8.11)

that is,

H�(ψ�(t), x�(t), u(t)
) ≥ H�(ψ�(t), x�(t), u

) ∀u ∈ U, t ∈ [t0, t1].
Now we can formulate the main theorem.
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8.3.2 Robust Maximum Principle

Theorem 8.1 (Robust Maximum Principle) Let u(t), t0 ≤ t ≤ t1 be an admissible
control and let xα(t), t0 ≤ t ≤ t1 be the corresponding solution of (8.1) with the
initial condition

xα(t0) = x0, α ∈ A.

The parametric uncertainty set A is assumed to be finite. Suppose also that the
terminal condition is satisfied, namely,

xα(t1) ∈ M for all α ∈ A.

For robust optimality of a control action u(t), t0 ≤ t ≤ t1 it is necessary that there
exists a vector b� ∈ R� and nonnegative real functions μ(α), ν(α) defined on A
such that the following four conditions are satisfied.

1. (The Maximality Condition) If ψ�(t), t0 ≤ t ≤ t1 is the solution of (8.8) with the
terminal condition (8.10) then the robust optimal control u(t), t0 ≤ t ≤ t1 satis-
fies the maximality condition (8.11); moreover,

H�(
ψ�(t), x�(t), u(t)

) = 0 ∀t ∈ [t0, t1].

2. (The Complementary Slackness Conditions) For every α ∈ A, either the equality

f 0(xα(t1)
) = F 0

holds, or μ(α) = 0, that is,

μ(α)
[
f 0(xα(t1)

) − F 0] = 0;

moreover, for every α ∈ A, either the equality

g
(
xα(t1)

) = 0

holds, or ν(α) = 0, that is,

ν(α)g
(
xα(t1)

) = 0.

3. (The Transversality Condition) For every α ∈ A the equality

ψα(t1) + μ(α)gradf 0(xα(t1)
) + ν(α)gradg

(
xα(t1)

) = 0

holds.
4. (The Nontriviality Condition) There exists α ∈ A such that either ψα(t1) �= 0 or

at least one of the numbers μ(α), ν(α) is distinct from zero, that is,

∥
∥ψα(t1)

∥∥ + μ(α) + ν(α) > 0.
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8.4 Proof

8.4.1 Active Elements

We say that an element α ∈ A is g-active if

g
(
xα(t1)

) = 0.

Assume that there exists a g-active α ∈ A such that

gradg
(
xα(t1)

) = 0.

Then, putting

ν(α) = 1, μ(α) = 0

and assuming

ν(α′) = μ(α′) = 0 for all α′ �= α,

and

ψ�(t) ≡ 0

we satisfy the conditions 1–4 (it makes no difference, in this case, whether the con-
trol is robust optimal or not). Hence we may suppose in the sequel that

gradg
(
xα(t1)

) �= 0

for any g-active indices α ∈ A.
Similarly, we say that an element α ∈ A is f 0-active if

f 0(xα(t1)
) = F 0.

As previously, we may assume that

gradf 0(xα(t1)
) �= 0

for any f 0-active α ∈ A.

8.4.2 Controllability Region

Denote by Ω1 the controllability region, that is, the set of all points z� ∈ R
� such

that there exists an admissible control

u = v(s), s0 ≤ s ≤ s1
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for which the corresponding trajectory

y�(s), s0 ≤ s ≤ s1

with the initial condition

yα(s0) = x0, α ∈ A

satisfies

y�(s1) = z�.

Furthermore, denote by Ω2 the set of all points z� ∈ R
� satisfying the terminal

condition, that is,

gα(zα) ≤ 0 for all α ∈ A.

Finally, let u(t), t0 ≤ t ≤ t1 be a fixed admissible control and let x�(t), t0 ≤ t ≤ t1
be the corresponding trajectory, satisfying the initial condition xα (t0) = x0 for all
α ∈ A. Also let F0 be the corresponding value of the functional (8.3).

8.4.3 The Set Ω0 of Forbidden Variations

Denote by Ω0 ⊂ R
� the set which contains the point x�

1 = x�(t1) and all points
z� ∈ R

� such that

f 0(zα) < F 0

for all α ∈ A.

8.4.4 Intersection Problem

If the process u(t), x�, t0 ≤ t ≤ t1 is robust optimal, then the intersection Ω0 ∩Ω1 ∩
Ω2 consists only of the point x�

1 , that is,1

Ω0 ∩ Ω1 ∩ Ω2 = {x�
1 }.

Consequently if K0,K1,K2 are tents of the sets Ω0,Ω1,Ω2 at their common
point x�

1 . Then the cones K0,K1,K2 are separable, that is, there exist covariant
vectors a�, b�, c� not all equal to zero, which belong to the polar cones K�

0 , K�
1 ,

K�
2 , respectively, and satisfy the condition

a� + b� + c� = 0. (8.12)

1This assertion may be established analogously to the proof of the usual Maximum Principle
(Boltyanski 1975). See also Part II on the Tent Method technique.
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We now describe the sense of the inclusions

a� ∈ K�
0 , b� ∈ K�

1 , c� ∈ K�
3 .

8.4.5 Needle-Shaped Variations

First of all, consider the tent K1 of the controllability region Ω1 at the point x�
1 . We

choose a time τ, t0 ≤ τ ≤ t1 and a point v ∈ U . By ū(t) denote the control that is
obtained from u(t) by a needle-shaped variation

ū(t) =
{

v for τ ≤ t < τ + ε,

u(t) for all other t,

ε being a positive parameter. We will also consider the control ū(t) for t > t1, as-
suming ū(t) = u(t1) for t > t1.

The trajectory x̄�(t), corresponding to the varied control ū(t) (with the usual
initial condition xα(t0) = x0, α ∈ A), has the form

x̄�(t) =
{

x�(t) for t0 ≤ t ≤ τ,

x�(t) + εδx�(t) + o(ε) for t > τ + ε,
(8.13)

where δx�(t) = (δxα,i(t)) is the solution of the system of variational equations

d

dt
δxα,k =

n∑

j=1

∂f α,k(xα(t), u(t))

∂xα,j
δxα,j , α ∈ A,k = 1, . . . , n (8.14)

with the initial condition

δxα(τ ) = f α
(
xα(τ ), v

) − f α
(
xα(τ ), uα(τ )

)
. (8.15)

We call

h(τ, v) = δx(t1) ∈ R
�

the displacement vector. It is defined by the choice of τ and v. Note that the coordi-
nates

hα,k(τ, v) = δxα,k(t1)

of the displacement vector are, in general, distinct from zero for all α ∈ A simulta-
neously, that is, every trajectory within the family xα(t), α ∈ A, obtains a displace-
ment.

It follows from (8.13) that every displacement vector h�(τ, v) is a tangen-
tial vector of the controllability region Ω1 at the point x�

1 = x�(t1). Moreover,
±f �(x�(t1), u(t1)) also are tangential vectors of Ω1 at the point x�

1 since

x�(t1 ± ε) = x�(t1) ± ε f �(x�(t1), u(t1)
) + o(ε).
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Denote by Q1 the cone generated by all displacement vectors h�(τ, v) and the vec-
tors ±f �(x�(t1), u(t1)), that is, the set of all linear combinations of those vectors
with nonnegative coefficients. Then

K1 = x�(t1) + Q1

is a local tent of the controllability region Ω1 at the point x�(t1).2

8.4.6 Proof of the Maximality Condition

Now let b� ∈ R
� be a vector belonging to the polar cone K�

1 = Q�
1 . Denote by ψ�(t)

the solution of the conjugate equation (8.8) with the terminal condition ψ�(t1) = b�.
We show that if the considered control u(t), t0 ≤ t ≤ t1 is robust optimal then the
maximality condition (i) holds. Indeed, fix some τ, v, where

t0 ≤ τ < t1, v ∈ U.

Then for τ ≤ t ≤ t1 the variation δx�(t) satisfies (8.14) with the initial condition
(8.15), and ψ�(t) satisfies (8.8). Consequently,

d

dt

〈
ψ�(t), δx�(t)

〉 =
〈

d

dt
ψ�(t), δx�(t)

〉
+

〈
ψ�(t),

d

dt
δx�(t)

〉

= −
∑

α∈A

n∑

j,k=1

ψα,k(t)
∂f α,k(xα(t), u(t))

∂xα,j
δxα,j

+
∑

α∈A

n∑

j,k=1

ψα,k(t)
∂f α,k(xα(t), u(t))

∂xα,j
δxα,j ≡ 0,

that is,
〈
ψ�(t), δx�(t)

〉 = const, τ ≤ t ≤ t1.

In particular,
〈
ψ�(τ ), δx�(τ )

〉 = 〈
ψ�(t1), δx�(t1)

〉 = 〈
b�, h�(τ, v)

〉 ≤ 0

since h�(τ, v) ∈ Q1, b� ∈ Q�
1 . Thus

〈
ψ�(τ ), δx�(τ )

〉 ≤ 0,

that is, (see (8.15))
〈
ψ�(τ ), f �(x�(τ ), v

)〉 − 〈
ψ�(τ ), f �(x�(τ ), u(τ )

)〉 ≤ 0.

2The proof of that fact is the same as in Boltyanski (1987).
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In other words,

H�(ψ�(τ ), x�(τ ), u(τ )
) ≥ H�(ψ�(τ ), x�(τ ), v

)

(for any v ∈ U), that is, the maximum condition (8.11) holds.
Moreover, since

±f �(x�(t1), u(t1)
) ∈ Q1,

we have

±〈
b�, f �(

x�(t1), u(t1)
)〉 ≤ 0,

that is,
〈
b�, f �(x�(t1), u(t1)

)〉 = 0.

For b� = ψ�(t1), this means that

H�(ψ�(t1), x�(t1), u(t1)
) = 0.

Consequently,

H�(ψ�(t), x�(t), u(t)
) ≡ 0

for all t ∈ [t0, t1]. This completes the proof of the maximality condition 1.

8.4.7 Proof of the Complementary Slackness Condition

We will now pay attention to the terminal set Q2 = M and describe its tent at the
point x�

1 . For α ∈ A denote by Ωα
2 ⊂ R

α the set defined by the inequality g(xα) ≤ 0.
Then

Ω2 =
⊕

α∈A
Ωα

2 .

If α ∈ A is a g-active index (hence, gradg(xα(t1)) �= 0) then we denote by Kα
2 the

half-space
{
xα : 〈

gradg(xα), xα − xα
1

〉 ≤ 0
}
.

If even the index α ∈ A is not g-active, then

g
(
xα(t1)

)
< 0,

that is, xα(t1) is an interior point of the set Ωα
2 , and we put Kα

2 = R
α . The direct

sum

K2 =
⊕

α∈A
Kα

2
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is a convex cone with the apex x�
1 . It may be easily shown that K2 is a tent of Ω2 at

the point x�
1 .

Now let (Kα
2 )� ⊂ (Rα)� be the polar cone for Kα

2 ⊂ R
α . Then the polar cone

K�
2 ⊂ R� is given by

K�
2 = conv

( ⋃

α∈A

(
Kα

2

)�
)

.

Since c� ∈ K�
2 , it follows that the vector c� = (cα) has the form

cα =
{

ν(α)gradg(xα
1 ) for g-active α, ν(α) ≥ 0,

cα = 0 for g-inactive α.

This may be written in the combined form

cα = ν(α)gradg(xα
1 ),

where ν(α) ≥ 0 for g-active index α and ν(α) = 0 for g-inactive α. From this we
deduce that

ν(α)g
(
xα(t1)

) = 0.

This gives the second part of the complementary slackness condition.
Now consider the set Ω0. As above, we obtain

Ω0 =
⊕

α∈A
Ωα

0 ,

where Ωα
0 ⊂ R

α is defined by

Ωα
0 = {

xα : f 0(xα) < F 0} ∪ {xα
1 }.

If α ∈ A is an f 0-active index then we denote by Kα
0 the half-space

{
xα : 〈

gradf 0(xα
1 ), xα − xα

1

〉 ≤ 0
}
.

If even the index α ∈ A is f 0-inactive then we put Kα
0 = R

α . The direct sum

K0 =
⊕

α∈A
Kα

0

is a convex cone with the apex x�
1 , and this cone is a tent of Ω0 at the point x�

1 . As
above, the polar cone K�

0 is given by

K�
0 = conv

( ⋃

α∈A

(
Kα

0

)�
)
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and consequently a� = (aα) has the form

aα = μ(α)gradf 0(xα
1 ),

where μ(α) ≥ 0 for f 0-active indices and μ(α) = 0 for f 0-inactive indices. This
gives

μ(α)
(
f 0(xα

1 ) − F 0) = 0

for all α ∈ A, that is, we obtain the first part of (ii).

8.4.8 Proof of the Transversality Condition

From (8.12) it follows that

aα + bα + cα = 0

for every α ∈ A, that is,

ψα(t1) + μ(α)gradf 0(xα
1 ) + ν(α)gradg0(xα

1 ) = 0.

This means that the transversality condition 3 holds.

8.4.9 Proof of the Nontriviality Condition

Finally, since at least one of the vectors a�, b�, c� is distinct from zero, the nontriv-
iality condition 4 also is true. �

Remark 8.1 In the proof given above, the cone

K2 =
⊕

α∈A
Kα

2

is a solid cone of the space R
� since each Kα

2 either coincides with R
α or is its half-

space. The same holds for K0. Consequently, the Tent Method can be replaced by
the DM method (Dubovitski and Milyutin 1965). Moreover, since the spaces R

�,R�
both are finite-dimensional, the norms in these spaces are, in fact, inessential (for
the solidness of the cones K0,K2 and the applicability of DM method). But when
the parametric set A is infinite (see Boltyanski 1987), the norms are essential.
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8.5 Illustrative Examples

8.5.1 Single-Dimensional Plant

To illustrate the approach suggested in this paper, let us consider the family of the
controlled plants given by

ẋ = −λx + bαu + wα, α ∈ A = {α1, . . . , αq }, u ≤ U, (8.16)

where x ∈ R
1 is scalar variable, λ > 0, and bα,wα are real constants, satisfying

wα + ∣
∣bα

∣
∣ < 0 (8.17)

for every α ∈ A and x(0) ∈ X0.
In spite of the simplicity, this model contains all features specific for uncertain

systems. Indeed, the set W = {wα} characterizes an external uncertainty, the set
B = {bα} describes an internal uncertainty and the set X0 characterizes an initial
condition uncertainty. If at least one of these sets contains more than one unique
element, we deal with an uncertain model.

We will consider the case when

u ∈ U = {
u : |u| ≤ 1

}
. (8.18)

The set M of final states is defined by the inequality

g(x) = x ≤ 0 (8.19)

and the set X0 contains the unique element

X0 = {x0}, x0 = 1. (8.20)

The problem is finding an admissible control u (defined within the interval t ∈
[0, t1], which is unknown) such that the minimal penalty function (8.3) is given
by

F 0 = max
α∈A

(
xα(t1)

)2
. (8.21)

We remark that by (8.16) and (8.18) we have

ẋ < −δ ∀x > 0, α ∈ A, −1 ≤ u ≤ 1,

where δ is a positive constant. Consequently, starting at time t0 = 0 from the initial
point x0 = 1, each trajectory xα(t) arrives at the terminal set M in a time t1 < δ−1

and remains in M. In other words, any control u(t),0 ≤ t ≤ t1 satisfies the terminal
condition if t1 is close enough to δ−1.

Assume that a control u(t),0 ≤ t ≤ t1 is robust optimal and hence the conclusion
of Theorem 3.1 holds.
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Directly applying Theorem 8.1, we deduce

H� =
∑

α∈A
ψα

(−λxα + bαu + wα
)

(notice that n = 1 and, hence, we may omit the index i on the right-hand side of
(8.7)). Furthermore, by (8.8),

ψ̇α = λψα, α ∈ A

and therefore

ψα = cαeλt ,

where cα = const. Thus

H� = −λ
∑

α∈A
cαxα(t)eλt +

∑

α∈A
cαbαeλtu(t) +

∑

α∈A
cαwαeλt ≡ 0. (8.22)

Assume first that
∑

α∈A
cαbα �= 0.

Then, by the maximality condition 1, we have

u = arg max
u∈U

H� = sign

(∑

α∈A
cαbα

)
= ±1. (8.23)

(a) Consider in more detail the case u ≡ 1. By (8.17) and using the initial condi-
tion xα(0) = 1, we obtain

xα(t) = bα+wα

λ
+

(
1 − bα + wα

λ

)
e−λt .

Consequently, by (8.22),

H� = −
∑

α∈A
cα

(
λ − bα − wα

) = 0,

that is,
∑

α∈A
βαcα = 0, (8.24)

where the coefficients

βα := λ − bα − wα, α ∈ A

are positive, by (8.17).
(b) For u ≡ −1, by an analogous reasoning, we obtain the equality (8.24) with

βα := λ + bα − wα > 0, α ∈ A.



8.5 Illustrative Examples 207

Even if
∑

α∈A
cαbα = 0

then for t = 0 we obtain from (8.22)

−λ
∑

α∈A
cα +

∑

α∈A
cαwα = 0

(since xα(0) = 1 for every α ∈ A), that is, we again obtain the equality (8.24) with
positive coefficients

βα := λ − wα > 0, α ∈ A

(cf. (8.17)). Thus at any rate we have the equality (8.24) with some positive coeffi-
cients.

Now take into consideration the conditions 2–4 of Theorem 8.1. Let all values
xα(t1) be distinct from zero, that is,

xα(t1) < 0, α ∈ A.

From 2 we obtain

ν(α) = 0, α ∈ A

and hence, by 3,

ψα(t1) + μ(α)gradf 0(xα(t1)
) = 0, α ∈ A.

This means, by 4, that at least one of the numbers μ(α),α ∈ A, is distinct from zero.
Multiplying the last equality by βα and summing, we obtain, by (8.24),

∑

α∈A
βαμ(α)gradf 0(xα(t1)

) = 0,

contradicting the inequalities

βα > 0, μ(α) ≥ 0, gradf 0(xα(t1)
)
< 0.

Since at least one of the μ(α) is positive, this contradiction shows that at least one of
the values xα(t1) has to be equal to zero. This is the main conclusion of the Robust
Maximum Principle for the controlled plant (8.16), and we use it in the numerical
examples below.

8.5.2 Numerical Examples

Example 8.1 We now consider the particular case of the controlled object (8.16)
with λ = 1 and suppose that q = 4, that is, A = {1,2,3,4}, where the coefficients
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bα,wα have the values

b1 = b2 = 1, b3 = b4 = −1,

w1 = w3 = −1.9, w2 = w4 = −2.1,

in other words, we consider the controlled object

ẋ = −x − 2 ± u ± 0.1

with all combinations of signs depending on α ∈ A.

By the terminal condition, it is necessary that

xα(t1) ≤ 0 ∀α ∈ A

and for the robust optimality at least one of the values xα(t1) is equal to zero.
By (8.16),

ẋ2 − ẋ1 = −(
x2 − x1) − 0.2

and hence (since x1(0) = x2(0) = 1) we obtain

x2(t) − x1(t) = −0.2
(
1 − et

)
. (8.25)

Similarly,

x4(t) − x3(t) = −0.2
(
1 − et

)
(8.26)

and consequently

x2(t) < x1(t), x4(t) < x3(t) ∀t > 0.

This means that neither of the equalities

x2(t1) = 0, x4(t1) = 0

is possible. Thus, at least one of the values x1(t1), x
3(t1) is equal to zero; say,

x1(t1) = 0 (the case x3(t1) = 0 is analogous). Thus

x1(t1) = 0, x3(t1) ≤ 0.

Assume that x3(t1) < 0, and consequently, x4(t1) < 0. As a result, the values
α = 2,3,4 are g-inactive. Hence, by the condition 2 of Theorem 8.1,

ν(2) = ν(3) = ν(4) = 0.

Moreover, since

x2(t1) = −0.2
(
1 − e−t1

)
,

x4(t1) = x3(t1) − 0.2
(
1 − e−t1

)
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(cf. (8.25) and (8.26)), the value x4(t1) is the least from all xα(t1), α ∈ A. Conse-
quently,

F 0 = f 0(xα(t1)
)

only for α = 4, that is, the values α = 1,2,3 are f 0-inactive. This means (by the
condition 2 of Theorem 8.1) that

μ(1) = μ(2) = μ(3) = 0.

Now, by the condition 3, we have

ψ1(t1) + ν(1) = 0, ψ2(t1) = ψ3(t1) = 0,

ψ4(t1) + μ(4)gradf 0(x4(t1)
) = 0.

Consequently,

ψ1(t1) ≤ 0, ψ2(t1) = ψ3(t1) = 0, ψ4(t1) ≥ 0.

This means that the equality

ψ1(t1) − ψ4(t1) = 0

is impossible, otherwise we should have

ψ1(t1) = ψ4(t1) = 0

and

ν(1) = μ(4) = 0,

contradicting the condition 4 of Theorem 8.1. Thus, the sum

∑

α

ψα(t1)b
α = ψ1(t1) − ψ4(t1)

is negative, that is, u ≡ −1. But evidently the control u ≡ −1 must be removed
since by the terminal condition and x1(t1) = 0, we have x3(t1) > 0. Hence, the
assumption x3(t1) < 0 is contradictory, that is,

x1(t1) = x3(t1) = 0.

Consequently, the variable y = x1 − x3 satisfies the condition

y(0) = y(t1) = 0.

Since

ẏ = −y + 2u(t),
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we obtain

y(t) =
(

2
∫ t

0
u(τ) eτ dτ

)
e−t .

Now the equality y(t1) = 0 implies

∫ t1

0
u(t)et dt = 0. (8.27)

Furthermore, by (8.27) and x1(0) = 1, we have

x1(t) =
(∫ t

0

(
u(t) − 1.9

)
et dt + 1

)
e−t

=
(

−1.9
∫ t

0
et dt + 1

)
e−t = −1.9 + 2.9e−t

and therefore (by x1(t1) = 0) we obtain

t1 = ln
29

19
.

Now from (8.25) and (8.26) we find

x1(t1) = x3(t1) = 0,

x2(t1) = x4(t1) = − 2

29
, (8.28)

F 0 =
(

2

29

)2

.

Thus, if a control u(t),0 ≤ t ≤ t1 is robust optimal then t1 = 29
19 and (8.27) holds.

Evidently, the condition (8.27) is sufficient. Indeed, it implies t1 = ln 29
19 and con-

sequently (8.28) holds. It is easy to show that in this case there are infinitely many
robust optimal controls. Indeed, denote by C� the set of all piecewise continuous
functions defined on the segment S = [0, ln 29

19 ] with the norm

‖u‖ = max
t∈S

∣∣u(t)
∣∣.

Then C� is an infinite-dimensional normed space (it is not a Banach space since it
is not complete). The left-hand side of (8.27) is a bounded linear functional on C�,
and, consequently, (8.27) defines an infinitely dimensional subspace L of C�. Thus
every function u ∈ L with ‖u‖ ≤ 1 is an admissible, robust optimal control. This
shows the range of the set of robust optimal controls.

Surely there are examples in which robust optimal controls are unique.
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Example 8.2 Consider now the same controlled plant (8.16) with

A = {1, 2}, λ = b1 = b2 = 1, w1 = −2, w2 = −3.

Suppose that x0, M and f 0(x) are as in Example 8.1. Repeating the calculation
given above, we can prove that a control u(t),0 ≤ t ≤ t0 is robust optimal if and
only if

t1 = ln
4

3
and u(t) ≡ −1.

Thus, in this case the robust optimal control is unique.

8.6 Conclusions

• Here, the general approach to the Min-Max Control Problem for uncertain sys-
tems, based on the suggested version of the Robust Maximum Principle, is pre-
sented.

• An uncertain set is assumed to be finite, which leads to a direct numerical proce-
dure realizing the suggested approach.

• The main point is that the Hamilton function used in this Robust Maximum Prin-
ciple is shown to be equal to the sum of the standard Hamiltonians corresponding
to a fixed value of the uncertainty parameter.

• Families of state and conjugated variables differential equations together with
transversality and complementary slackness conditions are demonstrated to form
a closed system of equations sufficient to construct a corresponding robust opti-
mal control.

• This methodology can be successfully applied to the solution of the analogous
problem, but with a parametric compact set of uncertainties; this will be done
in subsequent chapters. The main obstacle to looking in the same manner at an
infinite (compact) uncertainty set consists of the fact that the norm, defined by
(8.5) in the finite case, can be introduced in several ways (for example, as in
Lp (p = 1,2,∞)), which leads not only to different theoretical constructions but
also to absolutely different numerical procedures. The next chapters will realize
the analogous approach for the compact uncertainty case.





Chapter 9
Multimodel Bolza and LQ Problem

In this chapter the Robust Maximum Principle is applied to the Min-Max Bolza
Multimodel Problem given in a general form where the cost function contains a
terminal term as well as an integral one and a fixed horizon and a terminal set are
considered. For the class of stationary models without any external inputs the robust
optimal controller is also designed for the infinite horizon problem. The necessary
conditions of the robust optimality are derived for the class of uncertain systems
given by an ordinary differential equation with parameters in a given finite set. As
a previous illustration of the approach suggested, the Min-Max Linear Quadratic
Multimodel Control Problem is considered in detail. It is shown that the design
of the Min-Max optimal controller is reduced to a finite-dimensional optimization
problem given at the corresponding simplex set containing the weight parameters to
be found.

9.1 Introduction

The Min-Max control problem, dealing with different classes of partially known
nonlinear systems, can be formulated in such a way that

• the operation of the maximization is taken over an uncertainty set or possible
scenarios

• and the operation of the minimization is taken over control strategies within a
given set

The purpose of this chapter is to explore the possibilities of the Maximum Prin-
ciple approach for the class of Min-Max control problems dealing with the con-
struction of the optimal control strategies for a class of uncertain models given by
a system of ordinary differential equations with unknown parameters from a given
finite set. The problem under consideration belongs to the class of optimization
problems of the Min-Max type and consists of the design of a control providing
a “good” behavior if applied to all models of a given class. A version of the Ro-
bust Maximum Principle applied to the Min-Max Bolza Problem with terminal set

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_9, © Springer Science+Business Media, LLC 2012
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is presented. The cost function contains a terminal term as well as an integral one.
A fixed horizon is considered. The proof is based on the results for the Min-Max
Mayer Problem (Boltyanski and Poznyak 1999a, 1999b) discussed in Chap. 8, and
it uses the Tent Method (Boltyanski 1975) discussed in Chaps. 6 and 7 to formu-
late the necessary conditions of optimality in the Hamiltonian form. The main result
deals with finite parametric uncertainty sets involved in a model description. The
Min-Max LQ Control Problem is considered in detail, and corresponding numerical
illustrative examples conclude this chapter. One of the first attempts to address the
Min-Max Control Problem was made in Demianov and Vinogradova (1973).

9.2 Min-Max Control Problem in the Bolza Form

9.2.1 System Description

Consider a system of multimodel controlled plants,

ẋ = f α(x,u, t), (9.1)

where

• x = (x1, . . . , xn)T ∈ R
n is its state vector

• u = (u1, . . . , ur )T ∈ R
r is the control that may run over a given control region

U ⊂ R
r

• α is a parameter belonging to a given parametric set A that is assumed to be finite,
which corresponds to a multimodel situation, and t ∈ [0, T ]
The usual restrictions are imposed to the right-hand side:

f α(x,u, t) = (
f α,1(x,u, t), . . . , f α,n(x,u, t)

)T ∈ R
n,

that is,

– continuity with respect to the collection of arguments x,u, t , and
– differentiability (or the Lipschitz Condition) with respect to x

One more restriction is formulated below.

9.2.2 Feasible and Admissible Control

Remember that a function u(t), 0 ≤ t ≤ T , is said to be a feasible control if it is
piecewise continuous and u(t) ∈ U for all t ∈ [0, T ]. For convenience, every feasible
control is assumed to be right-continuous, that is,

u(t) = u(t + 0) for 0 ≤ t < T (9.2)
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and, moreover, u(t) is continuous at the terminal moment

u(T ) = u(T − 0). (9.3)

The initial point

x0 = (
x1

0 , . . . , xn
0

)T ∈ R
n

is fixed.
For a given feasible control u(t), t0 ≤ t ≤ T , consider the corresponding solution

xα(t) = (
xα,1(t), . . . , xα,n(t)

)T

of (9.1) with the initial condition

xα(0) = x0.

Any feasible control u(t), 0 ≤ t ≤ T , as well as all solutions xα(t), α ∈ A, are
assumed to be defined on the whole segment [0, T ] (this is the additional restriction
to the right-hand side of (9.1)).

In the space R
n, the terminal set M given by the inequalities

gl(x) ≤ 0 (l = 1, . . . ,L) (9.4)

is defined, where gl(x) is a smooth real function of x ∈ R
n.

For a given feasible control u(t),0 ≤ t ≤ T , we are interested in the correspond-
ing trajectory starting from the initial point x0. But the possible realized value of
α ∈ A is a priori unknown. That is why the family of trajectories xα(t) with insuffi-
cient information about the realized trajectory is considered.

As has been formulated before, the control u(t),0 ≤ t ≤ T , is said to be admis-
sible or to realize the terminal condition (9.4) if it is feasible and if for every α ∈ A
the corresponding trajectory xα(t) satisfies the inclusion

xα(T ) ∈ M. (9.5)

9.2.3 Cost Function and Min-Max Control Problem

The cost function contains the integral term as well as the terminal one, that is,

hα := h0
(
xα(T )

)+
∫ t=T

t=t0

f n+1(xα(t), u(t), t
)

dt . (9.6)

The end time-point T is not fixed and xα(t) ∈ R
n. Analogously, since the realized

value of the parameter α is unknown, the minimum (maximum) cost can be defined
by

F = max
α∈A

hα. (9.7)
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The function F depends only on the considered admissible control u(t), t0 ≤ t ≤ T .
In other words, we wish to construct the control admissible action, which provides
a “good” behavior for a given collection of models that may be associated with the
multimodel robust optimal design.

Remember that a control u(·) is said to be robust optimal if

(i) it realizes the terminal condition, that is, it is admissible, and
(ii) it realizes the minimal minimum (maximum) cost F (among all admissible con-

trols)

Thus the Robust Optimization Problem consists of finding the control action
u(t), t0 ≤ t ≤ T , which realizes

min
u(·) F = min

u(·) max
α∈A

hα , (9.8)

where the minimum is taken over all admissible control strategies. This is the Min-
Max Bolza Problem.

9.2.4 Representation of the Mayer Form

Below we follow the standard transformation scheme. For each fixed α ∈ A intro-
duce an (n + 1)-dimensional space R

n+1 of the variables x = (x1, . . . , xn, xn+1)

where the first n coordinates satisfy (9.1) and the component xn+1 is given by

xα,n+1(t) :=
∫ t

τ=t0

f n+1(xα(τ ), u(τ ), τ
)

dτ

or, in differential form,

ẋα,n+1(t) = f n+1(xα(t), u(t), t
)

(9.9)

with the initial condition for the last component given by

xα,n+1(t0) = 0.

As a result, the initial Robust Optimization Problem in the Bolza form can be refor-
mulated in the space R

n+1 as a Mayer Problem, as discussed in Chap. 8, with the
cost function

hα = h0
(
xα(T )

)+ xα,n+1(T ), (9.10)

where the function h0(x
α) does not depend on the last coordinate xα,n+1, that is,

∂

∂xα,n+1
h0(x

α) = 0.



9.2 Min-Max Control Problem in the Bolza Form 217

The Mayer Problem with the cost function (9.10) is equivalent to the initial Opti-
mization Problem (9.8) in the Bolza form.

Let

x̄α(t) = (
xα,1(t), . . . , xα,n(t), xα,n+1(t)

) ∈ R
n+1

be a solution of the system (9.1), (9.9). We also introduce for any α ∈ A the conju-
gate variables

ψ̄α(t) = (
ψα,1(t), . . . ,ψα,n(t),ψα,n+1(t)

) ∈ R
n+1

satisfying the ODE system of adjoint variables

ψ̇α,i = −
n+1∑

k=1

∂f α,k(xα(t), u(t))

∂xα,i
ψα,k (9.11)

with the terminal condition

ψα,j (T ) = bα,j , t0 ≤ t ≤ T ,α ∈ A, j = 1, . . . , n + 1. (9.12)

Now let ψ̄� = (ψα,i) ∈ R� be a covariant vector and

f̄ �(x̄�, u) = (
f α,k

)
, x̄� = (

xα,k
)
.

Introduce the Hamiltonian function

H�(ψ̄�, x̄�, u, t
) = 〈

ψ̄�, f̄ �(x̄�, u, t)
〉

=
∑

α∈A

〈
ψ̄α, f̄ α(xα,u, t)

〉 =
∑

α∈A

n+1∑

i=1

ψα,if
α,i(xα,u, t) (9.13)

and notice that H�(ψ̄�, x̄�, u) is the sum of the “usual” Hamiltonian functions

H�(ψ̄�, x̄�, u, t
) =

∑

α∈A

〈
ψ̄α, f̄ α(xα,u, t)

〉
.

The function (9.13) allows us to rewrite the conjugate equations (9.11) for the plant
(9.1) in vector form,

d

dt
ψ̄� = −∂H�(ψ̄�, x̄�(t), u(t), t)

∂x̄� . (9.14)

Now let b� = (bα,i ) ∈ R̄� be a covariant vector. Denote by ψ�(t) the solution of
(9.14) with the terminal condition

ψ�(T ) = b�.
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We say that the control u(t), t0 ≤ t ≤ T satisfies the maximum condition with respect
to the pair x�(t),ψ�(t) if

u(t) = arg max
u∈U

H�(ψ�(t), x�(t), u, t
)
, ∀t ∈ [t0, T ], (9.15)

that is,

H�(ψ�(t), x�(t), u(t), t
) ≥ H�(ψ�(t), x�(t), u, t

) ∀u ∈ U, t ∈ [t0, T ].

9.3 Robust Maximum Principle

Applying the main Theorem 8.1 from Chap. 8 to this optimization problem, the
following result is obtained.

Theorem 9.1 (The Maximum Principle for the Bolza Problem with a terminal set)
Let u(t) (t ∈ [t0, T ]) be a robust control and xα(t) be the corresponding solution
of (9.1) with the initial condition xα(t0) = x0 (α ∈ A). The parametric uncertainty
set A is assumed to be finite. For robust optimality of a control u(t), t0 ≤ t ≤ T , it
is necessary that there exist a vector b� ∈ R̄� and nonnegative real values μ(α) and
νl(α) (l = 1, . . . ,L) defined on A such that the following conditions are satisfied.

1. (The Maximality Condition) Denote by ψ�(t), t0 ≤ t ≤ T , the solution of
(9.11) with the terminal condition (9.12); then the robust optimal control u(t),
t0 ≤ t ≤ T satisfies the maximality condition (9.15). Moreover

H�(ψ�(t), x�(t), u(t), t
) = 0 ∀t0 ≤ t ≤ T .

2. (Complementary Slackness Conditions) For every α ∈ A, either the equality
hα = F 0 holds, or μ(α) = 0, that is,

μ(α)
(
hα − F 0) = 0.

Moreover, for every α ∈ A, either the equality gl(x
α(T )) = 0 holds or νl(α) = 0,

that is,

ν(α)g
(
xα(T )

) = 0.

3. (Transversality Condition) For every α ∈ A, the equalities

ψα(T ) + μ(α)gradh0
(
xα(T )

)+
L∑

l=1

νl(α)gradgl

(
xα(T )

) = 0

and

ψα,n+1(T ) + μ(α) = 0

hold.
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4. (Nontriviality Condition) There exists α ∈ A such that either ψα(T ) �= 0 or at
least one of the numbers μ(α), νl(α) is distinct from zero, that is,

∣∣ψα(T )
∣∣+ μ(α) +

L∑

l=1

νl(α) > 0.

9.4 Min-Max Linear Quadratic Multimodel Control

9.4.1 Formulation of the Problem

Consider the class of nonstationary linear systems given by

{
ẋα(t) = Aα(t)xα(t) + Bα(t)u(t) + dα(t),

xα(0) = x0,
(9.16)

where xα(t), dα(t) ∈ R
n, u(t) ∈ R

r , and the functions Aα(t), Bα(t), dα(t) are con-
tinuous on t ∈ [0, T ]. The following performance index is defined:

hα = 1

2
xα(T )TGxα(T ) + 1

2

∫ T

t=0

[
xα(t)TQxα(t) + u(t)TRu(t)

]
dt , (9.17)

where

G = GT ≥ 0, Q = QT ≥ 0,

and

R = RT > 0.

No terminal set is assumed to be given nor any control region, that is,

gl(x) ≡ 0

and

U = R
r .

The Min-Max Linear Quadratic Control Problem can be formulated now in the
form (9.8):

max
α∈A

(hα) → min
u(·) . (9.18)
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9.4.2 Hamiltonian Form and Parametrization of Robust Optimal
Controllers

Following the technique suggested, we introduce the Hamiltonian

H� =
∑

α∈A

[
ψT

α

(
Aαxα + Bαu + dα

)+ 1

2
ψα,n+1

(
xαT

Qxα + uTRu
)]

(9.19)

and the adjoint variables ψα(t) satisfying
⎧
⎨

⎩
ψ̇α(t) = − ∂

∂xα
H� = −AαT

(t)ψα(t) − ψα,n+1(t)Qxα(t),

ψ̇α,n+1(t) = 0
(9.20)

as well as the Transversality Condition
⎧
⎪⎪⎨

⎪⎪⎩

ψα(T ) = −μ(α)gradhα = −μ(α)grad
[
xα(T )TGxα(T ) + xα

n+1(T )
]

= −μ(α)Gxα(T ),

ψα,n+1(T ) = −μ(α).

(9.21)

The Robust Optimal control u(t) satisfies (9.15), which leads to

∑

α∈A
BαT

ψα −
(∑

α∈A
μ(α)

)
R−1u(t) = 0. (9.22)

Since at least one active index exists, it follows that
∑

α∈A
μ(α) > 0.

Taking into account that if μ(α) = 0 then ψ̇α(t) = 0 and ψα(t) ≡ 0, the following
normalized adjoint variable ψ̃α(t) can be introduced:

ψ̃α,i (t) =
{

ψα,i (t)μ
−1(α) if μ(α) > 0,

0 if μ(α) = 0,
i = 1, . . . , n + 1 (9.23)

satisfying
⎧
⎨

⎩

˙̃ψα(t) = − ∂

∂xα
H� = −AαT

(t)ψ̃α(t) − ψ̃α,n+1(t)Qxα(t),

˙̃
ψα,n+1(t) = 0

(9.24)

with the Transversality Conditions given by
{

ψ̃α(T ) = −Gxα(T ),

ψ̃α,n+1(T ) = −1.
(9.25)
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The Robust Optimal Control (9.22) becomes

u(t) =
(∑

α∈A
μ(α)

)−1

R−1
∑

α∈A
μ(α)BαT

ψ̃α

= R−1
∑

α∈A
λαBαT

ψ̃α, (9.26)

where the vector λ := (λα,1, . . . , λα,N )T belongs to the simplex SN defined as

SN :=
{

λ ∈ R
N=|A| : λα = μ(α)

∑N
α=1 μ(α)

≥ 0,

N∑

α=1

λα = 1

}

. (9.27)

9.4.3 Extended Form of the Closed-Loop System

For simplicity, the time argument in the expressions below will be omitted. Intro-
duce the block-diagonal R

nN×nN -valued matrices A, Q, G,Λ and the extended
matrix B as follows:

A :=

⎡

⎢⎢
⎣

A1 0 · 0
0 · · ·
· · · 0
0 · 0 AN

⎤

⎥⎥
⎦ , Q :=

⎡

⎢⎢
⎣

Q 0 · 0
0 · · ·
· · · 0
0 · 0 Q

⎤

⎥⎥
⎦ ,

G :=

⎡

⎢⎢
⎣

G 0 · 0
0 · · ·
· · · 0
0 · 0 G

⎤

⎥⎥
⎦ , Λ :=

⎡

⎢⎢
⎣

λ1In×n 0 · 0
0 · · ·
· · · 0
0 · 0 λNIn×n

⎤

⎥⎥
⎦ ,

(9.28)

and

BT := [
B1T

. . . BNT ] ∈ R
r×nN .

In view of these definitions, the dynamic equations (9.16) and (9.24) can be rewritten
as

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = Ax + Bu + d,

xT(t0) = (
xT(0), . . . , (xT(0)

)
,

ψ̇ = −ATψ + Qx,

ψ(T ) = −Gx(T ),

u = R−1BTΛψ,

(9.29)
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where

xT := (
x1T

, . . . , xNT) ∈ R
1×nN ,

ψT := (
ψ̃

T
1 , . . . , ψ̃

T
N

) ∈ R
1×nN,

dT := (
d1T

, . . . , dNT) ∈ R
1×nN .

9.4.4 Robust Optimal Control

Theorem 9.2 The robust optimal control (9.22) corresponding to (9.18) is equal to

u = −R−1BT[Pλx + pλ], (9.30)

where the matrix Pλ = PT
λ ∈ R

nN×nN is the solution of the parametrized differential
matrix Riccati equation

{
Pλ + PλA + ATPλ − PλBR−1BTPλ + ΛQ = 0,

Pλ(T ) = ΛG = GΛ
(9.31)

and the shifting vector pλ satisfies

{
ṗλ + ATpλ − PλBR−1BTpλ + Pλd = 0,

pλ(T ) = 0.
(9.32)

The matrix Λ = Λ(λ∗) is defined by (9.28) with the weight vector λ = λ∗ solving
the finite-dimensional optimization problem

λ∗ = arg min
λ∈SN

J (λ) (9.33)

with

J (λ) := max
αεA

hα = 1

2

[
xT(0)Pλ(0)x(0) − xT(T )ΛGx(T )

]

− 1

2

∫ T

0
xT(t)ΛQx(t)dt

+ 1

2
max
i=1,N

[
tr

{[∫ T

0
xi(t)xiT

(t)dt

]
Q + xi(T )xiT

(T )G

}]

+ xT(0)pλ(0) + 1

2

∫ T

t=0

[
2dTpλ − pT

λBR−1BTpλ

]
dt. (9.34)



9.4 Min-Max Linear Quadratic Multimodel Control 223

Proof Since the robust optimal control (9.29) turns out to be proportional to Λψ ,
let us try to find it by writing

Λψ = −Pλx − pλ. (9.35)

The commutation property of the operators

ΛAT = ATΛ, ΛkQ = QΛk (k ≥ 0)

implies

Λψ̇ = −Ṗλx − Pλ[Ax + Bu + d] − ṗλ

= −Ṗλx − Pλ

(
Ax − BR−1BT[Pλx + pλ] + d

)− ṗλ

= [−Ṗλ−PλA + PλBR−1BTPλ

]
x+(

PλBR−1BTpλ − Pλd − ṗλ

)
,

Λψ̇ = [−ΛATψ + ΛQx
] = [−ATΛψ + ΛQx

]

= AT[Pλx + pλ] + ΛQx = ATPλx + ATpλ + ΛQx

or, in equivalent form,

[
Ṗλ+PλA + ATPλ−PλBR−1BTPλ + ΛQ

]
x

+ [
ATpλ−PλBR−1BTpλ + Pλd + ṗλ

] = 0.

These equations are verified identically under the conditions (9.31) and (9.32) of
this theorem. This implies that

J (λ) := max
αεA

hα = max
νεSN

N∑

i=1

νih
i

= 1

2
max
νεSN

N∑

i=1

νi

[∫ T

0

[
uTRu + xiT

Qxi
]

dt + xiT
(T )Gxi(T )

]

= 1

2
max
νεSN

∫ T

0

(
uTRu + xTQνx

)
dt + xT(T )Gνx(T ),

where

Qν :=

⎡

⎢⎢
⎣

ν1Q 0 · 0
0 · · ·
· · · 0
0 · 0 νNQ

⎤

⎥⎥
⎦ , Gν :=

⎡

⎢⎢
⎣

ν1G 0 · 0
0 · · ·
· · · 0
0 · 0 νNG

⎤

⎥⎥
⎦



224 9 Multimodel Bolza and LQ Problem

and, hence,

J (λ) = 1

2
max
νεSN

[∫ T

0

([
uTBT + xTA + dT]Λψ − xT[AΛψ − Qνx] − dTΛψ

)
dt

+ xT(T )Gνx(T )

]

= 1

2
max
νεSN

[∫ T

0

(
ẋTΛψ + xTΛψ̇ + xTQν−λx − dTΛψ

)
dt + xT(T )Gνx(T )

]

= 1

2
max
νεSN

[∫ T

0

(
d(xTΛψ)+xTQν−λx − dTΛψ

)
dt + xT(T )Gνx(T )

]

= 1

2

(
xT(T )Λψ(T ) − xT(0)Λψ(0)

)− 1

2

∫ T

0

(
xTQλx − dT(Pλx + pλ)

)
dt

+ 1

2
max
νεSN

[∫ T

0
xTQνx dt + xT(T )Gνx(T )

]
.

So we obtain

J (λ) = 1

2

(
xT(0)Pλ(0)x(0) − xT(T )Gλx(T ) + xT(0)p(0)

)

− 1

2

∫ T

0

(
xTQλx − dT(Pλx + pλ)

)
dt

+ 1

2
max
νεSN

[∫ T

0
xTQνx dt + xT(T )Gνx(T )

]
. (9.36)

In view of the identity

−xT(0)pλ(0) = xT(T )pλ(T )−xT(0)pλ(0) =
∫ T

t=0
d(xTpλ)

=
∫ T

t=0

[
pT

λ

[
Ax − BR−1BT[Px + pλ] + d

]+xTṗλ

]
dt

=
∫ T

t=0

[
xT(ATpλ + ṗλ−PBR−1BTpλ

)− pT
λBR−1BTpλ + dTpλ

]
dt

=
∫ T

t=0

[−xTPd − pT
λBR−1BTpλ + dTpλ

]
dt,
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it follows that

J (λ) = 1

2

[
xT(0)Pλ(0)x(0) − xT(T )Gλx(T )

]+ xT(0)pλ(0)

− 1

2

∫ T

0
xTQλx dt + 1

2
max
νεSN

[∫ T

0
xTQνx dt + xT(T )Gνx(T )

]

+ 1

2

∫ T

t=0

[
2dTpλ − pT

λBR−1BTpλ

]
dt

and the relation (9.36) becomes (9.33). �

9.4.5 Robust Optimal Control for Linear Stationary Systems with
Infinite Horizon

Let us consider the class of linear stationary controllable systems (9.16) without
exogenous input, that is,

Aα(t) = Aα, Bα(t) = Bα, d(t) = 0.

Then, from (9.32) and (9.34), it follows that pλ(t) ≡ 0 and

J (λ) := max
αεA

hα = 1

2

[
xT(0)Pλ(0)x(0) − xT(T )ΛGx(T )

]− 1

2

∫ T

0
xT(t)ΛQx(t)dt

+ 1

2
max
i=1,N

[
tr

{[∫ T

0
xi(t)xiT

(t)dt

]
Q + xi(T )xiT

(T )G

}]
.

(9.37)

Hence, if the algebraic Riccati equation

PλA + ATPλ−PλBR−1BTPλ + ΛQ = 0 (9.38)

has a positive-definite solution Pλ (the pair (A,R−1/2BT) should be controllable, the
pair (Λ1/2Q1/2,A) should be observable; see, e.g., Poznyak 2008) for any λ from
some subset SN

0 ⊆ SN , then the corresponding closed-loop system turns out to be
stable (xα(t) →t→∞ 0) and the integrals on the right-hand side of (9.37) converge,
that is,

J (λ) := max
αεA

hα = 1

2

[
xT(0)Pλ(0)x(0) − xT(T )ΛGx(T )

]− 1

2

∫ ∞

0
xT(t)ΛQx(t)dt

+ 1

2
max
i=1,N

[
tr

{[∫ ∞

0
xi(t)xiT

(t)dt

]
Q + xi(T )xiT

(T )G

}]
.

(9.39)
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Corollary 9.1 The Min-Max Control Problem, formulated for the class of multi-
linear stationary models without exogenous input and with the quadratic perfor-
mance index (9.6) within the infinite horizon, in the case when the algebraic Riccati
equation has a positive solution Pλ for any λ ∈ SN

0 ⊆ SN , is solved by the robust
optimal control

u = −R−1BTPλx (9.40)

when Λ(λ∗) is defined by (9.28) with λ∗ ∈ SN
0 ⊆ SN minimizing (9.39).

9.4.6 Numerical Examples

Example 9.1 (A finite horizon) Consider the single-dimensional double-structured
plant given by

⎧
⎪⎨

⎪⎩

ẋα(t) = aαxα(t) + bαu(t), t ∈ [0, T ], T = 6,

xα(0) = x0 = 1.0, α = 1,2,

a1 = 4.0, a2 = 5.0, b1 = b2 = 2.0, G = Q = R = 1.0

and the performance index defined by

hα = 1

2

∫ 6

t=0

([
xα(t)

]2 + [
u(t)

]2
)

dt.

According to (9.34), we have

J (λ) := max
αεA

hα = 1

2

[
eTPλ(0)e − λ

(
x1(T )

)2 − (1 − λ)
(
x2(T )

)2
]

− 1

2

∫ 6

0

[
λ
(
x1(t)

)2 + (1 − λ)
(
x2(t)

)2
]

dt

+ 1

2
max
i=1,2

[(∫ 6

0

(
xi(t)

)2 dt

)
+ (

xi(T )
)2
]
. (9.41)

The graphic of the function J (λ) is shown in Fig. 9.1 (the complete interval
λ ∈ [0;1]) as well as a “zoom in” view of a neighborhood near the optimal point
λ∗ � 0.41 in Fig. 9.2.

As one can see, the minimum value of the joint-loss function J (λ) is very insen-
sible (robust) with respect to variations of the argument: only “pure strategies” cor-
responding to λ = 0 or λ = 1 turn out to be “bad” ones; meanwhile, any other values
of λ ∈ (0.05;0.95), corresponding to a “mixing of individual optimal controllers,”
provide a good enough multimodel control. The trajectories’ behavior correspond-
ing to the robust optimal control application (λ∗ = 0.41) is depicted in Fig. 9.3.

As is seen from this figure, the suggested robust optimal controller provides
“a good enough” performance to be applied to both plants simultaneously.
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Fig. 9.1 The function J (λ)

at the complete interval
λ ∈ [0;1])

Fig. 9.2 The finite horizon performance index (the zoom-in view) as a function of λ

Example 9.2 (The infinite horizon) For the same multisystem as in Example 1, the
performance index defined by

J (λ) := max
αεA

hα,

hα = 1

2

∫ ∞

t=0

[[
xα(t)

]2 + [
u(t)

]2
]

dt

is shown in Fig. 9.4. Here one can see that there is no problem of singularity when
the pure strategies are applied.
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Fig. 9.3 The behavior of the
trajectories corresponding to
the robust optimal control

Fig. 9.4 The infinite horizon
performance index as a
function of λ

9.5 Conclusions

• In this chapter the Robust Maximum Principle is applied to the Min-Max Bolza
Multimodel Problem given in a general form where the cost function contains a
terminal term as well as an integral one and a fixed horizon and a terminal set are
considered.

• For the class of stationary models without any external inputs the robust optimal
controller is also designed for the infinite horizon problem.

• The necessary conditions for robust optimality are derived for the class of uncer-
tain systems given by an ordinary differential equation with parameters from a
given finite set.

• As the illustration of the suggested approach the Min-Max Linear Quadratic Mul-
timodel Control Problem is considered in detail.

• It is shown that the design of the Min-Max optimal controller is reduced to a
finite-dimensional optimization problem given at the corresponding simplex set
containing the weight parameters to be found.



Chapter 10
Linear Multimodel Time Optimization

Robust time optimality can be considered as a particular case of the Lagrange prob-
lem, and therefore, the results obtained in the previous chapters allow us to for-
mulate directly the Robust Maximum Principle for this time-optimization problem.
As is shown in Chap. 8, the Robust Maximum Principle appears only as a neces-
sary condition for robust optimality. But the specific character of the linear time-
optimization problem permits us to obtain more profound results: in this case the
Robust Maximum Principle appears as a necessary and sufficient condition. More-
over, for the linear robust time optimality it is possible to establish some additional
results: the existence and uniqueness of robust controls, the piecewise constancy
of robust controls for a polyhedral resource set, and a Feldbaum-type estimate for
the number of intervals of constancy (or “switching”). All these aspects are studied
below in detail.

10.1 Problem Statement

Consider the controlled plant given by

ẋ = A(α)x + B(α)u, (10.1)

where

• x = (x1, . . . , xn)T ∈ R
n is the state vector

• u = (u1, . . . , ur)T ∈ R
r is the control that may run over a given resource set

U ⊂ R
r , and

• α is a parameter belonging to a given finite set A

Here x and u are contravariant vectors (with upper indices). The resource set
is assumed to be a compact, convex body with a nonempty interior intU in R

r

including the origin (0 ∈ intU ).
An admissible control is a measurable summable function u(t),0 ≤ t ≤ t1, with

u(t) ∈ U for all t .

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_10, © Springer Science+Business Media, LLC 2012
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Equation (10.1) together with the initial condition x(0) = x0 may be rewritten in
integral form as

x(t) = x0 +
∫ t

0

(
A(α)x(τ) + B(α)u(τ)

)
dt. (10.2)

If an admissible control u(t),0 ≤ t ≤ t1 and an initial state x0 are given then for
every fixed α ∈ A there exists a unique solution xα(t) of the integral equation (10.2)
which is absolutely continuous and defined on the whole range [0, t1]. This solution
is said to be the trajectory with the initial condition x(0) = x0 corresponding to
the control u(t) and the parameter α ∈ A. Below, the initial point x0 is assumed
to be fixed and the realized value of α ∈ A is unknown. Consequently, we have to
consider the family of trajectories

xα(t) = (
xα1(t), . . . , xαn(t)

)T
, t0 ≤ t ≤ t1, α ∈ A (10.3)

emanating from the initial point x0.
We are going to study the effect of the implementation of admissible controls

transferring x0 to a compact, convex terminal set M ⊂ R
n for all α ∈ A.

As before, we say that an admissible control u(t),0 ≤ t ≤ t1, realizes the ter-
minal condition for the initial point x0 if for every α ∈ A the corresponding tra-
jectory xα(t),0 ≤ t ≤ t1, emanating from x0, complies with the terminal inclusion
xα(t1) ∈ M. An admissible control u(t), t0 ≤ t ≤ t1, realizing the terminal condition
for the initial state x0, is said to be robust optimal for x0 if the terminal condition
for x0 cannot be realized in a shorter time. In this case the number t1 is said to be
the robust time of control for the initial state x0.

The linear robust time-optimization problem consists of finding the robust opti-
mal control for the initial state x0 which minimizes the maximal possible (within a
given trajectory family) time t1(α) of the achievement of a given set M, that is,

⎧
⎨

⎩

inf
u(t)∈U

max
α∈A

t1(α),

t1(α) := {
inf t ≥ t0 : xα(t) ∈ M

}
.

(10.4)

10.2 Main Results

In this section, we formulate the main results of which proofs will be given in the
next section.

Definition 10.1 The plant (10.1) is said to be compressible if for each ε > 0 there
is a neighborhood Vε of the set M such that for every α ∈ A and every xα

0 ∈ Vε the
trajectory xα(t),0 ≤ t ≤ ε of (10.1), corresponding to the control u(t) ≡ 0 with the
initial condition xα(0) = xα

0 , satisfies the terminal inclusion xα(ε) ∈ M.
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Remark 10.1 Notice that if (10.1) is compressible, then for every α ∈ A all eigen-
values of the matrix A(α) have negative real parts, which means that the considered
plant (10.1) is stable when no control action is applied.

Remark 10.2 It is possible to introduce the notion of strong compressibility, namely,
for every ε > 0 there exists a neighborhood Vε of the set M such that the require-
ment as in Definition 10.1 holds for every admissible control u(t) (not only for the
control u(t) ≡ 0). In the proofs given in the next section we will use only the com-
pressibility property, but the examples analyzed thereafter describe models that are
strongly compressible.

For every α ∈ A we consider the so-called conjugate equation

ψ̇α = −AT(α)ψα, (10.5)

where ψα = (ψα1, . . . ,ψαn)
T is a covariant vector (with lower indices 1, . . . , n).

Definition 10.2 Let u(t),0 ≤ t ≤ t1 be an admissible control and xα(t),0 ≤ t ≤ t1
be the corresponding family of trajectories emanating from x0. Assume that for
every α ∈ A a solution ψα(t), 0 ≤ t ≤ t1, of (10.5) is defined. We say that

u(t), xα(t),ψα(t), 0 ≤ t ≤ t1

satisfy the maximum condition if
∑

α∈A

〈
ψα(t),A(α)xα(t) + B(α)u(t)

〉

= max
u∈U

∑

α∈A

〈
ψα(t),A(α)xα(t) + B(α)u

〉
(10.6)

almost everywhere on the interval [0, t1].

Definition 10.3 Let u(t),0 ≤ t ≤ t1 be an admissible control that realizes the termi-
nal condition for the initial state x0, and let xα(t),0 ≤ t ≤ t1 be the corresponding
family of trajectories emanating from x0. Assume, furthermore, that for every α ∈ A
a solution ψα(t),0 ≤ t ≤ t1 of (10.5) is given. We say that

u(t), xα(t),ψα(t), 0 ≤ t ≤ t1

satisfy the right transversality condition if for every α ∈ A the vector ψα(t1) is an
interior normal of the compact set M at the point xα(t1), that is,

M ⊂ {
x : 〈

ψα(t1), x − xα(t1)
〉 ≥ 0

}
. (10.7)

Notice that

ψα(t1) = 0
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in the case when

xα(t1) ∈ int M.

If

xα(t1) ∈ M� int M

and

ψα(t1) �= 0

then M is contained in the half-space

{
x : 〈

ψα(t1), x − xα(t1)
〉 ≥ 0

}
.

In particular, if

dim M < n

and xα(t1) ∈ int M then the vector ψα(t1) is orthogonal to the affine hull (aff M) of
the set M.

10.2.1 Main Theorem

Theorem 10.1 (Robust Maximum Principle) Assume that the plant (10.1) is com-
pressible. Let u(t) (t0 ≤ t ≤ t1) be an admissible control realizing the terminal con-
dition for x0, and let xα(t) (t0 ≤ t ≤ t1) be the corresponding family of trajectories
emanating from x0. The control and the trajectories are robustly time optimal if and
only if for every α ∈ A there exists a solution ψα(t),0 ≤ t ≤ t1 of the conjugate
equation (10.5) such that

• the maximum condition holds
• the right transversality condition holds
• and for at least one α ∈ A the solution ψα(t) is nontrivial

Remark 10.3 For every fixed α, the function

Hα = 〈
ψα,A(α)xα + B(α)u)

〉
(10.8)

is the Hamiltonian used in the linear optimization theory without unknown parame-
ters. See, for example, Chap. 1; there we considered the sum of these Hamiltonians
over all α. This is the specific property of the robust optimization. If u(t) (0 ≤ t ≤ t1)

is the robust optimal control for the initial point x0, only the sum
∑

α∈A Hα takes a
maximal value over u ∈ U , whereas every individual Hamiltonian, in general, does
not take its maximal value.
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10.2.2 Existence Theorem

Theorem 10.2 (Existence Theorem) If there exists an admissible control u(t),

0 ≤ t ≤ t1, realizing the terminal condition for the initial point x0 then there ex-
ists a robust time-optimal control for x0.

Consider now the Euclidean space R
� of dimension np where p is the cardinality

of A. The coordinates in R
� are denoted by xαi with α ∈ A, i ∈ {1, . . . , n}. For each

fixed α ∈ A, denote by R
α the subspace (n-dimensional) of R

� consisting of all
vectors xα with coordinates xα1, . . . , xαn. From (10.1) it follows that in R

�

ẋ� = A�x� + B�u (10.9)

which combines the systems (10.1) for all α ∈ A. Here A� is the matrix containing
the boxes A(α),α ∈ A along its principal diagonal (the other elements of A� are
equal to zero) and similarly for B�.

10.2.3 Uniqueness

Denote by Σ�
τ the Bellman ball (or τ -controllability set) for the plant (10.9), that

is, the set of all initial points x�
0 ∈ R

� that can be transferred to M� in a time
not exceeding τ by a suitable admissible control. In other words, x�

0 ∈ Σ�
τ if there

exists an admissible control u(t),0 ≤ t ≤ t1, with t1 ≤ τ such that the corresponding
trajectory x�(t) of (10.9) with the initial point x�(0) = x�

0 satisfies the terminal
inclusion x�(t1) ∈ M�.

Theorem 10.3 (Uniqueness Theorem) Assume that for every τ > 0 the Bellman ball
Σ�

τ for the controlled plant (10.9) is a strictly convex body. Then for every initial
point x0, the robust time-optimal trajectories xα(t), α ∈ A of the controlled plant
(10.1) are uniquely defined.

Remark 10.4 The previous theorem contains a sufficiency condition for the unique-
ness of the robust time-optimal trajectories. However, in general, this condition is
not necessary. The example below deals with a plant for which the robust time-
optimal trajectories are unique, although the Bellman balls Σ�

τ for the correspond-
ing controlled plant (10.9) are not strictly convex.

Remark 10.5 Under the conditions of Theorem 3, only the robust time-optimal tra-
jectories turn out to be unique, whereas the robust time-optimal controls, in general,
are not unique (see Example 3 in Sect. 10.4).
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10.2.4 Polytope Resource Set

Assume now that the resource set U ⊂ R
r is a convex polytope and the following

general position condition holds: for every edge F (a one-dimensional face) of U ,
the set of all vectors B�(u1 − u2), where u1, u2 ∈ F , is not contained in any proper
invariant subspace with respect to A�, that is,

B�(u1 − u2) /∈ L ⊂ R
�,

where L ⊂ R
� is a subspace of R

� such that for any x� ∈ L it follows that

A�x� ∈ L.

Theorem 10.4 (Polyhedral resource set) Let the resource set U be a convex poly-
tope in R

r satisfying the general position condition and the plant (10.1) be com-
pressible. Then for every initial point x0, the robust time-optimal process u(t),
xα(t) (0 ≤ t ≤ t1), realizing the terminal condition for the initial point x0, is
uniquely defined. Moreover, the control u(t) is piecewise constant and takes its val-
ues only in the vertex set of U .

Remark 10.6 It is possible to introduce the weak general position condition: for
every α ∈ A and every edge F of U , the set of all vectors B(α)(u1 − u2) (where
u1, u2 ∈ F ) is not contained in any proper invariant subspace with respect to A(α).
If for U the general position condition holds then the weak general position con-
dition holds as well. But the inverse assertion is false. Moreover, the assertions as
in Theorem 10.4 with the weak general position condition instead of the general
position condition are as follows.

10.2.5 The Generalized Feldbaum’s n-Interval Theorem

Theorem 10.5 Consider the plant (10.1) with A = {1,2, . . . , p}, r = 1, and

A(α) =

⎛

⎜⎜⎜
⎝

−λα1 0 . . . 0
0 −λα2 . . . 0
...

...
. . .

...

0 0 . . . −λαn

⎞

⎟⎟⎟
⎠

, B(α) =

⎛

⎜⎜⎜
⎝

gα1

gα2

...

gαn

⎞

⎟⎟⎟
⎠

,

where λα1, . . . , λαn are pairwise distinct positive numbers and gα1, . . . , gαn are ar-
bitrary positive numbers. Furthermore, let M ⊂ R

n be the unit ball centered at the
origin and let U be the interval [−1,1]. Then the plant is compressible and the
general position condition holds, that is, by Theorem 10.4, for every initial point
x0 ∈ R

n \ M, the robust time-optimal process u(t), xα(t),0 ≤ t ≤ t1 for the initial
point x0 is uniquely defined and the control u(t) is piecewise constant, taking val-
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ues only at the endpoints ±1 of the segment U . Moreover, every robust time-optimal
control has no more than [np − 1] switches (that is, no more than np intervals of
constancy).

The last theorem represents a robust generalization of the well-known Feldbaum
n-interval Theorem (Feldbaum 1953)1 for the systems whose eigenvalues are strictly
real. Notice that in Theorem 10.5 it is possible to replace the unit ball M by any
convex compact set M ⊂ R

n containing the origin (0 ∈ int M) which satisfies the
following condition:

• For every point x ∈ M � int M, the set M contains the parallelotope with the
opposite vertices 0 and x whose edges are parallel to coordinate axes x1, . . . , xn.

This is established by the same reasoning as in the proof of Theorem 10.5 given
in the next section.

10.3 Proofs

In the proofs, we will use the Euclidean space R
� of dimension pn considered

above. For the initial point x0 ∈ R
n denote by x�∗ ∈ R

� the point such that for every
α ∈ A the vector (xα1∗ , . . . , xαn∗ )T ∈ R

� coincides with x0 = (x1
0 , . . . , xn

0 )T.
For every admissible control u(t),0 ≤ t ≤ t1, the system (10.9) defines in R

� the
unique trajectory

x�(t) = {
xαi(t)

}
, 0 ≤ t ≤ t1

emanating from the initial point x�∗ ∈ R
�. This trajectory unites the family of all

trajectories xα(t) of system (10.1) emanating from x0.
The conjugate space R� consists of all covariant vectors ψ� = {ψαi}. For every

pair of vectors x� ∈ R
� and ψ� ∈ R�, the scalar product is defined as

〈ψ�, x�〉 =
∑

α∈P

n∑

i=1

ψαix
αi =

∑

α∈P

〈ψα,xα〉.

Conjugate equations (10.5) can be combined as

ψ̇� = −ψ�A�. (10.10)

The Hamiltonian function

H�(ψ�, x�, u) =
∑

α∈P

〈
ψα,A(α)xα + B(α)u

〉
(10.11)

1See also Sect. 22.9 in Poznyak (2008).
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allows us to rewrite the maximum condition in the form

H �(ψ�(t), x�(t), u(t)
) = max

u∈U
H�(ψ�(t), x�(t), u

)
(10.12)

almost everywhere on [0, t1]. Furthermore, denote by M� the set of all points
x� ∈ R

� satisfying

xα = (
xα1, . . . , xαn

)T ∈ M

for every α ∈ M.
Consider now the following time-optimization problem:

• Find an admissible control u(t),0 ≤ t ≤ t1, which transfers the initial point x�∗ to
M� in the shortest time.

It can easily be shown that this time-optimization problem is equivalent to the
above robust time-optimization one. Indeed, let u(t),0 ≤ t ≤ t1 be an admissible
control and xα(t),0 ≤ t ≤ t1, α ∈ A be the family of corresponding trajectories of
(10.1) emanating from the initial point x0. Then, considering xα(t) in the space R

α

for every α ∈ A, we obtain a trajectory x�(t) of (10.9) corresponding to the same
control u(t),0 ≤ t ≤ t1 and emanating from x�∗ . Conversely, the trajectory x�(t)
gives the family of trajectories xα(t), α ∈ A. Moreover, the control u(t),0 ≤ t ≤ t1
realizes the terminal condition xα(t1) ∈ M, α ∈ A for the initial point x0 if and only
if the same control transfers the initial point x�∗ to M� (and the robust time for the
first problem coincides with the shortest transferring time for the second one).

Now we are ready to prove the theorems formulated above on the robust time-
optimization problem, using the framework of the equivalent time-optimization
problem in the space R

�.

10.3.1 Proof of Theorem 10.1

By assumption, the plant (10.1) is compressible. Let ε be a given positive number
and Vε be the neighborhood of the terminal set M as in Definition 10.1. Denote by
W the set of all points x� ∈ R

� with xα ∈ Vε for all α ∈ A. Then W is a neighbor-
hood of the set M� ⊂ R

�. By Definition 10.3, for every point x�
0 ∈ W the trajectory

x�(t),0 ≤ t ≤ ε of (10.9), corresponding to the control u(t) ≡ 0 with the initial con-
dition x�(0) = x�

0 , satisfies the terminal inclusion x�(ε) ∈ M�. Thus the set M� is
stable in the following sense: for every ε > 0 there exists a neighborhood W ⊂ R

�
of M� such that every point x�

0 ∈ W can be transferred to M� in a time not exceed-
ing ε. Consequently, the Maximum Principle with the right transversality condition
supplies the necessary and sufficient condition of time optimality for (10.9) with the
terminal set M�. It remains to verify that, returning to the initial statement of the
problem, we obtain the Robust Maximum Principle with the right transversality con-
dition as in Theorem 10.1. Indeed, the maximum condition for Hamiltonian function
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(10.11) gives the maximum condition (10.6). Furthermore, the right transversality
condition

M� ⊂ {
x� : 〈

ψ�(t1), x� − x�(t1)
〉 ≥ 0

}

exactly gives the right transversality condition contained in Definition 10.3.

10.3.2 Proof of Theorem 10.2

We will use the equivalent statement of the problem given in the beginning of the
section. The theorem which is being proved has the following equivalent statement:
if there exists an admissible control for (10.9) which transfers the initial point x�∗
to M� then there exists the time-optimal control transferring x�∗ to M�. But this
is an immediate consequence of a well-known result. Indeed, denote by F the fam-
ily of all admissible controls transferring x�∗ to M�. The family F is nonempty by
the condition of the theorem (since there is a control transferring x�∗ to M�). Ev-
ery control ū(t) belonging to F is defined on its own interval 0 ≤ t ≤ t̄1. Let T be
the infimum of the times t̄1 for all controls from F . Choose a sequence of controls
u(k)(t),0 ≤ t ≤ t(k), taken from F such that limk→∞ t(k) = T . Without loss of gen-
erality we may suppose (passing to a subsequence if necessary) that the considered
sequence is weakly convergent in the corresponding Hilbert space to an admissible
control ū(t) defined on the segment 0 ≤ t ≤ T . So, the control ū(t),0 ≤ t ≤ T trans-
fers the point x�∗ to M� in the time T . Consequently, this control is time optimal.

10.3.3 Proof of Theorem 10.3

Again we will use the equivalent statement of the problem given in the beginning
of the section. Let x�

0 ∈ R
� be an initial point. Denote by τ the minimal time for

transferring x�
0 to M�. The Bellman ball Σ�

τ is a compact, convex body in R
�, and

x�
0 is a boundary point of Σ�

τ (if x�
0 ∈ intΣ�

τ , then x�
0 could be transferred to M�

in a time less than τ ). Let η� �= 0 be an interior normal of the body Σ�
τ at the point

x�
0 , that is,

Σ�
τ ⊂ {

x� : 〈
η�, x� − x�

0

〉 ≥ 0
}
.

Denote by ψ�(t) the solution of (10.10) with the initial condition ψ�(0) = η�. Let
u(t), x�(t),0 ≤ t ≤ τ and ū(t), x̄�(t), 0 ≤ t ≤ τ be two optimal processes that trans-
fer x�

0 to M�, that is,

x�(0) = x̄�(0) = x�
0

and

x�(τ ) ∈ M�, x̄�(τ ) ∈ M�.
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Then each of the controls u(t), ū(t) satisfies the maximum condition with respect to
ψ�(t). Assume that the trajectories x�(t), x̄�(t) do not coincide, that is, there exists
a moment t ′ ≤ τ such that x�(t ′) �= x̄�(t ′). Each of the hyperplanes

Γ �
t ′ = {

x� : 〈
ψ�

(
t ′
)
, x� − x�(t ′

)〉 = 0
}
,

Γ̄ �
t ′ = {

x� : 〈
ψ�

(
t ′
)
, x� − x̄�(t ′

)〉 = 0
}

is a support hyperplane of the Bellman ball Σ�
τ−t ′ . Since these hyperplanes have the

same interior normal ψ�(t ′), they coincide and consequently both the points x�(t ′),
x̄�(t ′) are situated in the same support hyperplane of the strictly convex body Σ�

τ−t ′ ,
contradicting x�(t ′) �= x̄�(t ′). Thus there is a unique time-optimal trajectory x�(t)
along which x�

0 can be transferred to M�.
Returning back from the time-optimal problem for (10.9) with the initial point

x�∗ to the robust time-optimal problem for the plant (10.1), we find that the robust
time-optimal trajectories xα(t), α ∈ A are uniquely defined.

Remark 10.7 In contrast to the robust time-optimal trajectories, the corresponding
robust time-optimal control u(t),0 ≤ t ≤ τ , in general, is not unique (see Example 4
in the next section).

10.3.4 Proof of Theorem 10.4

We will use again the equivalent statement of the problem given in the beginning
of the section. Let x�

0 ∈ R
� be an initial point. Denote by τ the minimal time for

transferring x�
0 to M�. Then x�

0 is a boundary point of the Bellman ball Σ�
τ . Let

η� �= 0 be an interior normal of the body Σ�
τ at the point x�

0 and ψ�(t) be the
solution of (10.10) with the initial condition ψ�(0) = η�.

Let u(t), x�(t),0 ≤ t ≤ τ , and ū(t), x̄�(t),0 ≤ t ≤ τ be two optimal processes
that transfer x�

0 to M�. Then each of the controls u(t), ū(t) satisfies the maximum
condition with respect to ψ�(t). By the general position condition, the maximum
condition uniquely defines an admissible control, that is, u(t) ≡ ū(t), and this con-
trol is piecewise constant and takes its values only in the vertex set of U . Further-
more, x�(t) ≡ x̄�(t) since these trajectories emanate from the same point x�

0 and
correspond to the same control u(t) ≡ ū(t).

Passing from the time-optimal problem for (10.9) with the initial point x�∗ to the
robust time-optimal problem for the plant (10.1) with the initial point x0, we find
that the corresponding robust time-optimal process u(t), xα(t), α ∈ A is uniquely
defined and, moreover, the control u(t) is piecewise constant and takes its values
only in the vertex set of U .
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10.3.5 Proof of Theorem 10.5

In Theorem 10.5, the following system, given in differential form, is considered:

ẋαi = −λαi + gαi, uα ∈ A, i = 1, . . . , n,u ∈ U.

First, we show that it satisfies the general position condition. Denote by w� ∈ R
�

the vector with coordinates

xαi = gαi , α ∈ A, i = 1, . . . , n.

Then the set BU is situated in the one-dimensional subspace of R
� determined by

the vector w�. Furthermore, the set (A�)kBU is situated in the one-dimensional
subspace determined by (A�)kw�. The vector (A�)kw� has coordinates

xαi = (−λαi)kgαi, α ∈ P, i = 1, . . . , n.

Assume that the linear dependence

ν0w
� + ν1A

�w� + · · · + νnp−1(A
�)np−1w� = 0 (10.13)

holds. Then for every α ∈ A, i = 1, . . . , n the equality

ν0(−λαi)0gαi + ν1(−λαi)1gαi + · · · + νnp−1(−λαi)np−1gαi = 0

holds, that is, −λαi is a root of the polynomial

P(z) = ν0 + ν1z + · · · + νnp−1z
np−1

for every α ∈ A, i = 1, . . . , n. Thus, the polynomial P(z) of degree np − 1 has np

different roots −λαi , and hence P(z) ≡ 0, that is,

ν0 = ν1 = · · · = νnp−1 = 0.

We see that every linear dependence (10.13) is trivial, that is, the vectors

(A�)kw�, k = 0,1, . . . , np − 1

are linearly independent. This implies that BU is not located in any proper invariant
subspace with respect to A�, that is, the general position condition holds.

Let us now show that this plant is compressible. At this point, for every point
x ∈ R

n distinct from the origin, denote by Π(x) the parallelotope with the opposite
vertices 0 and x whose edges are parallel to the coordinate axes x1, . . . , xn. Then for
every x ∈ bd M the inclusion Π(x) ⊂ M holds. This means that for every α ∈ A
the vector ẋα is directed inside M, and hence the object is compressible.2

2Note that this plant is strongly compressible if λ >
√

2g, where λ is the smallest of the numbers
λαi and g is the greatest of the numbers gαi ; but in the general case it is not strongly compressible.
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Thus Theorem 10.4 is applicable to this situation. In other words, for every initial
point x0 ∈ R

n \ M, the robust time-optimal process u(t), xα(t), 0 ≤ t ≤ t1 for the
initial point x0 is uniquely defined. Moreover, the control u(t) is piecewise constant
and takes its values only at the endpoints ±1 of the segment U . Since all eigenvalues
of A� are real, by Feldbaum’s n-interval theorem we conclude that the number of
switchings (for every initial point x�

0 ∈ R
� \ M�) is not greater than np − 1. In

particular, taking the initial point x∗
0 , we conclude that for every initial point x0 ∈

R
n \ M, the robust time-optimal control has no more than np − 1 switches.

10.4 Examples

10.4.1 Example 1

Consider the object (10.1) with

n = 1, r = 2, A = {−1,1}
and

A(α) = (−3), B(α) = (−1;−2α),

that is,

ẋα = −3xα − u1 − 2αu2, α ∈ {−1,1}. (10.14)

We assume that the terminal set M is the interval [−1,1] and x0 = 2. Moreover, we
assume also that U is the square with the vertices

(±1,0)T, (0,±1)T.

Then, by Remark 10.1, we can construct the following Hamiltonians:

Hα = ψα(t)
(−3xα(t) − u1(t) − 2αu2(t)

)
, α ∈ {−1,1}.

The conjugate equation

ψ̇α = 3ψα

has the solution

ψα(t) = cαe3t ,

that is,

signψα(t) = cα = const.

Let u(t),0 ≤ t ≤ t1 be a robust optimal control and x1(t), x−1(t),0 ≤ t ≤ t1
be the corresponding family of trajectories. Assume that only one of the points
x1(t1), x−1(t1) coincides with the endpoint 1 ∈ M, say,

x1(t1) = 1, x−1(t1) < 1,
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that is, the x1(t) arrives at the point 1 later than x−1(t). By the right transversality
condition,

ψ−1(t1) = 0, ψ−1(t1) < 0

(since there exist α ∈ A for which the solution ψα(t) is nontrivial), that is,

c−1 = 0, c1 < 0.

Now the maximum condition means that the Hamiltonian

H1 = ψ1(t)
(−3x1(t) − u1(t) − 2u2(t)

)

takes its maximum value over (u1, u2)T ∈ U , that is, u(t) = (u1(t), u2(t))T coin-
cides with the vertex (0,1)T of the square U during the whole time. But in this
case

∣
∣ẋ1(t)

∣
∣ = 3x1(t) + 2 ≥ 5,

∣
∣ẋ−1(t)

∣
∣ = 3x−1(t) − 2 ≤ 4,

that is, the trajectory x1(t) arrives at the point 1 earlier than x−1(t), contradicting
the assumption. Similarly, if

x1(t1) < 1, x−1(t1) = 1,

we again obtain a contradiction. Thus x1(t) and x−1(t) should arrive at the point 1 si-
multaneously. Hence the control u(t) should coincide with (1,0)T during the whole
time. The right transversality condition implies that

c1 ≤ 0, c−1 ≤ 0.

By (10.6), the function

c1
(−u1 − 2u2) + c−1

(−u1 + u2) = (|c1| + |c−1|
)
u1 + 2

(|c1| − |c−1|
)
u2

takes its maximal value over all u = (u1, u2)T ∈ U at the point (1,0)T, that is, the
angle between the positive u1-semi-axis and the vector

ν(c1, c−1) = (|c1| + |c−1|,2
(|c1| − |c−1|

))T

is not greater than π
4 . In other words, the two numbers c1, c−1 should be negative

and satisfy

1

3
≤ |c1|

|c−1| ≤ 3.

Indeed, if the ratio |c1|/|c−1| is equal to 1
3 then ν(c1, c−1) is orthogonal to the side

of U that emanates from (1,0)T and is situated in the lower half-plane. If the ratio
is equal to 3 then ν(c1, c−1) is orthogonal to the other side emanating from (1,0)T.
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Even if the ratio is within the interval 1
3 and 3 then ν(c1, c−1) forms obtuse angles

with the two above sides.
Conversely, if c1 and c−1 satisfy this condition, then for the control

u(t) ≡ (1,0)T

the maximum condition (10.6) holds. Both trajectories, x1(t), x−1(t), arrive at the
point 1 ∈ M simultaneously and the right transversality condition holds. Thus the
control u(t) ≡ (1,0)T is robustly time optimal (since Theorem 10.1 gives a neces-
sary and sufficient condition).

Note that for the obtained robust optimal control u(t) ≡ (1,0)T, the sum
∑

α Hα

takes its maximal value (according to the maximum condition). At the same time,
no individual Hamiltonian Hα,α ∈ A takes its maximal value. Indeed, since c1 < 0,
the Hamiltonian

H1 = ψ1(t)
(−3x1(t) − u1 − 2u2)

takes its maximal value over u ∈ U at the point (0,1)T, but not at (1,0)T. Similarly,
H−1 takes its maximal value over u ∈ U at the point (0,−1)T, but not at the point
(1,0)T.

If the realized value of parameter α ∈ A is available, say α = 1, then the Hamil-
tonian H1 is maximal at u = (0,1)T. In this case, we approach M with the maximal
velocity,

∣∣ẋ1(t)
∣∣ = 3x1(t) + 2,

whereas the trajectory x−1(t) approaches M with minimal velocity, equal to
3x−1(t) − 2. Analogously the argument goes for the case when we know that the
realized value of parameter is α = −1. Since the realized α is unknown, the ro-
bust time-optimal control is u ≡ (1,0)T, and the robust time-optimal trajectories
approach M with the intermediate velocity

∣∣ẋ1(t)
∣∣ = ∣∣ẋ−1(t)

∣∣ = 3x1(t) + 1 = 3x−1(t) + 1.

10.4.2 Example 2

We again consider the controlled plant as in the previous Example 1. Every line
through the origin is a proper invariant subspace with respect to A�, and hence the
resource set U does not satisfy the general position condition. Nevertheless, the
Robust Maximum Principle (Theorem 10.1) is a necessary and sufficient condition
for robust time optimality. According to the calculation conducted in the previous
Example 1, the vector ψ�(t) = (ψ1(t),ψ−1(t)) has a constant direction for all t .
Hence, if the vector ψ�(t) is not perpendicular to a side of the resource set U , then
the time-optimal control u(t) for the corresponding plant (10.14) is constant and
takes its value at the vertex set of the square U , and the corresponding time-optimal
trajectory of (10.14) is a ray going from infinity to a point of M�

� int M�. Even
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if ψ�(t) is perpendicular to a side of U , then u(t) can take any value situated in that
side and the corresponding time-optimal trajectory of (10.14) goes to a vertex of the
set M�.

The set M� ⊂ R
2 is the square with the vertices ±(1,1)T,±(1,−1)T. Consider

now the following four rays in the plane R
2 of the variables x1, x−1:

A(+): x1 = x−1 ≥ 1, B(+): x1 = −2x−1 − 1 ≥ 1,

C(−): x1 = −x−1 ≤ −1, D(−): x−1 = 5x1 − 4 ≥ 1

and the rays A(−),B(−),C(+),D(+) that are symmetric to them with respect to the
origin. These rays define the synthesis of time-optimal trajectories in the plane R

2.
In detail, for u(t) ≡ (1,0)T, the system (10.14) takes the form

ẋ1 = −3x1 − 1, ẋ−1 = −3x−1 − 1 (10.15)

and its trajectories are the rays going from infinity to the point (− 1
3 ,− 1

3 )T. Conse-
quently, these trajectories cover the convex part of the plane R

2 with the boundary

A(+) ∪ B(+) ∪ X(+),

where X(+) is the segment with endpoints (1,1)T and (1,−1)T (see Fig. 10.1).
These trajectories are time optimal. Analogously, for u(t) ≡ (0,−1)T, the system
(10.14) takes the form

ẋ1 = −3x1 + 2, ẋ−1 = −3x−1 − 2 (10.16)

and its trajectories are the rays going from infinity to the point ( 2
3 ,− 2

3 )T. Conse-
quently these trajectories cover the convex part of the plane R2 with the boundary

C(−) ∪ D(−) ∪ Y (−),

where Y (−) is the segment with endpoints (1,1)T and (−1,1)T (see Fig. 10.1).
In the parts of R

2 that are symmetric with the above ones with respect to the
origin, the picture of time-optimal trajectories is symmetric. The remaining part of
R

2 \ M� consists of the four dark angles in Fig. 10.1. In these angles the time-
optimal trajectories go from infinity to vertices of M� and are not unique (they
correspond to vectors ψ�(t) that are not perpendicular to the sides of the resource
set U ). For example, in the angle with the sides A(+) and D(−) the time-optimal
trajectories may use, in turn, the systems (10.15) and (10.16), that is, may use, in
turn, the controls

u(t) = (1,0)T

and

u(t) = (0,−1)T

(or may use relatively interior points of the segment with the endpoints (1,0)T and
(0,−1)T).
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Fig. 10.1 Trajectories of the
system

This gives the synthesis of time-optimal trajectories for object (10.14) with the
terminal set M�. The Bellman balls of this synthesis are octagons with four sides
parallel to the sides of M�, that is, the Bellman balls are not strictly convex. Thus in-
side the four dark angles in Fig. 10.1, the time-optimal trajectories of object (10.14)
are not unique. Nevertheless, the robust time-optimal trajectories are unique since
the corresponding trajectories in R

2 are situated on the lines x1 = ±x−1, that is,
they are situated in the region of uniqueness.

10.4.3 Example 3

Let (10.1) be a controlled object such that for every τ > 0 the Bellman ball Σ�
τ for

the corresponding plant (10.9) is a strictly convex body. Consider the object (1′)
which has, with respect to (10.1), the only difference being that r ′ = r + 1, and the
resource set has the form

U ′ = U ⊕ I,

where I is the interval [−1,1] of the (r + 1)-axis. Notice that ur+1 is not included
on the right-hand sides of equations (10.1), that is, the control ur+1 is actually su-
perfluous. Let u(t), xα(t), 0 ≤ t ≤ t1 be the robust time-optimal process for (10.1)
with a given initial point x0. We consider the control u′(t),0 ≤ t ≤ t1, adding an
arbitrary measurable function ur+1(t) with

−1 ≤ ur+1(t) ≤ 1
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for all t . Then the process u′(t), xα(t),0 ≤ t ≤ t1, remains robustly time optimal for,
say, (1′) (with the same initial point x0). Thus for the plant (1′) we obtain the same
robust time-optimal trajectories as for (1), that is, for (1′) the robust time optimal
trajectories are defined uniquely. At the same time, for (1′) the robust time optimal
controls are not determined uniquely since we can change ur+1(t) in an arbitrary
way.

10.4.4 Example 4

Consider the plant (10.1) with

n = 2, A = {1,2, . . . , p}
and

A(α) =
(−λ 0

0 −λ

)
, B(α) =

(
0

f (α)

)
,

where

λ > 0, 0 < f (1) < f (2) < · · · < f (p) < λ
.

We assume that the terminal set M ⊂ R
2 is the circle of radius 
 centered at the

origin. Furthermore, r = 1 and U is the interval [−1,1]. In other words, in 2p-
dimensional space R

� we consider the system

ẋα1 = −λxα1,

ẋα2 = −λxα2 + f (α)u (−1 ≤ u ≤ 1).
(10.17)

Evidently, this plant is compressible and satisfies the weak general position condi-
tion. However, the general position condition does not hold. Indeed, the set BU is
situated in the p-dimensional subspace determined by the equations xα1 = 0, α ∈ A,
which is a proper invariant subspace with respect to A�. For the plant (10.17) we
consider the robust time-optimal problem with the initial point x0 = (0,−2
)T. By
Remark 10.1, we have the following Hamiltonian:

H � =
∑

α∈P

Hα = −λ
∑

α∈P

(
ψα1x

α1 + ψα2x
α2) +

∑

α∈P

ψα2f (α)u. (10.18)

The conjugate system is

ψ̇α1 = λψα1, ψ̇α2 = λψα2.

It has the general solution

ψα1(t) = cα1eλt , ψα2(t) = cα2eλt ,

cα1, cα2 being constants.
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We now fix α ∈ A and consider the control

u(t) ≡ 1, 0 ≤ t ≤ t
(α)
1 ,

where t
(α)
1 is the moment when the trajectory xα(t), starting from xα(0) =

(0,−2
)T, arrives at the point (0,−
)T. It can easily be shown that

xα2(t) = (−2
 − f (α)
)
e−λt + f (α),

t
(α)
1 = 1

λ
ln

2
 + f (α)


 + f (α)
.

Hence

t
(1)
1 > t

(2)
1 > · · · > t

(p)

1 .

This implies that, taking t1 = t
(1)
1 , we obtain the control u(t) ≡ 1,0 ≤ t ≤ t1, which

realizes the terminal condition for the initial point x0 = (0,−2
)T. In more detail,
for α = 1 the terminal point xα(t1) = (−
,0)T belongs to the boundary of M, and
for α > 1 the terminal point xα(t1) belongs to the interior of M (since t1 = t

(1)
1 >

t
(α)
1 for α > 
). Moreover, the process is robust time optimal. Indeed, we deduce

from the right transversality condition that ψα(t1) = (0,0) for α > 1 and, up to a
positive multiplier, ψα(t1) = (0,1) for α = 1. Now the conjugate equation implies
that

ψ1(t) = (
0, eλ(t−t1)

)

and

ψα(t) ≡ (0,0)

for α > 1. Consequently, according to (10.18), the maximum condition holds for
the control u(t), and Theorem 10.1 implies that the process is robust time optimal.
It can also easily be shown that for the considered initial point x0 = (0,−2
)T this
robust time-optimal process is unique.

Consider then the robust time-optimal problem for the object (10.17) with an-
other initial point x0 = (2
,0)T. Taking the control

u(t) ≡ 0, 0 ≤ t ≤ 1

λ
ln 2,

we obtain the following family of trajectories starting from x0:

xα1(t) = 2
e−λt , xα2(t) ≡ 0, α ∈ A,

that is, for every α ∈ A the trajectory xα(t) arrives at the terminal point (
,0)T ∈
bd M at the time t1 = 1

λ
ln 2. Moreover, this process is robust time optimal since for

arbitrary admissible control u(t),0 ≤ t ≤ τ , with τ < 1
λ

ln 2, we have

xα1(τ ) > 
,

that is, xα(τ ) /∈ M.
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As the process is robust time optimal, for every α ∈ A there exists a solution
ψα(t) of the conjugate equation that satisfies the conclusion of Theorem 10.1. The
right transversality condition implies

ψα(t1) = (−2,0)

(up to a positive multiplier), that is,

ψα1(t) = −eλt , ψα2(t) ≡ 0.

Consequently, the maximum condition is empty. In other words, the robust time-
optimal control

u(t), 0 ≤ t ≤ 1

λ
ln 2

may be arbitrary under the only condition that it transfers the initial point x0 =
(2
,0)T to the terminal point (
,0)T in the time t1 = 1

λ
ln 2 for every α ∈ A. Let

u(t) be such a control. Then we obtain from (10.17) the result that

ẋα2 = −λxα2 + f (α)u(t).

Applying the method of variation of parameters, we obtain the solution in the form

xα2(t) = c(t)e−λt ,

where the unknown function c(t) satisfies the conditions

ċ(t)e−λt = f (α)u(t),

c(0) = 0, c

(
1

λ
ln 2

)
= 0.

This implies

c(t) =
∫ t

0
f (α)u(t)eλt dt,

where the integral

J =
∫ λ−1 ln 2

0
u(t)et dt

vanishes. Thus there are infinitely many robust time-optimal controls

u(t), 0 ≤ t ≤ 1

λ
ln 2

transferring x0 = (2
,0)T to M, and the values of these controls can be arbitrary
points of the interval U = [−1,1] (not only its endpoints), that is, the conclusion of
Theorem 10.4 is false.
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10.4.5 Example 5

Consider the same plant as in Theorem 10.5, with

r = 1, n = 1, p = 2

and

A = {1,2}, M = [−1,1].
Since n = 1, we write λα,gα instead of λαi, gαi . For λα,gα we take the values

λ1 = 1, λ2 = 2, g1 = 1, g2 = 4,

that is, in R
� we have the plant

ẋ1 = −x1 + u,

ẋ2 = −2x2 + 4u, −1 ≤ u ≤ 1,
(10.19)

where M� ⊂ R
� is the square with the vertices (±1,±1)T. We have the following

trajectories:

x1 = 1 + c1e−t , x2 = 2 + c2e−2t for u ≡ 1, (10.20)

x1 = −1 + c′
1e−t , x2 = −2 + c′

2e−2t for u ≡ −1, (10.21)

c1, c2, c
′
1, c

′
2 being constants. Denote by Λ+ (or Γ +) the trajectory (10.20) going

from infinity to (−1,1)T (or to (1,−1)T). Furthermore, denote by Λ− (or Γ −) the
trajectory (10.21) going from infinity to (1,−1)T (or to (−1,1)T). In other words,
the trajectories have the following parametric equations (for −∞ < t ≤ 0):

Γ +: x1 ≡ 1, x2 = 2 − 3e−2t ,

Γ −: x1 ≡ −1, x2 = −2 + 3e−2t ,

Λ+: x1 = 1 − 2e−t , x2 = 2 − e−2t ,

Λ−: x1 = −1 + 2e−t , x2 = −2 + e−2t .

These trajectories divide R
� \ M� into four parts, I, II, III, IV, where part I is con-

tained between Λ− and Γ +, part II is contained between Λ− and Γ −, and parts III
and IV being symmetric with parts I and II with respect to the origin. Part II is
covered by the time-optimal trajectories of the plant (10.19) which correspond to
the constant control u ≡ −1. Part I is covered by the time-optimal trajectories of
(10.19) each of which consists of two arcs: along the first one the point moves with
u ≡ 1 until it hits into Λ−, whereas the second one is situated in Λ− and the point
moves with u ≡ −1 until arriving at (1,−1)T. The time-optimal trajectories situated
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Fig. 10.2 The illustration to
the generalized Feldbaum’s
n-interval theorem

in parts IV and III are symmetric with the above-mentioned parts with respect to the
origin. This gives the synthesis of the time-optimal trajectories in the space R�.

In particular, the intersection of Λ+ with the diagonal line L�:x1 = x2 is the
point z�

0 = (z0, z0)
T, where

z0 = −1 − 2
√

2 ≈ −3.83.

Thus if

x0 < −1 − 2
√

2

then the time-optimal trajectory transferring x�
0 = (x0, x0)

T to M� at first goes up-
ward with u ≡ −1 until arriving into Λ+ and then along Λ+ with u ≡ 1 until arriv-
ing at the point (−1,1)T. The argument goes similarly for

x0 > 1 + √
2.

We see (Fig. 10.2) that the robust time-optimal trajectory has one switching, that
is, the upper estimate pn for the number of intervals of constancy is attained.
Even if 1 < |x0| ≤ 1 + √

2 then the robust time-optimal control is constant (with-
out switches).

10.4.6 Example 6

Consider the plant (10.1) with

n = 2, A = {1,2, . . . , p}
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and

A(α) =
( −λ(α) ω(α)

−ω(α) −λ(α)

)
, B(α) =

(
0

f (α)

)
,

where λ(α),ω(α) and f (α) are positive numbers. Assume that r = 1 and U is
the interval [−1,1]. In other words, in 2p-dimensional space R� we consider the
following system (with the scalar control u that satisfies −1 ≤ u ≤ 1):

ẋα1 = −λ(α)xα1 + ω(α)xα2,

ẋα2 = −ω(α)xα1 − λ(α)xα2 + f (α)u.

First we show that if all numbers

λ(α)2 + ω(α)2 (α ∈ A) (10.22)

are different, then this plant satisfies the general position condition. Denote by
w� ∈ R

� the vector with coordinates

xα1 = 0, xα2 = f (α), α ∈ A.

Then the set BU is situated in the one-dimensional subspace of R
� determined by

the vector w�. Furthermore, the set (A�)kBU is situated in the one-dimensional
subspace determined by the vector (A�)kw�. It may be easily shown, by induction
on k, that the vector (A�)kw� has coordinates

xα1 = Im
(−λ(α) + iω(α)

)k
f (α),

xα2 = Re
(−λ(α) + iω(α)

)k
f (α).

Assume that a linear dependence

ν0w
� + ν1A

�w� + · · · + ν2p−1(A
�)2p−1w� = 0 (10.23)

with real coefficients occurs. Then for every α ∈ A the equality

ν0
(−λ(α) + iω(α)

)0 + ν1
(−λ(α) + iω(α)

)1

+ · · · + ν2p−1
(−λ(α) + iω(α)

)2p−1 = 0

holds, that is, −λ(α) + iω(α) is a root of the polynomial

P(z) = ν0 + ν1z + · · · + ν2p−1z
2p−1

with real coefficients. This means that the polynomial P(z) has the divisor

z2 − λ(α)2 − ω(α)2.
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Consequently, the polynomial has the divisor

∏

α∈P

(
z2 − λ(α)2 − ω(α)2).

However, this divisor has degree 2p, whereas P(z) has degree 2p − 1. Hence
P(z) ≡ 0, that is,

ν0 = ν1 = · · · = ν2p−1 = 0.

Thus every linear dependence (10.23) is trivial, that is, the vectors

(
A�)k

w�, k = 0,1, . . . ,2p − 1

are linearly independent. This implies that the set BU is not situated in any proper
invariant subspace with respect to A�, that is, under condition (10.22) the general
position condition holds.

Assume now that the terminal set M ⊂ R
2 is the circle of radius 
 centered at

the origin. Then the plant is compressible (but it is not strongly compressible in the
general case).

One can see that under condition (10.22), Theorem 10.4 is applicable to this
situation. In other words, for every initial point x0 ∈ R

2 \ M, the robust time-optimal
process

u(t), xα(t), 0 ≤ t ≤ t1

for the initial point x0 is uniquely defined. Moreover, the control u(t) is piecewise
constant and takes values only at the endpoints ±1 of the interval U .

10.5 Conclusions

• The robust time-optimality problem is shown to be such that it can considered as
a particular case of the Lagrange problem, and, therefore, the earlier results allow
us to formulate directly the Robust Maximum Principle (a necessary condition)
for this problem.

• However, the specific character of the linear multimodel time-optimization prob-
lem allows us to obtain more profound results such as the necessary and sufficient
condition, the existence and uniqueness of robust controls, piecewise constancy
of robust controls for a polyhedral resource set, and a Feldbaum-type estimate for
the number of intervals of constancy (or “switchings”).

• For some simple examples all of these results can be checked analytically.





Chapter 11
A Measurable Space as Uncertainty Set

The purpose of this chapter is to extend the possibilities of the Maximum Principle
approach for the class of Min-Max Control Problems dealing with the construction
of the optimal control strategies for uncertain systems given by a system of ordinary
differential equations with unknown parameters from a given compact measurable
set. The problem considered belongs to the class of optimization problems of the
Min-Max type. Below, a version of the Robust Maximum Principle applied to the
Min-Max Mayer problem with a terminal set is presented. A fixed horizon is con-
sidered. The main contribution of this material is related to the statement of the
robust (Min-Max) version of the Maximum Principle formulated for compact mea-
surable sets of unknown parameters involved in a model description. It is shown that
the robust optimal control, minimizing the worst parametric value of the terminal
functional, maximizes the Lebesgue–Stieltjes integral of the standard Hamiltonian
function (calculated under a fixed parameter value) taken over the given uncertainty
parametric set. In some sense, this chapter generalizes the results given in the pre-
vious chapters in such a way that the case of a finite uncertainty set is a partial case
of a compact uncertainty set, supplied with a given atomic measure.

11.1 Problem Setting

11.1.1 Plant with Unknown Parameter

Consider the controlled plant given by the ODE

ẋt = f α(xt , ut , t), (11.1)

where

• x = (x1, . . . , xn) ∈ R
n is the state vector (x0 is assumed to be fixed)

• u = (u1, . . . , ur ) ∈ R
r is the control defined over a given resource set U ⊂ R

r

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_11, © Springer Science+Business Media, LLC 2012
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• α is an a priori unknown parameter running over a given parametric set A from a
space with a countable additive measure m

• f α(·) : R
n × R

r × R
1 → R

n is the vector function with the components

f α(x,u, t) = (
f α,1(x,u, t), . . . , f α,n(x,u, t)

) ∈ R
n

• and t ∈ [t0, t1] is the time argument taking values within the given interval [t0, t1]
Let P ⊂ A be measurable subsets with finite measure, that is,

m(P ) < ∞.

The following assumption concerning the right-hand side of (11.1) will be in
force throughout.

(A1) All components f α,i(x, u) are continuous with respect to x,u, satisfy the Lip-
schitz Condition with respect to x (uniformly on u and α), and are measurable
with respect to α, that is, for any

i = 1, . . . , n, c ∈ R
1, x ∈ R

n, u ∈ U,

and t ∈ [t0, t1]
{
α : f α,i(x,u, t) ≤ c

} ∈ A.

Moreover, every function of α considered is assumed to be measurable with
respect to α.

11.1.2 Terminal Set and Admissible Control

Remember that a function u(t), t0 ≤ t ≤ t1, is said to be a realizable control if

(1) it is piecewise continuous and
(2) u(t) ∈ U for all t ∈ [t0, t1]
For any realizable control u(t) the assumption (A1) guarantees the existence of a
solution to the differential equation (11.1).

For any realizable control the family of all solutions xα(t), α ∈ A defined in the
whole interval [t0, t1] is assumed to be uniformly bounded, that is, there exists a
constant Q such that

∥∥xα(t)
∥∥ ≤ Q for all t ∈ [t0, t1], α ∈ A

(this is an additional restriction referring to the right-hand side of (11.1)).
In the space R

n consider the so-called terminal set M defined by

M = {
x ∈ R

n : g(x) ≤ 0
}
, (11.2)
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where g(x) : R
n → R

s is a smooth real function.
The realizable control u(t), t0 ≤ t ≤ t1 is said to be admissible or realizing the

terminal condition (11.2), if for every α ∈ A the corresponding trajectory xα(t)

satisfies the inclusion

xα(t1) ∈ M.

11.1.3 Maximum Cost Function

Definition 11.1 For any scalar-valued function ϕ(α) bounded on A define the
m-truth (or m-essential) maximum of ϕ(α) on A as follows:

m-vraimax
α∈A

ϕ(α) := maxϕ+

such that

m
{
α ∈ A : ϕ(α) > ϕ+} = 0.

It can easily be shown (see, for example, Yoshida 1979) that the following inte-
gral presentation for the truth maximum holds:

m-vraimax
α∈A

ϕ(α) = sup
P⊂A:m(P )>0

1

m(P )

∫

P

ϕ(α)dm, (11.3)

where the Lebesgue–Stieltjes integral is taken over all subsets P ⊂ A with positive
measure m(P ).

Consider a positive, bounded, and smooth cost function h(x) defined on an open
set G ⊂ R

n containing M. If an admissible control is applied, for every α ∈ A we
deal with the cost value h(xα(t1)) calculated at the terminal point xα(t1) ∈ M. Since
the realized value of α is a priori unknown, define the maximum cost

F 0 = sup
P⊂A:m(P )>0

1

m(P )

∫

P

h
(
xα(t1)

)
dm

= m-vraimax
α∈A

h
(
xα(t1)

)
. (11.4)

The function F 0 depends only on the considered admissible control u(t), t0 ≤ t ≤ t1.

11.1.4 Robust Optimal Control

Now we are ready to formulate the statement of the Min-Max Control Problem in
the Mayer form.
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As before we say that a control u(t), t0 ≤ t ≤ t1 is robust optimal if

(i) it realizes the terminal condition and
(ii) it realizes the minimal highest cost

min
u(t)

F 0 = min
u(t)

m-vraimax
α∈A

h
(
xα(t1)

)

= min
u(t)

sup
P⊂A:m(P )>0

1

m(P )

∫

P

h
(
xα(t1)

)
dm, (11.5)

with the minimum being taken over all admissible controls realizing the termi-
nal condition

11.2 The Formalism

To formulate a theorem giving a necessary condition for robust optimality, let us
introduce a formalism. Consider the set of all measurable, bounded functions de-
fined on A with values in n-dimensional (self-conjugate) Euclidean space R

n. If
x = {x(α)} is such a function then for each fixed α ∈ A the value

x(α) = (
x1(α), . . . , xn(α)

)

is a vector in R
n with the norm

‖x(α)‖ =
√(

x1(α)
)2 + · · · + (

xn(α)
)2

. (11.6)

In what follows, introduce the “norm of the family” x by the equality

‖x‖ = m-vraimax
α∈A

‖x(α)‖

= sup
P⊂A:m(P )>0

1

m(P )

∫

P

√(
x1(α)

)2 + · · · + (
xn(α)

)2
dm. (11.7)

Consider the set R
� of all bounded, measurable functions on A with values in R

n,
identifying every two functions that coincide almost everywhere. With the norm
(11.7), R

� is a Banach space.
Now we describe its conjugate space R�. Consider the set of all measurable,

summable (by norm) functions a(α) defined on A with values in R
n. The norm of

a is defined by

‖a‖ =
∫

A
‖a(α)‖dm =

∫

A

√(
a1(α)

)2 + · · · + (
an(α)

)2
dm. (11.8)

The set of all measurable, summable functions a(α) is a linear normed space. In
general, this normed space is not complete. The following example illustrates this
fact.



11.2 The Formalism 257

Example 11.1 Consider the case when A is the segment [0,1] ⊂ R with the usual
Lebesgue measure. Let ϕk(α) be the function on [0,1] that it is equal to 0 for
α > 1

k
and is equal to k for 0 ≤ α ≤ 1

k
. Then

∫
A ϕk(α)dα = 1, and the sequence

ϕk(α), k = 1,2, . . . is a fundamental one in the norm (11.8). But their limit function
limk→∞ ϕk(α) does not exist among measurable and summable functions. Such a
limit is the Dirac function ϕ(0)(α), which is equal to 0 for every α > 0 and is equal
to infinity at α = 0 (with the normalization agreement that

∫
A ϕ(0)(α)dα = 1).

This example shows that the linear normed space of all measurable, summable
functions with the norm (11.8) is, in general, incomplete. The completion of this
space is a Banach space and we denote it by R�. This is the space conjugate to R

�.
For every two vectors x ∈ R

�, a ∈ R�, their scalar product may be defined as

〈a, x〉 =
∫

A

〈
a(α), x(α)

〉
dm =

∫

A

n∑

i=1

ai(α)xi(α)dm

for which the Cauchy–Bounyakovski–Schwartz inequality evidently holds

〈a, x〉 ≤
∫

A

∥∥a(α)
∥∥∥∥x(α)

∥∥dm ≤ ‖a‖‖x‖.

Let G1,G2 be sets of positive measure satisfying

G1 ∪ G2 = A, G1 ∩ G2 = ∅.

Then

Li := {
x ∈ R

� : xα = 0 almost everywhere on Gi

}
, i = 1,2

are two closed subspaces in R
� with the property

L1 ⊕ L2 = R
�.

Their annulators are closed subspaces in R� whose direct sum is also R�.
Consider the element f (x,u) ∈ R

� with coordinates

f (x,u)(α) = f α(x,u), α ∈ A.

Then equation (11.1) of the controlled plant may be written in the form

ẋ = f (x,u). (11.9)

Now let ψ be an element of the space R�. We introduce the Hamiltonian function

H�(ψ,x,u) = 〈
ψ,f (x,u)

〉

=
n∑

k=1

∫

A

〈
ψα

k (t), f α
k

(
xα(t), u

)〉
dm(α). (11.10)
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The function (11.10) allows us to consider the following differential equation con-
jugate to (11.9):

ψ = −∂H �(ψ,x,u)

∂x
(11.11)

or, in coordinate form,

dψα
j (t)

dt
= −

n∑

k=1

∂f α
k (xα(t), u(t))

∂xj
ψα

k (t). (11.12)

Now let b ∈ R�. Denote by ψ(t) ∈ R� the solution of (11.11) with the terminal
condition ψ(t1) = b, that is,

ψα
j (t1) = bj (α), α ∈ A, j = 1, . . . , n. (11.13)

Definition 11.2 We say that the control u(t), t0 ≤ t ≤ t1 satisfies the Maximum Con-
dition with respect to x(t) and ψ(t) if

u(t) ∈ arg max
u∈U

H�(ψ(t), x(t), u
)

= arg max
u∈U

n∑

k=1

∫

A

〈
ψα

k (t), f α
k

(
xα(t), u

)〉
dm(α)

almost everywhere on [t0, t1], (11.14)

that is,

H �(ψ(t), x(t), u(t)
) ≥ H�(ψ(t), x(t), u

)

for all u ∈ U and for almost all t ∈ [t0, t1].

11.3 The Main Theorem

Theorem 11.1 (Robust MP for a Compact Uncertainty Set) Let u(t), t0 ≤ t ≤ t1 be
an admissible control and xα(t), t0 ≤ t ≤ t1 be the corresponding solution of (11.1)
with the initial condition xα(t0) = x0, α ∈ A. The parametric uncertainty set A is
assumed to be a space with countable additive measure m(α), which is assumed to
be given. Assume also that the terminal condition is satisfied:

xα(t1) ∈ M for all α ∈ A.

For robust optimality of the control it is necessary that for every ε > 0 there exists a
vector b(ε) ∈ R� and nonnegative measurable real functions μ(ε)(α), ν(ε)(α) defined
on A such that the following conditions are satisfied.
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1. (The Maximum Condition) Denote by ψ(ε)(t), t0 ≤ t ≤ t1, the solution of (11.11)
with terminal condition (11.13). The control u(t) (t0 ≤ t ≤ t1) satisfies the maxi-
mality condition (11.14); moreover,

H �(ψ(ε)(t), x(t), u(t)
) = 0 for t0 ≤ t ≤ t1.

2. (The Complementary Slackness Condition) For every α ∈ A either the inequality
∣∣f 0(xα(t1)

) − F 0
∣∣ < ε

holds or

μ(ε)(α) = 0,

moreover, for every α ∈ A either the inequality
∣
∣g

(
xα(t1)

)∣∣ < ε

holds or

ν(ε)(α) = 0.

3. (The Transversality Condition) For every α ∈ A the equality
∣∣ψα,(ε)(t1) + μ(ε)(α)∇f 0(xα(t1)

) + ν(ε)(α)∇g
(
xα(t1)

)∣∣ < ε

holds.
4. (The Nontriviality Condition) There exists a set P ⊂ A with positive measure

m(P ) > 0 such that for every α ∈ P the inequality
∥∥ψα,(ε)(t1)

∥∥ + ∣∣μ(ε)(α)
∣∣ + ∣∣ν(ε)(α)

∣∣ > 0

holds.

11.4 Proof of the Main Result

11.4.1 Application of the Tent Method

Assume that G ⊂ A is a set of a positive measure such that g(xα(t1)) > −ε and
∇g(xα(t1)) ≥ 0 almost everywhere on A. Then taking ν(α) = 1 for α ∈ G, ν(α) = 0
for α /∈ G, and μ(α) = 0,ψ(α)(t) = 0 everywhere on A, we satisfy the conditions
1–4 in this case. It makes no difference whether the control is robustly optimal or
not. Hence, in the following, we may suppose that if G ⊂ A is a set of positive
measure where the inequality g(xα(t1)) > −ε is fulfilled everywhere on G then it is
sufficient to consider the situation when

∇g
(
xα(t1)

) �= 0
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almost everywhere on G. In a similar way, if G ⊂ A is a set of positive measure
with f 0(xα(t1)) > F 0 − ε everywhere on G, then we may suppose that

∇f 0(xα(t1)
) �= 0

almost everywhere on G.
Denote by Ω1 the controllability region, that is, the set of all points z ∈ R

� such
that there exists an admissible control v(s), s0 ≤ s ≤ s1 for which the corresponding
trajectory y(s), s0 ≤ s ≤ s1, verifying (11.9) with the initial condition yα(s0) = x0,
α ∈ A, satisfies y(s1) = z. Furthermore, denote by Ω2 the set of all points z ∈ R

�
satisfying the terminal condition, that is, g(zα) ≤ 0 almost everywhere on A.

Finally, let u(t), t0 ≤ t ≤ t1 be a fixed admissible control and x(t), t0 ≤ t ≤ t1 be
the corresponding trajectory satisfying (11.8), with the initial condition xα(t0) = x0
for all α ∈ A. Let F 0 be the corresponding value of the functional (11.4). De-
note by Ω0 the set containing the point x1 = x(t1) and all points z ∈ R� such that
f 0(z) < F 0 for all α ∈ A.

If the process u(t), x(t), t0 ≤ t ≤ t1 is robust optimal then the intersection

Ω0 ∩ Ω1 ∩ Ω2

consists of only the point x1. Consequently, if K0,K1,K2 are tents (or local tents)
of the sets Ω0, Ω1, Ω2 at their common point x1 then the cones K0, K1, K2 are
separable, that is, there are vectors aε , bε , cε ∈ R� not all equal to zero, which
belong to the polar cones K∗

0 , K∗
1 , K∗

2 , respectively, and satisfy the condition

aε + bε + cε = 0. (11.15)

We now tackle the sense of the inclusions

aε ∈ K∗
0 , bε ∈ K∗

1 , cε ∈ K∗
3 .

11.4.2 Needle-Shaped Variations and Proof of the Maximality
Condition

First of all, consider the tent K1 of the controllability region Ω1 at the point x1.
Choose a time τ, t0 ≤ τ < t1 and a point v ∈ U . Denote by ū(t) the control obtained
from u(t) by the needle-shaped variation

ū(t) =
{

v for τ ≤ t < τ + ε,

u(t) for all other t,

where ε is a small enough positive parameter.
The trajectory x̄(t) corresponding to this varied control (with the usual initial

condition xα(t0) = x0, α ∈ A) has the form

x̄(t) =
{

x(t) for t0 ≤ t ≤ τ,

x(t) + εδx(t) + o(ε) for t > τ + ε,
(11.16)
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where δx(t) is the solution of the system of variational equations

d

dt
δxα,k(t) =

n∑

j=1

∂f α,k(xα(t), u(t))

∂xα,j
δxα,j (t), α ∈ A, k = 1, . . . , n (11.17)

with the initial condition

δxα(τ ) = f α
(
xα(τ ), v

) − f α
(
xα(τ ), u(τ )

)
. (11.18)

We call h(τ, v) = δx(t1) ∈ R
� the displacement vector. It is defined by the selection

of τ and v. Notice that the coordinates hα(τ, v) of the displacement vector are, in
general, distinct from zero for all α ∈ A simultaneously, that is, every trajectory in
the family xα(t), α ∈ A, obtains a displacement. From (11.16) it follows that each
displacement vector h(τ, v) is a tangential vector of the controllability region Ω1
at the point x1 = x(t1). Also we may conclude that ±f (x(t1), u(t1)) are tangential
vectors of Ω1 at the point x1 = x(t1) since

x(t1 ± ε) = x(t1) ± εf
(
x(t1), u(t1)

) + o(ε).

Denote by Q1 the cone generated by all displacement vectors h(τ, v) and the
vectors ±f (x(t1), u(t1)), that is, the set of all linear combinations of those vectors
with nonnegative coefficients. Then

K1 = x(t1) + Q1

is a local tent of the controllability region Ω1 at the point x(t1). The proof of this is
the same as in Chap. 8.

Now let bε ∈ R
� be a vector belonging to the polar cone K∗

1 = Q∗
1. Denote by

ψε(t) the solution of the conjugate equation (11.12) with the terminal condition
ψε(t1) = b(ε). In what follows, we show that if the considered control u(t), t0 ≤
t ≤ t1 is robust optimal then the maximum condition 1 holds. Indeed, fix some τ, v

where t0 ≤ τ < t1 and v ∈ U . Then for τ ≤ t ≤ t1 the variation δx(t) satisfies (11.17)
with the initial condition (11.18), and ψε(t) satisfies (11.12). Hence,

d

dt

〈
ψ(ε)(t), δx(t)

〉 =
〈

d

dt
ψ(ε)(t), δx(t)

〉
+

〈
ψ(ε)(t),

d

dt
δx(t)

〉

= −
∫

α∈A

n∑

j,k=1

∂f α
k (xα(t), u(t))

∂xα,j
ψ

α,(ε)
k (t)δxα,j dm(α)

+
∫

α∈A

n∑

j,k=1

ψ
α,(ε)
k (t)

∂f α
k (xα(t), u(t))

∂xα,j
δxα,j dm(α) ≡ 0,

which implies
〈
ψ(ε)(t), δx(t)

〉 = const, τ ≤ t ≤ t1.
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In particular,
〈
ψ(ε)(τ ), δx(τ )

〉 = 〈
ψ(ε)(t1), δx(t1)

〉 = 〈
b(ε), h(τ, v)

〉 ≤ 0 (11.19)

since h(τ, v) ∈ Q1 and b(ε) ∈ Q∗
1. Thus

〈
ψ(ε)(t), δx(t)

〉 ≤ 0,

that is (see (11.18)),
〈
ψ(ε)(τ ), f

(
x(τ, v)

)〉 − 〈
ψ(ε)(τ ), f

(
x(τ), u(τ )

)〉 ≤ 0.

In other words,

H �(ψ(ε)(τ ), x(τ ), u(τ )
) ≥ H �(ψ(ε)(τ ), x(τ ), v

)

for any v ∈ U , so the maximum condition (11.14) holds. Moreover, since

±f
(
x(t1), u(t1)

) ∈ Q1

it follows that

±〈
b(ε), f

(
x(t1), u(t1)

)〉 ≤ 0,

which implies
〈
b(ε), f

(
x(t1), u(t1)

)〉 = 0.

But b(ε) = ψ(ε)(t1), which leads to the equality

H�(
ψ(t1), x(t1), u(t1)

) = 0.

Consequently, by (11.19), it follows that

H�(ψ(t), x(t), u(t)
) ≡ 0

for all t ∈ [t0, t1]. This completes the proof of the maximum condition 1.

11.4.3 Proof of Complementary Slackness Property

Now we pay attention to the terminal set Q2 and describe its tent at the point x1. De-
note by P2 ⊂ A the set of points α ∈ A for which g(xα(t1)) > −ε. By the agreement
accepted above, we may assume that ∇g(xα(t1)) �= 0 almost everywhere on P2. De-
note by K2 the set of all points x ∈ R

� satisfying 〈∇g(xα(t1)), x
α − xα

1 〉 ≤ 0 for all
α ∈ P2. Then K2 is a convex cone with the apex x1. One can see that K2 is a tent
of Ω2 at the point x1. The polar cone K∗

2 consists of all measurable, summable
functions cε ∈ R� such that

cε(α) = νε(α)∇g
(
xα(t1)

)
,



11.5 Some Special Cases 263

where νε(α) ≥ 0 for all α ∈ A and νε(α) = 0 for g(xα(t1)) ≤ −ε. This gives the
second complementary slackness condition. Consider then the set Ω0. Denote by
P0 ⊂ A the set of points α ∈ A for which f 0(xα(t1)) − F 0 > −ε. By the above
agreement, we may again assume that ∇f 0(xα(t1)) �= 0 almost everywhere on P0.
Denote by K0 the set of all points x ∈ R

� with 〈∇f 0(xα(t1)), x
α − xα

1 〉 ≤ 0 for all
α ∈ P0. Then K0 is a convex cone with the apex x1. It may easily be shown that
K0 is a tent of Ω0 at the point x1. The polar cone K∗

0 consists of all measurable,
summable functions aε ∈ R� such that

aε(α) = με(α)∇f 0(xα(t1)
)
,

where με(α) ≥ 0 for all α ∈ A and με(α) = 0 for f 0(xα(t1))
0
F ≤ −ε. This gives the

first complementary slackness condition.

11.4.4 Transversality Condition Proof

Furthermore, it follows from (11.15) that

aε + bε + cε = 0,

that is,

ψ(α)(t1) + μ(α)∇f 0(x(t1)
) + ν(α)∇g

(
x(t1)

) = 0

for every α ∈ A. This means that the transversality condition 3 holds.

11.4.5 Nontriviality Condition Proof

Finally, since at least one of the vectors aε, bε, cε is distinct from zero, there exists
a set P ⊂ A of positive measure such that

∥∥ψα,(ε)(t1)
∥∥ + ∣∣μ(α)

∣∣ + ∣∣ν(α)
∣∣ > 0

on P . This means that the nontriviality condition 4 also is true.

11.5 Some Special Cases

11.5.1 Comment on Possible Variable Horizon Extension

Consider the case when the function f 0(x) is positive. Let us introduce a new vari-
able xn+1 (associated with time t ) by the equation

ẋn+1 ≡ 1 (11.20)
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and consider the variable vector x̄ = (x1, . . . , xn, xn+1) ∈ R
n+1. For the plant

(11.1), combined with (11.20), the initial conditions are

x(t0) = x0 ∈ R
n, xn+1(t0) = 0 (for all α ∈ A).

Furthermore, we determine the terminal set M for the plant (11.1), (11.20) by the
inequality

M = {
x ∈ R

n+1 : g(x) = τ − xn+1 ≤ 0
}

assuming that the numbers t0, τ are fixed (t0 < τ). Now let u(t), x̄(t), t0 ≤ t ≤ t1
be an admissible control that satisfies the terminal condition. Then t1 ≥ τ since
otherwise the terminal condition x(t1) ∈ M would not be satisfied. The function
f 0(x) is defined only on R

n, but we extend it into R
n+1, setting

f 0(x̄) =
{

f 0(x) for xn+1 ≤ τ,

f 0(x) + (
xn+1 − τ

)2
for xn+1 > τ.

If now t1 > τ then (for every α ∈ A)

f 0(x(t1)
) = f 0(x(τ)

) + (t1 − τ)2 > f 0(x(τ)
)
.

Thus F 0 may attain its minimum only for t1 = τ , that is, we have the problem with
fixed time t1 = τ . Thus, the theorem above gives the Robust Maximum Principle
only for the problem with a fixed horizon. The variable horizon case demands a
special construction and implies another formulation of the Robust Maximum Prin-
ciple.

11.5.2 The Case of Absolutely Continuous Measures

Consider now the case of an absolutely continuous measure m(P ), that is, consider
the situation when there exists a summable (the Lebesgue integral

∫
Rs p(x)(dx1 ∨

· · · ∨ dxn) is finite and s-fold) nonnegative function p(x), given in R
s and named

the density of a measure m(P ), such that for every measurable subset P ⊂ R
s we

have

m(P ) =
∫

P

p(x)dx, dx := dx1 ∨ · · · ∨ dxn.

By this initial agreement, R
s is a space with a countable additive measure. Now it

is possible to consider the controlled object (11.1) with the uncertainty set A = R
s .

In this case
∫

P

f (x)dm =
∫

P

f (x)p(x)dx. (11.21)

The statements of the Robust Maximum Principle for this special case are obtained
from the main theorem with obvious modification. It is possible also to consider a
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particular case when p(x) is defined only on a ball A ⊂ R
s (or on another subset

of R
s ) and the integral (11.21) is defined only for P ⊂ A.

11.5.3 Uniform-Density Case

If no a priori information on some parameter values is available, and the distance in
a compact A ⊂ R

s is defined in the natural way as ‖α1 − α2‖, then the maximum
condition (11.14) can be formulated (and proved) as follows:

u(t) ∈ arg max
u∈U

H�(ψ(t), x(t), u
)

= arg max
u∈U

∫

A

n∑

k=1

〈
ψα

k (t), f α
k

(
xα(t), u

)〉
dα

almost everywhere on [t0, t1], (11.22)

which represents, evidently, a partial case of the general condition (11.14) with a
uniform absolutely continuous measure, that is, when

dm(α) = p(α)dα = 1

m(A)
dα

with p(α) = m−1(A).

11.5.4 Finite Uncertainty Set

If the uncertainty set A is finite, the Robust Maximum Principle, proved above, gives
the result contained in Chap. 8. In this case, the integrals may be replaced by finite
sums. For example, formula (11.4) takes the form

F 0 = max
α∈A

f 0(xα(t1)
)

and similar changes have to be made in the further formulas. Now, the number ε is
superfluous and may be omitted, and in the complementary slackness condition we
have the equalities; that is, the condition 2 should look as follows: for every α ∈ A
the equalities

μ(α)
[
f 0(xα(t1)

) − F 0] = 0, v(α)g
(
xα(t1)

) = 0 (11.23)

hold.
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11.5.5 May the Complementary Slackness Inequalities Be
Replaced by the Equalities?

It is natural to ask: is it possible, in the general case, to replace the inequalities by
the equalities as was done above or is it not? Below we present an example that
gives a negative answer. Consider the case of the absolutely continuous measure for
s = 1 (Rs = R

1) with the density p(x) = e−x2
. Furthermore, take, for simplicity,

n = 1. Consider the family of controlled plants given by

ẋα,1 = f α(x,u) = − α2

1 + α2 + u

with

t0 = 0, t1 = 1

2
, xα,1(0) = 1, α ∈ [−1,1]

and

U = [−1,1].
The terminal set M is defined by the inequality g(x) ≤ 0 with g(x) = x. Finally,
we take the cost function as

f 0(x) = 1 − x.

It is evident (applying the main theorem) that the optimal control is as follows:

u(t) ≡ −1, 0 ≤ t ≤ 1

2

and

F 0 = 1.

But the complementary slackness condition in the form (11.23) implies that

μ(α) = ν(α) = 0 for all α.

Consequently the transversality condition 3 gives

ψ(t) ≡ 0.

But this contradicts the nontriviality condition 4. Thus the inequalities in the condi-
tion 2 of the main theorem cannot be replaced by the equalities (11.23).

11.6 Conclusions

In this chapter we have found the following.
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• We explore the possibilities of the Maximum Principle approach for the class of
Min-Max Control Problems concerning the construction of the optimal control
strategies for a class of uncertain systems given by a system of ordinary differen-
tial equations with unknown parameters from a given compact measurable set.

• A version of the Robust Maximum Principle designed especially for the Min-
Max Mayer problem (a fixed horizon case) with a terminal set is proven and the
necessary conditions of optimality in the Hamiltonian form are presented.

• We show that the robust optimal control, minimizing the minimum parametric
value of the terminal functional, maximizes the Lebesgue–Stieltjes integral of the
standard Hamiltonian function (calculated under a fixed parameter value) taken
over the given uncertainty parametric set.

• This chapter generalizes the results of the previous chapters dealing with the case
of a finite uncertainty set.

• Several comments concerning the possibilities of the direct variable horizon case
extension and the absolutely continuous as well as finite measurable cases are
made and discussed.





Chapter 12
Dynamic Programming for Robust Optimization

In this chapter we extend the Dynamic Programming (DP) approach to multimodel
Optimal Control Problems (OCPs). We deal with the robust optimization of mul-
timodel control systems and are particularly interested in the Hamilton–Jacobi–
Bellman (HJB) equation for the above class of problems. Here we study a variant
of the HJB for multimodel OCPs and examine the natural relationship between the
Bellman DP techniques and the Robust Maximum Principle (MP). Moreover, we
describe how to carry out the practical calculations in the context of multimodel LQ
problems and derive the associated Riccati-type equation. In this chapter we follow
Azhmyakov et al. (2010).

12.1 Problem Formulation and Preliminary Results

Consider the following initial-value problem for a multimodel control system:

ẋ(t) = f α
(
t, x(t), u(t)

)
a.e. on [0, tf ],

x(0) = x0,
(12.1)

where

• f α : [0, tf ] × R
n × R

m → R
n for every α from a finite parametric set A

• u(t) ∈ U and x0 ∈ R
n is a fixed initial state

Note that the parameter α indicates the corresponding “model” (or “realization”)
of the multimodel system under consideration. We assume that U is a compact sub-
set of R

m and we introduce the set of admissible control functions

U := {
u(·) ∈ L

∞
m

([0, tf ]) : u(t) ∈ U a.e. on [0, tf ]}.

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_12, © Springer Science+Business Media, LLC 2012
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Here L
∞
m ([0, tf ]) is the standard Lebesgue space of (bounded) measurable control

functions u : [0, tf ] → R
m such that

ess sup
t∈[0,tf ]

∥∥u(t)
∥∥

Rm < ∞.

In addition, we assume that for each α ∈ A, u(·) ∈ U , the realized initial-value prob-
lem (12.1) has a unique absolutely continuous solution xα,u(·).

Let u(·) be an admissible control function. This control gives rise to the complete
dynamic of the given multimodel system (12.1), and we can define the (n × |A|)-
dimensional “state vector” of system (12.1)

Xu(t) := (
xα1,u(t), . . . , xα|A|,u(t)

)
α∈A, t ∈ [0, tf ].

In a similar way we consider a “trajectory” of system (12.1) as an absolutely contin-
uous (n × |A|)-dimensional function Xu(·). In the following, we also will use the
notation

F(t,X,u) := (
f α1(t, x, u), . . . , f α|A|(t, x,u)

)
α∈A,

h
(
u(·), xα,u(·)) :=

∫ tf

0
f0

(
t, xα,u(t), u(t)

)
dt,

(12.2)

where f0 : R × R
n × R

m → R is a continuous function (the integrand of the cost
functional). Clearly, the functional h(u(·), xα,u(·)) is associated with the corre-
sponding realized model from (12.1). If we assume that the realized value of the
parameter α is unknown, then the minimum cost (maximum cost) can easily be de-
fined as

J
(
u(·)) := max

α∈A
h
(
u(·), xα,u(·)). (12.3)

Note that the “common” cost functional J depends only on the given admissible
control u(·). Let us now formulate the robust (Min-Max) OCP for a multimodel
control system:

minimize J
(
u(·))

subject to (12.1), α ∈ A, u(·) ∈ U .
(12.4)

A pair (u(·),Xu(·)), where u(·) ∈ U , is called an admissible process for (12.4). Note
that we consider admissible processes defined on the (finite) time interval [0, tf ].

Remark 12.1 Roughly speaking, in the context of problem (12.4) we are interested
in a control strategy that provides a “good” behavior for all systems from the given
collection of models (12.1) even in the “minimum” cost case. The resulting control
strategy is applied to every α-model from (12.1) simultaneously. A solution of (12.4)
guarantees an optimal robust behavior of the corresponding multimodel system in
the sense of the above cost functional J .
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Note that one can theoretically consider a control design determined by the fol-
lowing optimization procedure:

maximize min
u(·)∈U

h
(
u(·), xα,u(·))

subject to (12.1), α ∈ A,u(·) ∈ U.

Evidently, a solution to this last (Max-Min) OCP cannot be interpreted as a robust
optimization in the framework of the above-mentioned “minimum case.” Moreover,
a control generated by this maximum optimization procedure possesses (in general)
the optimality property only for some models from (12.1). Therefore, a simulta-
neous application of the above Max-Min control to all α-models from (12.1) (for
all α ∈ A) does not lead to an adequate optimal dynamics for all systems from the
collection (12.1).

Multimodel OCPs of the Bolza type were studied in Chap. 9 of this book. Let us
examine the Bolza cost functional associated with the system (12.1):

h̃
(
u(·), xα,u(·)) := φ

(
xα,u(tf )

) +
∫ tf

0
f̃0

(
t, xα,u(t), u(t)

)
dt ,

where φ : R
n → R is a continuously differentiable function (a smooth terminal

term) and f̃0 is a continuous function. Note that we deal here with a classical Bolza
functional h̃. The smooth function φ introduced above characterizes the possible
terminal costs. It is evident that for every α ∈ A and u(·) ∈ U we have

h̃
(
u(·), xα,u(·)) =

∫ tf

0
f α

0

(
t, xα,u(t), u(t)

)
dt = hα

(
u(·), xα,u(·)),

where the new integrand f α
0 in the last formula is defined by

f α
0 (t, x,u) := ∂φ(x)

∂x
f α(t, x,u) + f̃ (t, x, u), α ∈ A.

Here we put φ(x0) = 0. Since the common cost functional J can also be defined as
a maximum over all hα(u(·), xα,u(·)), α ∈ A, we conclude that the Min-Max Bolza
OCP is, in effect, incorporated into the modeling framework of problem (12.4). Next
we introduce the concept of a local solution to (12.4).

Definition 12.1 An admissible process (uopt(·),Xopt(·)) is called a (local) optimal
solution of (12.4) if there exists an ε > 0 such that

J
(
uopt) ≤ J

(
u(·))

for all admissible processes (u(·),Xu(·)) with
∥∥Xu(·) − Xopt(·)∥∥

Cn([0,tf ]) < ε.
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As is evident, we understand a local optimal solution of the multimodel OCP
(12.4) in the context of a strong minimum. In the following, we assume that the
given OCP (12.4) has an optimal solution.

Let us call all auxiliary analytic assumptions and the hypothesis formulated
above basic assumptions.

Let us give an easy lower estimation of the minimal value of J (12.3).

Theorem 12.1 Under the above-formulated basic assumptions, the following in-
equality is satisfied:

max
α∈A

min
u(·)∈U

h
(
u(·), xα,u(·)) ≤ J

(
uopt(·)). (12.5)

Proof Clearly,

min
u(·)∈U

h
(
u(·), xα,u(·)) ≤ h

(
u(·), xα,u(·))

for every value α ∈ A and u(·) ∈ U . Hence

max
α∈A

min
u(·)∈U

h
(
u(·), xα,u(·)) ≤ J

(
u(·))

for every u(·) ∈ U . Since uopt(·) ∈ U , the last inequality is also satisfied for an opti-
mal control uopt(·). �

Remark 12.2 The result presented characterizes a relation between (12.4) and the
Max-Min approach (sketched in Remark 12.1) to the optimization of the multimodel
dynamical system (12.1). As is evident, the Max-Min-based control leads to a “bet-
ter” cost. However, the maximization of the minimal costs over all “partial” OCPs
formulated for every model from (12.1) cannot be adequately interpreted as an op-
timal (robust) control design for the multimodel collection (12.1). A simultaneous
application of this control to (12.1) does not imply any optimal behavior of all mod-
els from (12.1) (see also Remark 12.1).

For a given index set A we now introduce a barycentric system (a simplex)

SA :=
{
η ∈ R

|A| : ηα ≥ 0 ∀α ∈ A,
∑

α∈A
ηα = 1

}
. (12.6)

In the following we will need a simple result, providing conditions that ensure the
equivalence of a finite maximization problem to an auxiliary linear program over a
barycentric system SA .
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Lemma 12.1 Consider a finite maximization problem, max{b1, . . . , b|A|}, bα ∈ R.
This problem is equivalent to the following auxiliary linear program:

maximize
ηα∈SA

∑

α∈A
ηαbα .

Proof Since the formulated auxiliary maximization problem is a linear program,
there exists a vertex ηαopt of SA (the maximal vertex) which is an optimal solution
of this problem. In the case of many optimal solutions, ηαopt is always included into
the set of all solutions to the given maximization problem. Since ηαopt is a vertex,
we have

bαopt = max
ηα∈SA

∑

α∈A
ηαbα ≥

∑

α∈A
ηαbα

for all ηα ∈ SA . In the special case of the corresponding unit vectors ηα of the
simplex SA we have bαopt ≥ bα for all α ∈ A. �

Finally, let us formulate the following multidimensional variant of the classic
Bolzano Theorem (Poznyak 2008).

Lemma 12.2 Let g : SA ⊂ R
|A| → R be a continuous function such that there are

two points y1, y2 ∈ SA satisfying

g(y1)g(y2) < 0.

Then there exists a point y3 ∈ SA with the property

g(y3) = 0.

Note that Lemma 12.2 is an immediate consequence of the Bolzano Theorem if
we take into consideration the function

g̃(τ ) := g(y1)τ + (1 − τ)g(y2),

where τ ∈ (0,1), and apply the classic Bolzano result to this function.

12.2 Robust Version of the Hamilton–Jacobi–Bellman Equation

In this section we present our main results, namely, a variant of the Bellman Prin-
ciple of Optimality and the corresponding HJB equation for the robust OCP (12.4).
Using the well-known (DP) techniques of the invariant embedding (see, for exam-
ple, Fleming and Rishel 1975), we define a family of multimodel control systems
over [s, tf ]

ẋ(t) = f α
(
t, x(t), u(t)

)
a.e. on [s, tf ],

x(0) = yα,
(12.7)
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where (s, yα) ∈ [0, tf ) × R
n and u(·) belongs to the set

Us := {
u(·) ∈ L

∞
m

([s, tf ]) : a.e. on u(t) ∈ U [0, tf ]}.

Let

Y := {
yα1 , . . . , yα|A|}

and

z := (s, Y ) ∈ [0, tf ) × R
n×|A|.

Similarly to the previous section we also introduce the notation

Xu
z (t) := {

xα1,u
z (t), . . . , x

α|A|,u
z (t)

}
α∈A,

hz

(
u(·), xα,u

z (·)) :=
∫ tf

s

f0
(
t, xα,u

z (t), u(t)
)

dt,

Jz

(
u(·)) := max

α∈A
h
(
u(·), xα,u

z (·)),

where x
α,u
z (·) is a solution of (12.7) for a control function u(·) from Us . Moreover,

we define a “trajectory” Xu
z (·) of (12.7). In parallel to (12.4), we also study the

family of OCPs

minimize Jz

(
u(·))

subject to (12.7), α ∈ A, u(·) ∈ Us .
(12.8)

In fact, the problem (12.8) represents OCPs parametrized by a pair z = (s, Y ) from
[0, tf )×R

n×|A|. It is evident that the initial OCP (12.4) is “embedded” in this family
of problems for the values

s = 0, yα = x0.

Analogously, we assume that every problem (12.8) has an optimal solution
(u

opt
z (·),Xopt

z (·)) (in the sense of Definition 12.1). Further, we introduce the value
function

V (s,Y ) := inf
u(·)∈Us

Jz

(
u(·)) ∀z ∈ [0, tf ) × R

n×|A|,

V (tf , Y ) = 0 ∀Y ∈ R
n×|A|.

(12.9)

Note that V is also often called the Bellman function. First, it is necessary to estab-
lish the Bellman optimality principle in the case of a “nonadditive” Min-Max cost
functional J from (12.4).

Theorem 12.2 Let all basic assumptions from Sects. 12.1–12.2 hold. Then for any
z ∈ [0, tf ) × R

n×|A|
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V (s,Y ) = inf
u(·)∈Us

[
max
α∈A

∫ ŝ

s

f0
(
t, xα,u

z (t), u(t)
)

dt + V
(
ŝ,Xu

z (ŝ)
)]

(12.10)

for all 0 ≤ s ≤ ŝ ≤ tf .

Proof Using the definition of the value function, we deduce that

V (s,Y ) ≤ max
α∈A

[∫ ŝ

s

f0
(
t, xα,u

z (t), u(t)
)

dt +
∫ tf

ŝ

f0
(
t, x

opt
z (t), u

opt
z

)
dt

]

≤ max
α∈A

∫ ŝ

s

f0
(
t, xα,u

z (t), u(t)
)

dt + V
(
ŝ,Xu

z (ŝ)
)

(12.11)

for every control

uz(t) = χ
(
t ∈ [s, ŝ))u(t) + χ

(
t ∈ [ŝ, tf ])uopt

z (t)

from Us . Here x
opt
z (t) is the α-component of X

opt
z (·) and χ(∈ [s, ŝ)) is the charac-

teristic function of the time interval [s, ŝ), that is,

χ
(
t ∈ [s, ŝ)) =

{
1 if t ∈ [s, ŝ),
0 if t /∈ [s, ŝ).

From (12.11) we obtain

V (s,Y ) ≤ inf
u(·)∈Us

[
max
α∈A

∫ ŝ

s

f0
(
t, xδ

z (t), uδ(t)
)

dt + V
(
ŝ,Xu

z (ŝ)
)]

. (12.12)

On the other hand, there exists a control uδ(·) ∈ Us with the following properties
(see, for example, Fattorini 1999):

V (s,Y ) + δ ≥ max
α∈A

∫ ŝ

s

f0
(
t, xα,δ

z (t), u(t)
)

dt + V
(
ŝ,Xδ

z(ŝ)
)

≥ inf
u(·)∈Us

[
max
α∈A

∫ ŝ

s

f0
(
t, xα,u

z (t), uδ(t)
)

dt + V
(
ŝ,Xu

z (ŝ)
)]

, (12.13)

where x
α,δ
z (t) is the α-component of Xδ

z(ŝ), which is the set of solutions of (12.7)
corresponding to the control uδ(·). Combining (12.12) with (12.13) under δ → 0,
we obtain (12.10). �

We now turn back to the initial Min-Max OCP (12.4) and assume that V is a
continuously differentiable function. Let (∂V (t,X)/∂xα)A be the gradient of V

with respect to the vector x := (xα1 , . . . , xα|A|). Using the above result, we are able
to establish the robust version of the HJB equation for the multimodel OCP (12.4).
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Theorem 12.3 In addition to the basic assumptions from Sect. 12.2, let all func-
tions f α , α ∈ A, and f0 be uniformly continuous. Moreover, assume that f α , α ∈ A

are of Lipschitz type with respect to x uniformly in (t × u) ∈ [0, tf ] × U . Sup-
pose that V is a continuously differentiable function. Then there exists a vector
λ0 := (λ0

α1
, . . . , λ0

α|A|) ∈ SA such that V is a solution of the following boundary
value problem for the (HJB) partial differential equation (a.e. on [0, tf )):

− ∂Vt (t,X)

∂t
+ max

u∈U
H

(
t,X,u,−

(
∂V (t,X)

∂xα

)

A
, λ0

)
= 0,

V (tf ,X) = 0,

(12.14)

where X ∈ R
n×|A|, SA is a barycentric system and H is the Hamiltonian

H
(
t,X,u,Ψ,λ0) := 〈

Ψ,F(t,X,u)
〉 −

∑

α∈A
λ0

αf0
(
t, xα,u(t), u(t)

)
(12.15)

with F(t,X,u) from (12.2) and Ψ : [0, tf ] → R
n×|A| satisfying the following ad-

joint system:

Ψ̇ (t) = −∂H(t,Xopt(t), uopt(t),Ψ (t), λ0)

∂x
,

Ψ (tf ) = 0.

(12.16)

Proof Let u(t) = u ∈ U and Xu
z (·) be the corresponding trajectory of (12.7). From

(12.12) we deduce

1

ŝ − s

[
−(

V
(
ŝ,Xu

z (ŝ)
) − V (s,Y )

) − max
α∈A

∫ ŝ

s

f0
(
t, xα,u

z (t), u(t)
)

dt

]
≤ 0.

Using this inequality and applying Lemma 12.1 for every time s < ŝ ≤ tf , we obtain

1

s − ŝ

[
V

(
ŝ,Xu

z (ŝ)
) − V (s,Y )

+ max
λ(s,ŝ)∈SA

∑

α∈A
λα(s, ŝ)

∫ ŝ

s

f0
(
t, xα,u

z (t), u(t)
)

dt

]
≤ 0, (12.17)

where λ(s, ŝ) ∈ SA for every s < ŝ ≤ tf . We now take the limit as ŝ → s in (12.17).
Since {λ(s, ·)} is a bounded sequence, there exists at least one accumulation point
λ1(s) ∈ SA of this sequence (see, for example, Poznyak 2008). Using the continu-
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ity/differentiability properties of f0 and V , we obtain the inequality

− ∂

∂s
V (s,Y ) −

〈(
∂

∂xα
V (s,Y )

)

A
,F (s,Y,u)

〉

+
∑

α∈A
λ̂1

α(s)f0
(
s, yα,u

) ≤ 0 for all u ∈ U. (12.18)

Here λ̂1(s) ∈ SA is a solution of the linear program

max
λ(s)∈SA

∑

α∈A
λα(s)f0

(
t, yα,u

)
dt

for every s ∈ [0, tf ]. Note that this linear program is a consequence of the limiting
process (as ŝ → s) applied to the maximization procedure in (12.17). Let ver{SA}
be a set of vertices of the simplex SA. Since we deal with a linear program over the
barycentric set SA , we can restrict our consideration to the case λ̂1(s) ∈ ver{SA}.
Recall that the existence of an optimal solution for every (12.8) is assumed. Since
(12.18) is satisfied for all u ∈ U , we deduce the inequality

− ∂

∂s
V (s,Y ) + max

u∈U
H

(
t,X,u,−

(
∂V (t,X)

∂xα

)

A
, λ0

)
≤ 0, (12.19)

where H is defined in (12.15).
Alternatively, for any δ > 0 and for a small (ŝ − s), there exists a control function

uδ(·) ∈ Us such that (see, for example, Fattorini 1999)

V (s,Y ) + δ(ŝ − s) ≥ max
α∈A

∫ ŝ

s

f0
(
t, xα,δ

z (t), uδ(t)
)

dt + V
(
ŝ,Xδ

z(ŝ)
)
,

where x
α,δ
z (·) is the α-component of Xδ

z(·) (the set of solutions to (12.7) correspond-
ing to the control uδ). Applying Lemma 12.1, we get

−δ ≤ 1

s − ŝ

[
V

(
ŝ,Xδ

z(ŝ)
) − V (s,Y ) + max

α∈A

∫ ŝ

s

f0
(
t, xα,δ

z (t), uδ(t)
)

dt

]

= 1

s − ŝ

[
V

(
ŝ,Xδ

z(ŝ)
) − V (s,Y )

+ max
λ(s,ŝ)∈SA

∑

α∈A
λα(s, ŝ)

∫ ŝ

s

f0
(
t, xα,δ

z (t), uδ(t)
)

dt

]
. (12.20)

This implies

δ ≥ 1

s − ŝ

∫ ŝ

s

[
∂V (t,Xδ

z(t))

∂t
+

〈(
∂V (t,Xδ

z(t))

∂xα

)

A
,F

(
t,Xδ

z(t), u(t)
)〉

+
∑

α∈A
λ2

α(s, ŝ)f0
(
t, xα,δ

z (t), uδ(t)
)]

dt
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= 1

ŝ − s

∫ ŝ

s

[
−∂V (t,Xδ

z(t))

∂t

+ H

(
t,Xδ

z(t), uδ(t),−
(

∂V (t,Xδ
z(t))

∂xα

)

A
, λ2(s, ŝ)

)]
dt,

where H is as in (12.15), and λ2
α(s, ŝ) is the α-component of the vector function

λ2(s, ŝ) ∈ SA, which is a solution of the linear program (from (12.20))

max
λ(s,ŝ)∈SA

∑

α∈A
λα(s, ŝ)

∫ ŝ

s

f0
(
t, xα,δ

z (t), uδ(t)
)

dt.

Since we deal with a linear program over the barycentric set SA, we also can restrict
our consideration to the case λ2(s, ŝ) ∈ ver{SA}. Consequently,

−δ ≤ 1

ŝ − s

∫ ŝ

s

[
−∂V (t,Xδ

z(t))

∂t

+ max
u∈U

H

(
t,Xu

z (t), u,−
(

∂V (t,Xu
z (t))

∂xα

)

A
, λ2(s, ŝ)

)]
dt. (12.21)

Using the uniform continuity of the functions f α,α ∈ A, f0 and the boundedness of
the function λ2(s, ŝ) we can find an accumulation point in (12.21) as ŝ → s. Thus,
we deduce the inequality

0 ≤ −∂V (s,Y )

∂t
+ max

u∈U
H

(
s, Y,u,−

(
∂V (s,Y )

∂xα

)

A
, λ̂1(s)

)
. (12.22)

For every t ∈ [0, tf ] let us introduce the subset

ver1
t {SA} ⊆ ver{SA}

for which the inequality (12.19) is satisfied. We also use the similar notation

ver2
t {SA} ⊆ verSA

as for inequality (12.22). Then from (12.19) and (12.22) we deduce

0 ≥ −∂V (s,Y )

∂t
+ min

s∈[0,tf ] min
λ∈ver1

t SA
max
u∈U

H

(
s, Y,u,−

(
∂V (s,Y )

∂xα

)

A
, λ

)

≥ −∂V (s,Y )

∂t
+ min

s∈[0,tf ] min
λ∈verSA

max
u∈U

H

(
s, Y,u,−

(
∂V (s,Y )

∂xα

)

A
, λ

)
(12.23)
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and

0 ≤ −∂V (s,Y )

∂t
+ max

s∈[0,tf ]
max

λ∈ver2
t SA

max
u∈U

H

(
s, Y,u,−

(
∂V (s,Y )

∂xα A

)
, λ

)

≤ −∂V (s,Y )

∂t
+ max

s∈[0,tf ]
max

λ∈verSA
max
u∈U

H

(
s, Y,u,−

(
∂V (s,Y )

∂xα

)

A
, λ

)
. (12.24)

Note that the Hamiltonian is a continuous function of time and the right-hand sides
of inequalities (12.23) and (12.24) are consistent in the sense of the minimization
with respect to the time value. Let λ̂01, λ̂02 ∈ verSA now be some solutions of the
corresponding minimization and maximization procedures in the right-hand sides
of (12.23) and (12.24). This implies that

−∂V (s,Y )

∂t
+ max

u∈U
H

(
s, Y,u,−

(
∂V (s,Y )

∂xα

)

A
, λ̂01

)
≤ 0 (12.25)

and

0 ≤ −∂V (s,Y )

∂t
+ max

u∈U
H

(
s, Y,u,−

(
∂V (s,Y )

∂xα

)

A
, λ̂02

)
(12.26)

for all s ∈ [0, tf ]. The Hamiltonian H is a continuous (linear) function with re-
spect to the last variable. Therefore, from inequalities (12.25) and (12.26) and from
Lemma 12.2 we deduce the existence of a constant vector λ0 ∈ SA such that the
HJB in (12.14) is satisfied. �

Note that Theorem 12.3 shows that the multiplier λ0 belongs to the barycentric
system SA. Using some techniques of the classic Bellman DP, one can establish the
relationship between Robust MP and the HJB from Theorem 12.3. This relationship
is analogous to the standard result from the classic optimal control theory (see, for
example, Fleming and Rishel 1975).

Theorem 12.4 In addition to the assumptions of Theorem 12.3, let all func-
tions f α,α ∈ A and f0 be continuously differentiable with respect to x and let
the derivatives be of Lipschitz type with respect to x uniformly in (t × u) from
[0, tf ] × U . Suppose that V is a continuously differentiable function and that its
derivative ∂V (t, ·)/∂t is continuously differentiable. Let Ψ (·) be the adjoint vari-
able given by (12.16) and let (uopt(·),Xopt(·)) be an optimal solution of (12.4).
Then

−
(

∂V (t,Xopt(t))

∂xα

)

A
= Ψ (t) ∀t ∈ [0, tf ].

The main motivation of the introducing DP is that one might be able to compute
an optimal feedback control strategy via the value function. Recall that the classic
result that gives a way to construct an optimal control strategy is called a verification
theorem.
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Let us now discuss the corresponding variant of this useful result for the multi-
model OCP (12.4).

Theorem 12.5 Let all assumptions of Theorem 12.3 hold. Suppose that there exists
a vector λ0 ∈ SA such that v (a verification function) is a continuously differentiable
solution of (12.14). An admissible process (uopt(·),Xopt(·)) is an optimal solution
of (12.4) if and only if

∂vt (t,X
opt(t))

∂t
= max

u∈U
H

(
t,Xopt(t), u,−

(
∂v(t,Xopt(t))

∂xα

)

A
, λ0

)

= H

(
t,Xopt(t), uopt(t),−

(
∂v(t,Xopt(t))

∂xα

)

A
, λ0

)
(12.27)

for a.e. t ∈ [0, tf ].

Proof Let u(·) ∈ U and Xu(·) be the set of solutions corresponding to (12.27). We
have

dv(t,Xu(t))

dt
= ∂v(t,Xu(t))

∂t
+

〈(
∂v(t,X)

∂xα

)

A
,F (t,X,u)

〉

and

dv(t,Xu(t))

dt
= −

∑

α∈A
λαf0

(
t, xα,u(t), u(t)

) + ∂v(t,Xu(t))

∂t

− H

(
t,Xu(t), u(t),−

(
∂v(t,X)

∂xα

)

A
, λ

)
, (12.28)

where λ ∈ SA . Integrating (12.28) for (uopt(·),Xopt(·)), we obtain

v
(
tf ,Xopt(tf )

) − v(s,Y )

= −
∫ tf

s

∑

α∈A
λ0

αf0
(
τ, xα,opt(τ ), uopt(τ )

)
dτ +

∫ tf

s

[
∂v(τ,Xopt(τ ))

∂t

− H

(
τ,Xopt(τ ), uopt(τ ) −

(
∂v(τ,Xopt(τ ))

∂xα

)

A
, λ0

)]
dτ

= inf
u(·)∈U

Jz

(
u(·)) +

∫ tf

s

[
∂v(τ,Xopt(τ ))

∂t

− max
u∈U

H

(
τ,Xopt(τ ), u,−

(
∂v(τ,Xopt(τ ))

∂xα

)

A
, λ0

)]
dτ. (12.29)

The desired result follows from the fact that v is a solution of (12.14). �

Finally, note that Theorem 12.5 is, in fact, an immediate consequence of The-
orem 12.3 and some standard techniques from the classic Bellman DP (see, for
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example, Fleming and Rishel 1975). When applying Theorem 12.5, in practice one
usually takes the verification function v to be the value function V . The multimodel
verification theorem presented can also be used (similarly to the classic case) as a
theoretical basis for an algorithmic treatment of the multimodel optimal feedback
control problems.

12.3 Dynamic Programming Approach to Multimodel LQ-Type
Problems

In this section we apply the obtained theoretic results, namely, Theorems 12.3 and
12.5 to a multimodel LQ problem. Let us consider the following special case of
(12.4) (see Poznyak 2008 for details):

minimize J
(
u(·)) by u(·)

subject to ẋα(t) = Aα(t)x(t) + Bα(t)u(t) + dα(t),

x(0) = x0,

(12.30)

where

d(t) ∈ R
n, Aα(t) ∈ R

n×n, Bα(t) ∈ R
n×m

for all α ∈ A, t ∈ [0, tf ]. The control region U in (12.30) coincides with the full
space R

m and the admissible control functions are assumed to be square-integrable.
Let us introduce the quadratic cost functional

h
(
u(·), xα,u(·)) := 1

2
xα(tf )TGxα(tf ) + 1

2

∫ tf

0

[
xα(t)TQxα(t) + u(t)TRu(t)

]
dt,

where Q,G are symmetric positive-semidefinite matrices and R is a symmetric
positive-definite matrix. Note we deal with a general LQ problem of the Bolza type
for a linear multimodel system. For (12.30) we can rewrite the HJB equation as
follows:

−∂v(t,X)

∂t
= max

u∈U

[〈(
∂v(t,X)

∂xα

)

A
,F (t,X,u)

〉

+ 1

2

∑

α∈A
λ0

α

(
xα(t)TQxα(t)

) + u(t)TRu(t)

]
,

where

v(tf ,X) = 0
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and v is a (smooth) verification function. The maximum on the right-hand side of
the HJB equation is achieved when the robust optimal control is realized, namely,

uopt(t) = −R−1
∑

α∈A
λ0

αBα(t)T ∂v(t,X)

∂xα
, (12.31)

where ∂v(t,X)/∂xα is the n-dimensional α-component of the full n × |A|-
dimensional vector (∂v(t,X)/∂xα)A. Let

A(t) := diag
{
Aα(t)

}
A, B(t) := diag

{
Bα(t)

}
A, G(t) := diag{G}A,

Q := diag{Q}A, R := diag{R}A, Λ0 := diag
{
λ0

α

}
A

be block-diagonal matrices for all t ∈ [0, tf ]. Moreover, we use the notation

d := diag
({

dα(t)
}

A
)
.

Replacing u by uopt in the above equation, we obtain

−∂vt (t,X)

∂t
=

(
∂v(t,X)

∂xα

)T

A
A(t)x + 1

2
xTΛ0Qx

− 1

2

(
∂v(t,X)

∂xα

)T

A
B(t)TR−1B(t)T

(
∂v(t,X)

∂xα

)

A

+
(

∂v(t,X)

∂xα

)

A
d(t), (12.32)

where

x := (
xα1, . . . , xα|A|)

and

v(tf ,X) = xTΛ0Gx.

Equation (12.32) is the HJB equation for the LQ-type multimodel OCP (12.30). For
a given vector λ0 we can try to find the solution to (12.32) as a quadratic function

v(t, x) = 1

2
xTPλ0(t)x + pλ0(t)

Tx,

where P(t) is a symmetric positively definite matrix and p(t) is a “shifting” vector
for all t ∈ [0, tf ]. Applying this verification function v in (12.32) we obtain the main
theorem for the LQ-type multimodel OCP (12.30).

Theorem 12.6 The robust optimal feedback control for the multimodel LQ problem
(12.30) has the following linear form:

u(x) = −R−1BT(Pλ0x + p),
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where the (Riccati) matrix Pλ0 satisfies the parametric boundary value problem

Ṗλ0 + Pλ0 A + ATPλ0 − Pλ0 BR−1BTPλ0 + Λ01/2QΛ01/2 = 0,

Pλ0(tf ) = Λ0G = GΛ0.
(12.33)

Moreover, the shifting vector pλ0 is also a solution of the boundary value problem

ṗλ0 + ATpλ0 − Pλ0 BR−1BTPλ0 pλ0 + Pλ0 d = 0,

pλ0(tf ) = 0.
(12.34)

It is necessary to stress that this theorem is a variant of the verification theo-
rem 12.5 and coincides with the corresponding result from Chap. 9 of this book.
Finally, note that the parametric equations from (12.33) and (12.34) provide a basis
for an effective numerical treatment of the LQ-type multimodel OCPs (12.30).

12.4 Conclusions

This chapter deals with multimodel OCPs in the context of the Bellman DP. We
derive a robust variant of the HJB equation and formulate the corresponding veri-
fication theorem. Moreover, we establish the relationship between the Robust MP
and the obtained variant of the HJB equation for multimodel OCPs. In particular,
for the LQ-type OCPs we deduce the Riccati formalism, similar to the classic LQ
theory, and show that the results obtained using the robust HJB equation coincide
with the consequences of the application of the Robust MP to the multimodel LQ
problems. The main results presented here are based on the assumption that the
value function and the verification function are smooth. It is well known that this
assumption does not necessarily hold and that the viscosity solution theory provides
an excellent framework to deal with the above problem. Evidently, a generalization
of the corresponding classic concepts to the multimodel OCPs in the framework of
the HJB equation is a challenging problem. Finally, note that the approaches and
results presented in this chapter can also be extended to the multimodel OCPs with
target/state constraints and to some classes of hybrid and switched systems.





Chapter 13
Min-Max Sliding-Mode Control

This chapter deals with the Min-Max Sliding-Mode Control design where the orig-
inal linear time-varying system with unmatched disturbances and uncertainties is
replaced by a finite set of dynamic models such that each one describes a particular
uncertain case including exact realizations of possible dynamic equations as well as
external bounded disturbances. Such a trade-off between an original uncertain linear
time-varying dynamic system and a corresponding higher-order multimodel system
with complete knowledge leads to a linear multimodel system with known bounded
disturbances. Each model from a given finite set is characterized by a quadratic per-
formance index. The developed Min-Max Sliding-Mode Control strategy gives an
optimal robust sliding-surface design algorithm, which is reduced to a solution of
the equivalent LQ Problem that corresponds to the weighted performance indices
with weights from a finite-dimensional simplex. An illustrative numerical example
is presented.

13.1 Introduction

13.1.1 Brief Description of Sliding-Mode Control

Sliding-Mode Control is a powerful nonlinear control technique that has been devel-
oped with intensive effort during the last 35 years (see Utkin 1991; Utkin et al. 1999;
Edwards and Spurgeon 1998; Fridman and Levant 2002). The sliding-mode con-
troller drives the system state to a “custom-built” sliding (switching) surface and
constrains the state to this surface thereafter. The motion of a system in a sliding
surface, named the sliding mode, is robust with respect to disturbances and uncer-
tainties matched by a control but sensitive to unmatched ones.

The sliding-mode design approach comprises two steps.

– First, the switching function is constructed such that the system’s motion in
sliding-mode satisfies the design specifications.

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_13, © Springer Science+Business Media, LLC 2012
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– Second, a control function is designed to make the switching function suitable for
the state of the system.

For the case of matched disturbances (acting in the same subspace as a con-
trol) only the optimal sliding-surface design has been discussed in scientific pub-
lications (Utkin 1991; Edwards and Spurgeon 1998; Dorling and Zinober 1986;
Fridman 2002). Recently (Tam et al. 2002), a robust hyperplane computation
scheme for sliding-mode control was proposed. A sensitivity index for sliding eigen-
values with respect to perturbations in the system matrix, the input matrix, and the
hyperplane matrix was suggested to be minimized. Nevertheless, the effect of exter-
nal (unmatched) perturbations has not been considered.

In the case of unmatched disturbances the optimal sliding-surface design cannot
be formulated since an optimal control requires complete knowledge of the system’s
dynamic equations. Therefore, in this situation another design concept must be de-
veloped. The corresponding optimization problem is usually treated as a Min-Max
control dealing with different classes of partially known models (Shtessel 1996;
Boltyanski and Poznyak 1999b; Poznyak et al. 2002a). The Min-Max control prob-
lem can be formulated in such a way that the operation of the maximization is taken
over a set of uncertainty and the operation of the minimization is taken over control
strategies within a given resource set. In view of this concept, the original system’s
model is replaced by a finite set of dynamic models such that each model describes a
particular uncertain case including exact realizations of possible dynamic equations
as well as external bounded disturbances. This is a trade-off between the origi-
nal low-order dynamic system with uncertainty and the corresponding higher-order
multimodel system with complete knowledge. Such an approach improves the ro-
bustness of the sliding-mode dynamics to unmatched uncertainties and disturbances.
So, in this chapter a Min-Max sliding-surface design algorithm is developed. For
example, the reusable launch vehicle attitude control deals with a dynamic model
containing an uncertain matrix of inertia (various payloads in a cargo bay) and is
affected by unknown bounded disturbances such as wind gusts (usually modeled by
a table with look-up data corresponding to different launch sites and months of the
year) (Shtessel et al. 2000). The design of the Min-Max Sliding-Mode controller
that optimizes the minimum flight scenarios will reduce the risk of the loss of a
vehicle and the loss of a crew.

13.1.2 Basic Assumptions and Restrictions

Since the original system model is uncertain, here we do the following.

• We consider a finite set of dynamic models such that each model describes exactly
a particular uncertain case including exact realizations of possible dynamic equa-
tions as well as external bounded disturbances; it is for sure that such an approach
makes sense only for a reasonable, not too large or too small number of possible
scenarios.
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• Each model from a finite set is supposed to be given by a system of linear time-
varying ODEs.

• The performance of each model in the sliding mode is characterized by the LQ
criterion with a finite horizon.

• The same control action is assumed to be applied to all models simultaneously
and designed based on a joint sliding function.

• This joint sliding function, defined in the extended multimodel state space, is
suggested to be synthesized by the minimization of the maximum value of the
corresponding LQ criteria.

13.1.3 Main Contribution of this Chapter

Here we demonstrate the following.

• The designed sliding surface provides the best sliding-mode dynamics for the
worst transient response to a disturbance input from a finite set of uncertainties
and disturbances.

• The Linear Quadratic problem formulation leads to the design of the Min-Max
sliding surface in a linear format with respect to the system state.

• The corresponding optimal weighting coefficients are computed based on the Ric-
cati equation parametrized by a vector, defined on a finite-dimensional simplex.

• It is shown that the design of the Min-Max optimal sliding surface is reduced to
a finite-dimensional optimization problem given at the corresponding simplex set
containing the weight parameters to be found.

13.1.4 Structure of the Chapter

The presentation here follows Poznyak et al. (2003). We start with a description of
the system and the setting of the problem. The extended model for the system and a
transformation to a regular form is presented in the next section. Then the Min-Max
sliding-surface design algorithm is developed. The control function that stabilizes
the Min-Max sliding surface is constructed in the next section. An illustrative ex-
ample concludes this chapter. Several lemmas on a Min-Max sliding-surface design
with proofs are given in the Appendix.
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13.2 Description of the System and Problem Setting

13.2.1 Plant Model

Consider the following collection of finite multimodel linear time-varying systems
Σα :

ẋα = Aα(t)xα + Bα(t)u + ξα(t),

xα(0) = x0, α ∈ Ω,
(13.1)

where

• xα ∈ R
n is the state vector of the system Σα (α ∈ Ω = {1, . . . ,N}, a given finite

set)
• u ∈ R

m is the control vector that is common for all models Σα from a given set
• ξα(t) : R+ → R

n is a disturbance vector with integrable and bounded compo-
nents

• Aα(t) : R+ → R
n×n is a time-varying matrix (α ∈ Ω), and

• Bα(t) : R+ → R
n×m is a time-varying matrix of full rank, that is,

BαT(t)Bα(t) > 0

or

rank
[
Bα(t)

]= m

for any t ∈ R+ and α ∈ Ω

13.2.2 Control Strategy

The control strategies considered hereafter will be restricted by Sliding-Mode Con-
trol (Utkin 1991; Edwards and Spurgeon 1998).

Definition 13.1 A sliding mode is said to occur in the multimodel system (13.1) for
all t > ts if there exists a finite time ts , such that all solutions xα(t) (α ∈ Ω) satisfy

σ
(
x1, . . . , xN, t

)= 0 for all t ≥ ts (13.2)

where σ(x1, . . . , xN, t) : R
n·N × R+ → R

m is a sliding function and (13.2) defines
a sliding surface in R

n·N .
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13.2.3 Performance Index and Formulation of the Problem

For each α ∈ Ω and t1 > 0 the quality of the system (13.1) in its motion in the
sliding surface (13.2) is characterized by the performance index (Utkin 1991)

Jα(t1) = 1

2

∫ t1

ts

(
xα,Qαxα

)
dt . (13.3)

Below we will show that the system (13.1) in its motion in the sliding surface (13.2)
does not depend on the control function u, which is why (13.3) is a functional of
x1, . . . , xN and σ(x1, . . . , xN , t) only. Now we are ready to formulate the optimal
control problem for the given multimodel system (13.1) in the sliding mode in the
sense of Definition 13.1.

Formulation of the Problem For the given multimodel system, (13.1) and t1 > 0
define the optimal sliding function σ = σ(x1, . . . , xN, t) (13.2), providing us with
the minimum-case optimization in the sense of (13.3) in the sliding mode, that is,

max
α∈Ω

Jα(t1) → inf
σ∈Ξ

, (13.4)

where Ξ is the set of the admissible smooth (differentiable on all arguments) sliding
functions σ = σ(x1, . . . , xN, t). So, we wish to minimize the minimum scenario
case varying (optimizing) the sliding surface σ ∈ Ξ .

Remark 13.1 For a single model system (13.1) that corresponds to α = 1, the opti-
mal sliding-surface design problem was addressed in Edwards and Spurgeon (1998)
and Utkin (1991).

Remark 13.2 The original uncertain system model is replaced by a finite number of
fully known dynamic systems. The question is when such a replacement is adequate.
One should realize that even if the system contains only one constant parameter α

known to belong to [0,1], the number of corresponding exact systems is infinite.
The solution of the corresponding Min-Max problem is given in Boltyanski and
Poznyak (2002b). There it was shown that the Min-Max control at each time can be
represented as a vector minimizing an integral over a parametric uncertainty set of
the standard Hamiltonian functions corresponding to a fixed parameter value. That
is why for any small ε a finite-sum approximation of this integral can be found
which guarantees the ε-Min-Max solution to the initial problem given on a compact
set. This technique helps one to avoid the questions of how many approximative
points should be selected.
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13.3 Extended Model and Transformation to Regular Form

The collection of models (13.1) can be rewritten in the form of the following ex-
tended model:

(
x = [

x1T . . . xNT
]T ∈ R

n·N)

ẋ = A(t)x + B(t)u + ξ(t), x(0) = x0,
(13.5)

where

A(t) =

⎡

⎢
⎢
⎢
⎢
⎣

A1(t) 0 0 · 0
0 A2(t) 0 · 0
0 0 A3(t) · 0
· · · · ·
0 0 0 · AN(t)

⎤

⎥
⎥
⎥
⎥
⎦

,

B(t) =
⎡

⎣
B1(t)

·
BN(t)

⎤

⎦ , ξ(t) =
⎡

⎣
ξ1(t)

·
ξN (t)

⎤

⎦ .

Following the standard technique (Sect. 5.6 in Utkin 1991), we introduce a new
state vector z defined by z = T x, where the linear nonsingular transformations T

are given by

T :=
[
I(n·N)−m;(n·N)−m −B1(B2)

−1

0 (B2)
−1

]
, (13.6)

where B1 and B2 ∈ R
m×m represent the matrices B in the form

B(t) =
[
B1(t)

B2(t)

]
, det

[
B2(t)

] �= 0 ∀t ≥ 0. (13.7)

Applying (13.7) to the system (13.1), we obtain

ż =
(

ż1
ż2

)
=
(

Ã11z1 + Ã12z2

Ã21z1 + Ã22z2

)
+
(

0
u

)
+
(

ξ̃1(t)

ξ̃2(t)

)
, (13.8)

where z1 ∈ R
n·N−m, z2 ∈ R

m and

Ã =
[
Ã11 Ã12

Ã21 Ã22

]
= T AT −1 + Ṫ T −1,

(
ξ̃1(t)

ξ̃2(t)

)
= T ξ(t).

(13.9)

Using the operator T −1
α defined by

T −1
α := (

0n×n

... · ... In×n︸ ︷︷ ︸
α

... 0n×n

... · ... 0n×n

)
T −1, (13.10)
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it follows that xα = T −1
α z and, hence, the performance index (13.3) in the new

variables z may be rewritten as

Jα(t1) = 1

2

∫ t1

ts

(
xα,Qαxα

)
dt = 1

2

∫ t1

ts

(
z, Q̃αz

)
dt

= 1

2

∫ t1

ts

[(
z1, Q̃

α
11z1

)+ 2
(
z1, Q̃

α
12z2

)+ (
z2, Q̃

α
22z2

)]
dt,

Q̃α := (
T −1

α

)T
QαT −1

α =
[

Q̃α
11 Q̃α

12

Q̃α
21 Q̃α

22

]
(13.11)

and the sliding function σ = σ(x, t) becomes

σ = σ
(
T −1z, t

) := σ̃ (z, t). (13.12)

Remark 13.3 The matrices Q̃α
11, Q̃

α
12, Q̃

α
21, and Q̃α

22 are supposed to be symmetric.
Otherwise, they can be symmetrized as follows:

Jα = 1

2

∫ t1

ts

[(
z1, Q̄

α
11z1

)+ 2
(
z1, Q̄

α
12z2

)+ (
z2, Q̄

α
22z2

)]
dt,

Q̄α
11 := (

Q̃α
11 + Q̃αT

11

)
/2, Q̄α

22 := (
Q̃α

22 + Q̃αT
22

)
/2,

Q̄α
12 = (

Q̃α
12 + Q̃αT

12 + Q̃α
21 + Q̃αT

21

)
/2. (13.13)

Assumption A1 We will look for the sliding function (13.12) in the form

σ̃ (z, t) := z2 + σ̃0(z1, t). (13.14)

If the sliding mode exists for the system (13.8) in the sliding surface

σ̃ (z, t) = 0

under Assumption A1, then for all t ≥ ts the corresponding multimodel sliding-
mode dynamics, driven by the unmatched disturbance ξ̃1(t), are given by

ż1 = Ã11z1 + Ã12z2 + ξ̃1(t),

z2 = −σ̃0(z1, t)
(13.15)

with the initial conditions

z1(ts) = (
T x(ts )

)
1.

Defining z2 as a virtual control, that is,

v := z2 = −σ̃0(z1, t) (13.16)
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the system (13.15) is rewritten as

ż1 = Ã11z1 + Ã12v + ξ̃1(t) (13.17)

and the performance indices (13.11) become

Jα = 1

2

∫ t1

ts

[(
z1, Q̃

α
11z1

)+ 2
(
z1, Q̃

α
12v

)+ (
v, Q̃α

22v
)]

dt. (13.18)

In view of (13.17) and (13.18), the Min-Max sliding-surface design problem (13.4)
is reduced to the following one:

max
α∈Ω

Jα(t1) → inf
v∈Rm

. (13.19)

13.4 Min-Max Sliding Surface

For any λ = (λ(1), . . . , λ(N))T

λ ∈ SN :=
{
λ ∈ R

N : λ(α) ≥ 0,
∑

α∈Ω

λ(α) = 1

}
, (13.20)

let us define the matrix Pλ(t) ∈ R
n·N×n·N satisfying the Riccati differential equation

−Ṗλ(t) = Pλ(t)Ā(t) + ĀT(t)Pλ(t) − Pλ(t)R̄(t)Pλ(t) + Q̄(t),

Pλ(t1) = 0,
(13.21)

where

Ā(t) := Ã11(t) − ΦT
λ (t)

∑

α∈Ω

λ(α)Q̃α
12(t),

R̄(t) := Ã12(t)Φλ(t),

Q̄(t) :=
∑

α∈Ω

λ(α)Q̃α
11(t) −

∑

α∈Ω

λ(α)Q̃αT
12 (t)

[∑

α∈Ω

λ(α)Q̃α
22(t)

]−1 ∑

α∈Ω

λ(α)Q̃α
12(t)

and we have the shifting vector pλ(t) generated by

− ṗλ(t) = [
ÃT

11(t) − ΞT
λ (t)Φλ(t)

]
pλ(t) + Pλ(t)ξ̃1(t),

pλ(t1) = 0 (13.22)
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with

Ξλ(t) = Φλ(t)Pλ(t) +
[∑

α∈Ω

λ(α)Q̃α
22(t)

]−1 ∑

α∈Ω

λ(α)Q̃α
12(t),

Φλ(t) =
[∑

α∈Ω

λ(α)Q̃α
22(t)

]−1

ÃT
12(t).

The solution of (13.19) is given by the following theorem.

Theorem 13.1 Under the Assumption A1, for any initial conditions z1(ts) the Min-
Max sliding function σ̃ (z, t) (t ∈ [ts , t1]) (13.14), which gives a solution to the Min-
Max problem (13.19), is defined as

σ̃ (z, t) = z2 + Ξλ∗(t)z1(t) + Φλ∗(t)pλ∗(t), (13.23)

where

λ∗ = λ∗(z1(ts)
)= arg min

λ∈SN

F (λ),

F (λ) = max
αεΩ

∫ t1

ts

[(
z1, Q̃

α
11 + ΞT

λ Q̃α
22Ξλ − 2Q̃α

12Ξλz1
)

+ 2
(
z1,

[
ΞT

λ Q̃α
22 − Q̃α

12

]
Φλ(t)pλ(t)

)

+ (
pλ(t),Φ

T
λ (t)Q̃α

22Φλ(t)pλ(t)
)]

dt. (13.24)

Proof Based on Lemma 3 of the Appendix in Poznyak et al. (2003), the following
virtual control v(t) is obtained:

v(t) = −[
Ξλ(t)z1(t) + Φλ(t)pλ(t)

]
, (13.25)

where the matrix Pλ(t) and the vector pλ(t) are defined by (13.21) and (13.22).
Then, the sliding function σ̃ (z, t) (13.14) becomes like (13.23). The selection
λ = λ∗ (13.24) follows from Lemma 4 of the Appendix in Poznyak et al. (2003). �

Corollary 13.1 In the original state variables (13.5), the Min-Max sliding function
σ(x, t) becomes

σ(x, t) = σ̃ (z, t)|z=T x

= Mλ∗((T x(ts ))1)(t)x + Φλ∗((T x(ts ))1)(t)pλ∗(t), (13.26)

Mλ∗((T x(ts ))1)(t) := [
Ξλ∗((T x(ts ))1)(t)

... Im×n·N
]
T (t)
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and the sliding mode starts at any point x(ts) ∈ Γ ⊆ R
n·N where the manifold Γ is

defined as

Γ := {
x ∈ R

n·N : Mλ∗((T x(ts))1)(ts)x

+ Φλ∗((T x(ts ))1)(ts)pλ∗((T x(ts ))1)(ts) = 0
}
. (13.27)

13.5 Sliding-Mode Control Function Design

The control function u(t) in (13.5) that stabilizes the sliding surface σ(x, t) (13.26)
is given by the following theorem.

Theorem 13.2 (Sliding-Mode Control function design) If for the given plant (13.5)
and the sliding surface (13.26)

1.

Mλ∗ := Mλ∗((T x(ts ))1)(ts)

and

Φλ∗ := Φλ∗((T x(ts ))1)(ts)

are differentiable at t

2. for any t ≥ 0

det
(
Mλ∗(t)B(t)

) �= 0

3.

|(Mλ∗ξ + Φ̇λ∗pλ∗ + Φλ∗ ṗλ∗)i | ≤ ri (i = 1, . . . ,m)

then, for the given ρ > 0, the Sliding-Mode Control u(t) stabilizing the sliding sur-
face (13.26) to zero in the finite time ts ≤ ρ−1‖σ(x((0),0))‖ is

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u = [Mλ∗B]−1(ûeq − ρ̄ SIGN(σ )
)
,

ρ̄ := diag{ρ̄1, . . . , ρ̄m}, ρ̄i := ρ + ri,

SIGN(σ ) := (
sign

(
σ1, . . . , sign(σm)

))T
,

ûeq := −(
Ṁλ∗ + Mλ∗A

)
x.

(13.28)

Proof The sliding-surface dynamics is derived from (13.5), (13.26):

σ̇ = (
Ṁλ∗ + Mλ∗A

)
x + Mλ∗ξ + Φ̇λ∗pλ∗ + Φλ∗ ṗλ∗ + ũ,

ũ := Mλ∗Bu.
(13.29)

A candidate of the Lyapunov function is introduced as

V := 1

2
σ Tσ
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and its derivative is to be enforced:

V̇ ≤ −ρ
√

2V = −ρ‖σ‖, ρ > 0, (13.30)

which provides σ with a finite time ts for reaching the origin, that is,

ts ≤ ρ−1
∥∥σ

(
x(0),0

)∥∥.

In view of (13.29), we derive

V̇ = σ Tσ̇

= σT[(Ṁλ∗ + Mλ∗A
)
x + Mλ∗ξ + Φ̇λ∗pλ∗ + Φλ∗ ṗλ∗ + ũ

]
(13.31)

and, taking

ũ = ûeq − ρ̄ SIGN(σ )

the expression (13.31) becomes

V̇ = σ T[Mλ∗ξ + Φ̇λ∗pλ∗ + Φλ∗ ṗλ∗ − ρ̄ SIGN(σ )
]

≤ −
m∑

i=1

(ρ̄i − ri)|σi | = −ρ

m∑

i=1

|σi | ≤ −ρ‖σ‖,

which implies (13.30). Taking into account the assumption of the theorem
(det(Mλ∗B) �= 0), we obtain u(t) as in (13.28). �

Since all predefined models are known a priori we can run them in current time
and have access to x1, . . . , xN making the sliding surface available. Actually, this is
a component of the proposed Min-Max sliding-surface design algorithm.

13.6 Minimal-Time Reaching Phase Control

In this section we consider the plant in the format (13.5). The control strategies
considered here will be restricted.

• In the first part of the movement (presliding motion or the reaching phase), the
restriction will be by program strategies minimizing the reaching time ts of some
sliding surface σ(x1, . . . , xN, t) given in the extended space R

n·N ×R+; the con-
trol actions u(t) are supposed to be defined within a given polytope resource
set U :

u(t) ∈ U := {
u ∈ R

m : − ∞ < u−
j ≤ uj ≤ u+

j < ∞}
. (13.32)

• In the second part of movement (sliding motion) the restriction will be realized
by the Sliding-Mode Control of (13.28).
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The problem discussed in this section is to design the bounded control function
u∗(t) given at the polytope U of (13.32) that moves the trajectory x(t) from the
given initial conditions x(0) = x0 to the manifold Γ (13.27) in minimal time t∗s .
Here we will consider the manifold Γ as a hyperplane given by

Γ = Γ (C, c) = {
x ∈ R

n·N : Cx + c = 0
}
. (13.33)

Above we have shown that the optimal sliding surface indeed is a hyperplane, so the
next considerations really make sense. For the given C and c the minimal reaching
time problem is

ts → min
u(t)∈U

(13.34)

such that

x(ts) ∈ Γ (C, c). (13.35)

Following Boltyanski and Poznyak (2002a) and rewriting the terminal condition
(13.35) for some pair (C, c) as

g
(
x(ts)

)≤ 0,

g(x) := 1

2
‖Cx + c‖2,

(13.36)

the solution of the Multimodel Minimal-Time Optimization Problem (13.34)–(13.35)
is given by

u∗(t) = arg max
u∈U

(
BT(t)ψ(t), u

)
, (13.37)

where ψ(t) ∈ R
n·N is the vector function ψ(t) satisfying the differential equation

ψ̇(t) = −AT(t)ψ(t),

ψT(t) := (
ψT

1 (t), . . . ,ψT
N(t)

) (13.38)

with the terminal conditions

ψ(ts) = −Υ
∂

∂x
g
(
x(ts)

)= −Υ CT[Cx(ts) + c
]
,

Υ =

⎡

⎢⎢
⎢
⎢
⎣

ν1In×n 0 0 · 0
0 ν2In×n 0 · 0
0 0 · · 0
· · · · ·
0 0 0 · νNIn×n

⎤

⎥⎥
⎥⎥
⎦

,

νi ≥ 0,

N∑

i=1

νi > 0.
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Taking into account that if να = 0 then ψ̇α(t) = 0 and ψα(t) ≡ 0 for all t ∈ [0, ts],
the following normalized adjoint variable ψ̃α(t) can be introduced:

ψ̃α,i(t) =
{

ψα,i(t)μ
−1(α) if μ(α) > 0,

0 if μ(α) = 0,
i = 1, . . . , n. (13.39)

In view of (13.38) and the commutation property Υ AT(t) = AT(t)Υ , it follows that

d

dt
ψ̃(t) = −AT(t)ψ̃(t),

ψ̃(ts) = −CT[Cx(ts) + c
]

(13.40)

so (13.37) becomes

u∗(t) = arg max
u∈U

(
BT(t)Υ ψ̃(t), u

)

= arg max
u∈U

m∑

j=1

uj

m∑

α=1

να

(
BT

α (t)ψ̃α(t)
)
j

= arg max
u∈U

(
m∑

β=1

νβ

)−1 m∑

j=1

uj

(
m∑

α=1

ν̃αBT
α (t)ψ̃α(t)

)

j

= arg max
u∈U

m∑

j=1

uj

(
m∑

α=1

ν̃αBT
α (t)ψ̃α(t)

)

j

, (13.41)

where ν̃ := (ν̃1, . . . , ν̃N )T ∈ SN (13.20). For the polytope resource set U given by
(13.32), the expression (13.41) implies that

u∗
j (t) = 1

2
u+

j

(

1 + sign

(
m∑

α=1

ν̃αBT
α (t)ψ̃α(t)

)

j

)

+ 1

2
u−

j

(

1 − sign

(
m∑

α=1

ν̃αBT
α (t)ψ̃α(t)

)

j

)

. (13.42)

In view of (13.40), it follows that

ψ̃(t) = −Φ(t,0)Φ−1(ts,0)CT[Cx(ts) + c
]
, (13.43)

where the transition function Φ(t, τ ) satisfies

d

dt
Φ(t, τ ) = −AT(t)Φ(t, τ ),

Φ(t, t) = I ∀t ≥ 0.

(13.44)
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This implies that u∗(t) is a function of the “distribution” ν ∈ SN and the terminal
point xterm = x(ts), that is, u∗(t) = u∗(t, ν, xterm). Substituting this control mini-
mizing reaching time ts into (13.5), we obtain

x(t) = Ψ (t,0)x0 +
∫ t

τ=0
Ψ (t, τ )

[
B(τ)u∗(τ, ν, xterm) + ξ(τ )

]
dτ (13.45)

with the transferring matrix Ψ (t, τ ) satisfying

d

dt
Ψ (t, τ ) = −AT(t)Ψ (t, τ ),

Ψ (t, t) = I ∀t ≥ 0.

(13.46)

So, as follows from (13.45), the vector xterm = x(ts) is the solution to the following
nonlinear equation:

xterm = Ψ (t,0)x0 +
∫ ts

τ=0
Ψ (t, τ )

[
B(τ)u∗(τ, ν, xterm) + ξ(τ )

]
dτ. (13.47)

For any fixed “distribution” ν ∈ SN the minimal ts > 0, for which there exists a so-
lution xterm(ν) of the nonlinear equation (13.47), is the corresponding reaching time
ts = ts(ν) of the given sliding manifold Γ (C, c) (13.33). That is why the optimal
reaching time t∗s may be calculated as

t∗s = min
ν∈SN

ts(ν). (13.48)

Denote

ν∗ = arg min
ν∈SN

ts(ν),

u∗
Γ (C,c)(t) = u∗(t, ν∗, xterm(ν∗)

)
.

(13.49)

13.7 Successive Approximation of Initial Sliding Hyperplane and
Joint Optimal Control

It is worth noting that the values of ts and x(ts) depend on the parameters C and c.
On the other hand, for a given ts and x(ts), the hyperplane parameters C and c are
computed uniquely using the Min-Max solution (13.27)

C = Mλ∗((T x(ts ))1)(ts) ∈ R
m×(n·N),

c = Φλ∗((T x(ts ))1)(ts)pλ∗((T x(ts ))1)(ts),
(13.50)

that is,

C = C
(
ts(C, c), x

(
ts(C, c)

))= C̄
(
(C, c)

)
,

c = c
(
ts(C, c), x

(
ts(C, c)

))= c̄
(
(C, c)

)
.

(13.51)
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It means that the pair (C, c) is a fixed point of the mapping (13.51). The existence
and uniqueness conditions of a fixed point of this mapping (contraction mapping)
are discussed in Aubin (1979, Chap. 15) and Khalil (1980, Chap. 2). Assuming
these conditions are met, the fixed point (C, c) can be obtained by the method of
successive approximation starting from any arbitrary initial pair (C0, c0), that is,

cCk+1 = C̄
(
(Ck, ck)

)
,

ck+1 = c̄
(
(Ck, ck)

)
, k = 0,1, . . .

(13.52)

and as k increases

(Ck, ck) → (
C∗ = C̄

((
C∗, c∗)), c∗ = c̄

(
(C∗, c∗)

))
. (13.53)

Computing for each k = 0,1, . . . and the corresponding pair (Ck, ck) a minimal
reaching time control u

∗,k
Γ (Ck,ck)

(t) as a solution of the time-optimization prob-

lem (13.34)–(13.35), we obtain tks , x(tks ) and λ∗((T x(tks ))1). Then the values
(Ck+1, ck+1) are computed using (13.50). In view of (13.53), we design the series

{
uk(t)

}
,

{
t ks
}
,

{
x
(
tks
)}

,
{
λ∗((T x

(
tks
))

1

)}

and (Ck+1, ck+1) that converge to their optimal values

u∗(t) = u∗
Γ (C∗,c∗)

(
t, t∗s , λ∗((T x(t∗s )

)
1

)
, (C∗, c∗)

)
,

which yields the unique optimal sliding function (13.26). So, finally the Min-Max
joint optimal control that leads to a robust minimal time-reaching phase and robust
linear quadratic optimal performance in sliding mode is

uopt(t) = u∗(t)χ
(
t ≤ t∗s

)+ u∗∗
t∗s (t)χ

(
t > t∗s

)
, (13.54)

where both phase optimal controllers u∗(t) and u∗∗
t∗s (t) have the structure of a relay

type containing a SIGN operator.

13.8 Illustrative Examples

Example 13.1 (Two models—two states each) Here we take

A1 = [−1.2,2;0,−1.52], A2 = [−1.21,2;0,−1.5],
B1 = B2 = [0.5;1.0],
ξ1 = [

0.021 + 0.001 sin(t + 1);0.032 + 0.0005 cos(2.8t)
]
,

ξ2 = [
0.010 + 0.0008 cos(3.5t);0.051 + 0.001 sin(2t + 2)

]
,

Q1 = Q2 = [1,0;0,1], t1 = 6.0 (s), x0 = [1;2].
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Fig. 13.1 F(λ1) dependence

The dependence of F(λ) (13.24) is depicted in Fig. 13.1. The optimal values λ1 ∈
[0,1] and λ2 = 1 − λ1, minimizing this function, are equal to

(λ∗
1, λ

∗
2) = (0.410,0.590)

and

F(λ∗) = 0.4486.

The corresponding trajectories xα
j (t) are given at Fig. 13.2. The control u(t) is de-

picted in Fig. 13.3 and the sliding manifold σ(x, t) (13.27) defined for x ∈ R
4 is

given in Figs. 13.4 and 13.5 by its projections to the surfaces

x2
1 = x2

2 = 0

and

x1
1 = x1

2 = 0,

respectively.

The comparison of the functional (13.3) for this control with the standard LQ
control shows the following results:

J α(t1)|multi-mod-sliding = 0.4486
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Fig. 13.2 Trajectory behavior x(t)

and

Jα(t1)|Min-Max-LQ-control = 0.44008.

So the difference is practically negligible, which means that the Multimodel Sliding-
Mode controller provides practically a Min-Max behavior to the given systems’
collection.

Example 13.2 (Three models—two states each) In this example

A1 = [−1.2,2;0,−2.5],
A2 = [−2.0,1;0,−1.5],
A3 = [−3.01,2;0,−1.3],
B1 = [0;1.0],
B2 = [0;2.1],
B3 = [0;3.1],
ξ 1 = [

0.2 + 0.001 sin(t + 1);0.2 + 0.005 cos(2.8t)
]
,

ξ2 = [
0.1 + 0.008 cos(3.5t);0.1 + 0.001 sin(2t + 2)

]
,
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Fig. 13.3 Control action u(t)

ξ 3 = [
0.1 + 0.03 sin(6t + 1);0.2 + 0.02 cos(3t + 0.5)

]
,

Q1 = [1,0;0,3],
Q2 = [2,0;0,3],
Q3 = [1,0;0,2],

and x0 = [1;2]. The time optimization is

t1 = 6.0 (s).

The optimal weights are

λ∗ = [0.6800.3200.0]
and

F(λ∗) = 1.5255.

The corresponding trajectories xα
j (t) are shown in Fig. 13.6. The control u(t) in

Fig. 13.7 and the sliding manifold σ(x, t) (13.27) defined for x ∈ R
6 is given in

Figs. 13.8 and 13.9 by its projections to the surfaces

x1
1 = x2

2 = x3
1 = x3

2 = 0
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Fig. 13.4 Sliding surface σ(x, t) for x2
1 = x2

2 = 0

Fig. 13.5 Sliding surface σ(x, t) for x1
1 = x1

2 = 0

and

x1
1 = x2

1 = x3
1 = x3

2 = 0,

respectively.
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Fig. 13.6 Trajectory behavior x(t)

One can see a nice trajectory behavior for different models controlled over the
same sliding surface. The analog comparison of the functional (13.3) for this control
with the standard LQ control gives the following results:

Jα(t1)|multi-mod-sliding = 1.5255

and

J α(t1)|Min-Max-LQ-control = 0.3743.

It means that the Multimodel Sliding-Mode controller works a little bit worse than
the Min-Max optimal controller for the given systems’ collection. From another
point of view, this controller may completely annul the influence of a so-called
matched uncertainty. This fact is well known in Sliding-Mode Control Theory; it
is out of the scope of this chapter.

13.9 Conclusions

For a linear multimodel time-varying system with bounded disturbances and un-
certainties, an optimal sliding surface may be designed based on the Min-Max ap-
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Fig. 13.7 Control action u(t)

Fig. 13.8 Sliding surface σ(x, t) for x1
1 = x2

2 = x3
1 = x3

2 = 0

proach. Each model from a given finite set is characterized by a linear quadratic
performance index. It is shown that the Min-Max optimal sliding-surface design is
reduced to a finite-dimensional optimization problem on the simplex set containing
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Fig. 13.9 Sliding surface σ(x, t) for x1
1 = x2

1 = x3
1 = x3

2 = 0

the weight parameters to be defined. The obtained robust sliding surface provides
the best sliding-mode dynamics for the worst transient response to an unmatched
disturbance input from a given finite set. The minimal-time multimodel control may
also be developed for the reaching phase, completing the overall solution of the
Min-Max optimal Multimodel Sliding-Mode Control problem.



Chapter 14
Multimodel Differential Games

In this chapter we focus on the construction of robust Nash strategies for a class
of multimodel games described by a system of ordinary differential equations with
parameters from a given finite set. Such strategies entail the “Robust equilibrium”
being applied to all scenarios (or models) of the game simultaneously. The multi-
model concept allows one to improve the robustness of the designed strategies in
the presence of some parametric uncertainty. The game solution corresponds to a
Nash-equilibrium point of this game. In LQ dynamic games the equilibrium strate-
gies obtained are shown to be linear functions of the so-called weighting parameters
from a given finite-dimensional vector simplex. This technique permits us to trans-
form the initial game problem, formulated in a Banach space (the control functions
are to be found) to a static game given in finite-dimensional space (simplex). The
corresponding numerical procedure is discussed. The weights obtained appear in an
extended coupled Riccati differential equation. The effectiveness of the designed
controllers is illustrated by a two-dimensional missile guidance problem.

14.1 On Differential Games

14.1.1 What Are Dynamic Games?

The theory of differential games (and, in particular, pursuit–evasion games) was
single-handedly created by Isaacs in the early 1950s, which culminated in his book
(Isaacs 1965). Being the acknowledged father of pursuit–evasion games, he studied
the natural two-person extension of the Hamilton–Jacobi–Bellman equation, now
called the “Isaacs Equation.” The early approach was focused on finding saddle-
point solutions. In general, differential games, which involve the design of players’
strategies in a Nash equilibrium, originally introduced in Starr and Ho (1969), have
many potential applications in engineering and economics (see, for example, Basar
and Olsder 1982).

In general, Differential Game Theory deals with the dynamic optimization be-
havior of multiple decision makers when no one of them can control the decision

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_14, © Springer Science+Business Media, LLC 2012
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making of others and the outcome for each participant is affected by the conse-
quences of these decisions. In the context of several decision makers (or players),
the use of different models of the same system has been used to exemplify the dis-
crepancies of the decision makers (DM) in information sets, models, cost functions,
or even different amounts of information that the players could have of a large-scale
system. This concept, better known as the Multimodel Representation, has been
developed (see, for example, Khalil 1980) to design strategies for interconnected
systems with slow and fast dynamics where the DM employs a detailed model of
his area only and a “dynamic equivalent” of the remainder of the system. As is
well known (Basar and Olsder 1982), when the players adopt the so-called non-
cooperative Nash-equilibrium solution framework, each player deals with a single
criterion optimization problem (standard optimal control problem) with the action
of the remaining players taken as fixed in the equilibrium values. This effect empha-
sizes the special usefulness of the Classical Optimal Control Theory corresponding,
in fact, to the single player situation.

In this chapter we will focus on the construction of robust Nash strategies for a
class of multimodel games described by a system of ordinary differential equations
with parameters from a given finite set. Such strategies entail the “Robust equilib-
rium” being applied to all scenarios (or models) of the game simultaneously.1

14.1.2 Short Review on LQ Games

More advanced results have been obtained for the subclass of Linear-Quadratic
(LQ) dynamics games where the player models and their loss functions are taken
to be linear and quadratic, respectively. Thus, in Amato et al. (2002) the problem
concerning the solution of singular, zero-sum, two player, linear-quadratic differen-
tial games defined over a finite time interval is considered. Singular means that the
quadratic term in the cost functional related to the control law of one of the play-
ers is only semidefinite. The authors show that in this case the game is reducible
to another game evolving according to a reduced-order state equation. In Fujii and
Khargonekar (1988) the necessary (frequency domain) conditions for the given state
feedback that are to be the central solution to a standard H∞-control problem (for
LQ differential games) is presented. These conditions, together with some additional
conditions, turn out to be sufficient as well. The conditions appear to be natural ex-
tensions of the corresponding results on the inverse problem of LQ optimal control
and admit an interesting graphical interpretation.

In Skataric and Petrovic (1998) the authors derived an algorithm for solving the
linear-quadratic differential Nash game problem of singularly perturbed systems.

1Notice that this approach differs from the similar concept developed in van den Broek et al. (2003)
and Amato et al. (1998) where the players take into account the game uncertainty represented by a
malevolent input which is subject to a cost penalty or a direct bound. Then they used as a base the
H∞ theory of robust control to design the robust strategies for all players. Here we follow another
concept based on the Robust Maximum Principle discussed in the previous chapters.
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It is known that the general steady state solution to the above problem is given in
terms of ill-conditioned coupled algebraic Riccati equations. They showed that for
a special class, the so-called quasisingularly perturbed systems, the positive-definite
stabilizing solutions of the coupled Nash algebraic Riccati equations can be obtained
in terms of the reduced-order well-conditioned algebraic equations corresponding to
slow and fast variables.

The paper by Amato et al. (2002) dealt with the design of feedback strategies
for a class of N -players linear-quadratic differential games. It is assumed that no
player knows precisely the model of the game and that each player has a different
“idea” concerning the model of the game itself. This approach is captured assuming
that each player models the state equation with a system affected by uncertainties
and the uncertain models are different from each other. The proposed strategies
guarantee to each player a given performance bound and require the solution of N

coupled Riccati differential equations containing certain multiplier functions to be
evaluated.

In Zigang and Basar (1993) necessary and sufficient conditions were obtained
for the existence of “approximate” saddle-point solutions in linear-quadratic zero-
sum differential games when the state dynamics is defined on multiple (three) time
scales. These different time scales are characterized in terms of two small positive
parameters ε1 and ε2, and the terminology “approximate saddle-point solution” is
used to refer to saddle-point policies that do not depend on ε1 and ε2, while provid-
ing cost levels within O(ε1) of the full-order game. It is shown that, under perfect
state measurements, the original game can be decomposed into three subgames—
slow, fast, and fastest, the composite saddle-point solution of which makes up the
approximate saddle-point solution of the original game. Specifically, for the mini-
mizing player, it is necessary to use a composite policy that uses the solutions of all
three subgames, whereas for the maximizing player it is sufficient to use a slow pol-
icy. In the finite horizon case this slow policy could be a feedback policy, whereas
in the infinite horizon case it has to be chosen as an open-loop policy that is gener-
ated from the solution and dynamics of the slow subgame. These results have direct
applications in the H∞-optimal control of singularly perturbed linear systems with
three time scales under perfect state measurements.

Some generalizations of linear-quadratic zero-sum differential games were pre-
sented in Hua and Mizukami (1994). Even a unique linear feedback saddle-point
solution may exist in the game of state space systems; however, for the general-
ized state space system, it may be shown that the game unaccountably admits many
linear feedback saddle-point solutions. Sufficient conditions for the existence of lin-
ear feedback saddle-point solutions were also found. A constructive method was
suggested to find these linear feedback saddle-point solutions. A simple example
is included to illustrate the nonuniqueness of the linear feedback saddle-point solu-
tions.

In Yoneyama and Speyer (1995) a robust adaptive control problem for uncertain
linear systems was formulated. For complete linear systems with a quadratic perfor-
mance index, a Min-Max controller is easily obtained. The class of systems under
consideration has a bilinear structure. Although it allows for a finite-dimensional es-
timator, the problem still remains more difficult than the linear-quadratic problem.
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For this class of systems, the Min-Max dynamic programming problem is formu-
lated with the estimator equation and its associated Riccati equation as state vari-
ables. It is then shown that a saddle-point controller is equivalent to a Min-Max
controller by using the Hamilton–Jacobi–Isaacs equation. Since the saddle-point
optimal return function satisfies the Min-Max dynamic programming equation, re-
strictive assumptions on the uniqueness of the minimum case state are not required.
The authors finally show that with additional assumptions the problem can be ex-
tended to the infinite-time problem.

In Fabiano et al. (1992) a numerical method was discussed for constructing feed-
back control laws that are robust with respect to disturbances or structured uncer-
tainties. They show that known convergence results for the standard linear-quadratic
regulator problem can be implemented and used as a basis for a numerical method
for constructing control laws. The suggested approach is to take advantage of the
factorization of the structured uncertainty so that the uncertainty is treated as a dis-
turbance. A differential game framework is then used.

14.1.3 Motivation of the Multimodel—Case Study

In the case when several possible scenarios of a process development are feasible,
we deal with a so-called multimodel plant for which the standard control problem
cannot be formulated directly. Therefore, in this situation another design concept
must be developed. The corresponding optimization problem is usually treated as a
Min-Max control problem dealing with different classes of multimodels. The Min-
Max control problem can be formulated in such a way that the operation of the
maximization is taken over a set of possible scenarios (models) and the operation of
the minimization is taken over control strategies within a given resource set. In view
of this concept, the original system plant is replaced by a finite set of dynamic mod-
els such that each model describes a particular scenario including exact realizations
of possible dynamic equations as well as external bounded disturbances (if they ex-
ist). This is a trade-off between the original low-order dynamic system with uncer-
tain but predictable scenario development and the corresponding higher-order mul-
timodel system with complete knowledge. Such an approach improves the “robust-
ness” of the corresponding dynamics to predictable uncertainties and disturbances.
For example, the control of a reusable launch vehicle attitude deals with a dynamic
model containing an uncertainty matrix of inertia (various payloads in a cargo bay)
and affected by unknown bounded disturbances such as wind gusts (usually modeled
by look-up data in a table corresponding to different launch sites and months of a
year) (Shtessel 1996). The design of the Min-Max LQ controllers that optimizes the
minimal fight-flight scenarios (a two-launch vehicles prey–predator/evader–pursuit
game) may be reduced to the risk of the loss of a vehicle and the loss of a crew.
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14.2 Multimodel Differential Game

14.2.1 Multimodel Game Descriptions

Consider the multimodel differential game given by

ẋα = f α
(
xα,u1, . . . , uN , t

)
, (14.1)

where xα ∈ R
n is the state vector of the game at time t ∈ [t0, T ], uj ∈ R

mj (j =
1, . . . ,N) are the control strategies of each j -player at time t , and α is the entire
index from a finite set A := {1,2, . . . ,M} corresponding to the possible α-model of
the dynamics (14.1).

Definition 14.1 A set of functions

ui = ui(t), t0 ≤ t ≤ T (i = 1, . . . ,N)

is said to be a set of feasible control strategies if

(1) they are piecewise continuous
(2) they are right-hand side continuous, that is,

ui(t) = ui(t + 0) for t0 ≤ t ≤ T

(3) and they are continuous at the terminal time T , that is, ui(t) = ui(t − 0)

We consider the fixed and known initial points for all possible scenarios, namely,

xα(t0) = (
xα1

0 , . . . , xαn
0

) ∀α ∈ A.

Each player may have his own terminal set Mi given by the set of inequalities

Mi := {
x ∈ R

n | gi
l (x) ≤ 0, l = 1, . . . ,Li

}
. (14.2)

Definition 14.2 The set of control strategies

ui(t), t0 ≤ t ≤ T (i = 1, . . . ,N)

is said to be admissible or realizing the terminal condition if

(1) they are feasible
(2) for every α ∈ A := {1, . . . ,M} the corresponding state trajectory xα(t) satisfies

the terminal inclusion

xα(T ) ∈ Mi

Denote this set of admissible strategies by Ui
adm.
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Suppose that the individual aim performance hi,α of each i-player (i = 1, . . . ,N )
for each α-model (scenario) is defined as

hi,α := hi
0

(
xα(T )

)+
∫ T

t=t0

fn+i

(
xα,u1, . . . , uN , t

)
dt . (14.3)

So, the minimum case (with respect to a possible scenario) cost functional F i for
each player under fixed admissible strategies u1 ∈ U1

adm, . . . , uN ∈ Ui
adm is defined

as

F i
(
u1, . . . , uN

) := max
α∈A

hi,α
(
u1, . . . , uN

)
. (14.4)

14.2.2 Robust Nash Equilibrium

Definition 14.3 The control strategies are said to be in a Robust Nash Equilibrium
if, for any admissible strategy ui ∈ Ui

adm (i = 1, . . . ,N), the following set of in-
equalities holds:

F i
(
u1∗, . . . , ui∗, . . . , uN∗)

≤ F i
(
u1∗, . . . , u(i−1)∗, ui, u(i+1)∗, . . . , uN∗). (14.5)

It is evident that the Robust Nash Equilibrium may not be unique.

14.2.3 Representation of the Mayer Form

The following procedure is standard in Optimal Control Theory (Pontryagin et al.
1969, in Russian). For each possible scenario α ∈ A let us introduce the extended
variables

x̄α = (
xα

1 , . . . , xα
n , xα

n+1, . . . , x
α
n+N

)

defined in R
n+N and the components

xα
n+i = xα

n+i (t) (i = 1, . . . ,N)

given by

xα
n+i =

∫ t

t0=0
f α

n+i

(
xα,u1, . . . , uN, τ

)
dτ
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or, in differential form,

ẋα
n+i (t) = f α

n+i

(
xα,u1, . . . , uN , t

)
,

xα
n+i (t0) = 0.

(14.6)

Now the initial individual aim performance (14.3) can be represented in the Mayer
form (without an integral term):

hi,α = h
i,α
0

(
xα(T )

)+ xα
n+i (T ). (14.7)

Notice that hi
0(x

α) does not depend on the last coordinate xα
n+i , that is,

∂

∂xα
n+i

h
i,α
0 (xα) = 0.

Define also the new extended conjugate vector variable as

ψα := (
ψα

1 , . . . ,ψα
n

)T ∈ R
n,

ψ̄α := (
ψαT

,ψα
n+1, . . . ,ψ

α
n+N

)T ∈ R
n+N

(14.8)

satisfying

ψ̇α
j = −

n+N∑

k=1

∂f α
k (xα,u1, . . . , uN )

∂xα
j

ψα
k , 0 ≤ t ≤ T (14.9)

with the terminal condition

ψα
j (T ) = bα

j , α ∈ A (j = 1, . . . , n + N). (14.10)

For the “superextended” vectors defined by

x̄♦ := (
x1

1 , . . . , x1
n+N ; . . . ;xM

1 , . . . , xM
n+N

)T
,

ψ̄♦ := (
ψ1

1 , . . . ,ψ1
n+N ; . . . ;ψM

1 , . . . ,ψM
n+N

)T
,

f̄ ♦ := (
f̄ 1T

, . . . , f̄ MT)T = (
f 1

1 , . . . , f 1
n+N ; . . . ;f M

1 , . . . , f M
n+N

)T
,

f̄ α = (
f α

1 , . . . , f α
n , f α

n+1, . . . , f
α
n+N

)T ∈ R
n+N
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and for the “generalized” Hamiltonian function

H♦(ψ̄♦, x̄♦, u1, . . . , uN, t
) := 〈

ψ̄♦, f̄ ♦(x̄♦, u1, . . . , uN , t
)〉

=
∑

α∈A

〈
ψ̄α, f̄ α

(
x̄α, u1, . . . , uN , t

)〉

=
∑

α∈A

n+N∑

j=1

ψα
j f α

j

(
x̄α, u1, . . . , uN, t

)
(14.11)

the direct ODE equations (14.1) and (14.6) and the conjugate ODE equation (14.9)
may be represented for short in Hamiltonian form as

d

dt
x̄♦ = ∂H♦(ψ̄♦, x̄♦, u1, . . . , uN, t)

∂ψ̄♦ ,

d

dt
ψ̄♦ = −∂H♦(ψ̄♦, x̄♦, u1, . . . , uN, t)

∂x̄♦ .

(14.12)

As follows from the definition (14.5), if all participants, excluding the player i,
do not change their strategies then, to design his own equilibrium strategy ui∗(·),
player i should solve the robust optimal control problem

max
α∈A

hi,α
(
u1∗, . . . , ui, . . . , uN∗) → min

ui∈Ui
adm

.

The solution of this problem, given originally in Poznyak et al. (2002a), is discussed
in detail in Chap. 9. It may be formulated as follows.

Theorem 14.1 (On Robust Nash Equilibrium) For strategies ui∗(t) ∈ Ui
adm to be

ones of the Robust Nash Equilibrium it is necessary that there exists a vector b♦ ∈
R̄

♦ and nonnegative real values μi(α) and νi
l (α) (l = 1, . . . ,L), defined on A such

that the following conditions are fulfilled.

1. (The Maximality Condition) The control strategies ui∗(t) ∈ Ui
adm (t ∈ [0, T ])

satisfy

Hi
(
ψ̄♦∗, x̄♦∗, u1∗, . . . , u(i−1)∗, ui, u(i+1)∗, . . . , uN∗, t

)

≥ Hi
(
ψ̄♦∗, x̄♦∗, u1∗, . . . , u(i−1)∗, ui∗, u(i+1)∗, . . . , uN∗, t

)
,
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where

Hi
(
ψ̄♦∗, x̄♦∗, u1∗, . . . , u(i−1)∗, ui, u(i+1)∗, . . . , uN∗, t

)

:=
n∑

j=1

∑

α∈A

ψα∗
j f α

j

(
x̄α∗, u1∗, . . . , u(i−1)∗, ui, u(i+1)∗, . . . , uN∗, t

)

+
∑

α∈A

ψα∗
n+if

α
n+i

(
xα∗, u1∗, . . . , u(i−1)∗, ui, u(i+1)∗, . . . , uN∗, t

)

or, equivalently,

ui∗ = arg max
ui∈Ui

adm

Hi (14.13)

with

Hi = Hi
(
ψ̄♦∗, x̄♦∗, u1∗, . . . , ui−1∗, ui, ui+1∗, . . . , uN∗, t

)
.

2. (The Complementary Slackness Condition) For every α ∈ A and i = 1, . . . ,N

μi(α)
(
hi,α − F i∗) = 0,

νi
l (α)gi

l

(
xα∗(T )

) = 0.
(14.14)

3. (The Transversality Condition) For every α ∈ A and i = 1, . . . ,N

ψα
i (T ) + μi(α)

∂

∂xα
i

hi,α
(
xα∗(T )

)+
L∑

l=1

νi
l (α)

∂

∂xα
i

gi
l

(
xα∗(T )

) = 0,

ψα
n+i (T ) + μi(α) = 0.

(14.15)

4. (The Nontriviality Condition) There exists α0 ∈ A such that for all i = 1, . . . ,N

∣∣ψα0
i (T )

∣∣+ μi(α0) +
L∑

l=1

νi
l (α0) > 0.

Definition 14.4 The collection u∗ := (u1∗, . . . , uN∗) of controls satisfying (14.13)
is called the set of Open-Loop Robust Nash-Equilibrium (OLRNE) strategies.

Remark 14.1 Note than any OLRNE strategy ui∗ also is a minimizer of the gener-
alized Hamiltonian (14.11), that is,

ui∗ = arg max
ui∈Ui

adm

H♦(ψ̄♦∗, x̄♦∗, u1∗, . . . , ui−1∗, ui, ui+1∗, . . . , uN∗, t
)

= arg max
ui∈Ui

adm

Hi
(
ψ̄♦∗, x̄♦∗, u1∗, . . . , u(i−1)∗, ui, u(i+1)∗, . . . , uN∗, t

)
.
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Below we will consider in a more detailed form the case of LQ multimodel dy-
namic games having many important applications in an engineering practice.

14.3 Robust Nash Equilibrium for LQ Differential Games

14.3.1 Formulation of the Problem

Consider now the multimodel nonstationary LQ differential game

ẋα(t) = Aα(t)xα(t) +
N∑

j=1

Bα,j (t)uj (t) + dα(t),

xα(0) = x0, α ∈ A := {1,2, . . . ,M}
(14.16)

with the corresponding quadratic cost functional as an individual performance in-
dex,

hi,α
(
u1, . . . , uN

)

= 1

2
xα(T )Qi

f xα(T ) + 1

2

∫ T

t=0

[

xαT
Qixα +

N∑

j=1

ujT
Rijuj

]

dt. (14.17)

Here

Qi = (
Qi

)T ≥ 0, Qi
f = (

Qi
f

)T ≥ 0, Rij = (
Rij

)T
> 0.

The Min-Max control problem for each player is formulated as

max
α∈A

hi,α
(
u1, . . . , uN

) → min
ui∈Ui

adm

,

which, obviously, provokes the conflict situation that can be resolved by implemen-
tation of the Nash-equilibrium concept. Below we illustrate how the construction
given above works for LQ multimodel differential games.
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14.3.2 Hamiltonian Equations for Players and Parametrized
Strategies

The “generalized” Hamiltonian function (14.11) for the multimodel LQ game, in-
troduced above, is

H♦ =
∑

α∈A

[

ψαT

(

Aαxα +
N∑

j=1

Bα,juj + d

)

+ 1

2

N∑

i=1

ψα
n+i

(

xαT
Qixα +

N∑

j=1

ujT
Rijuj

)]

, (14.18)

where ψα is governed by the (14.8) ODE, which in the LQ case becomes

.

ψ̄
α

(t) = − ∂

∂x̄α
H♦ = −AαT

(t)ψ̄α(t) −
[

N∑

i=1

ψα
n+i (t)Q

i

]

xα(t),

ψ̇α
n+i (t) = 0, i = 1, . . . ,N.

(14.19)

The transversality conditions (14.15) are as follows:

ψα
i (T ) = −μi(α)

∂

∂xα
i

[
1

2
xαT

Qi
f xα + xα

n+i

]
(T )

= −μi(α)
[
Qi

f xα(T )
]
i
,

ψα
n+i (T ) = −μi(α), i = 1, . . . ,N.

(14.20)

Since the “generalized” Hamiltonian function (14.18) is strictly convex in uj (j =
1, . . . ,N) and applying the gradient operation, we find that the robust optimal strat-
egy ui∗, satisfying the maximality condition (14.13), should verify the equality

∑

α∈A

Bα,iT
ψα −

(∑

α∈A
μi(α)

)
Riiui∗(t) = 0. (14.21)

Since at least one index α ∈ A is active we have

∑

α∈A
μi(α) > 0.

Introducing the normalized adjoint variable by

ψ̃α
i (t) =

{
ψα

i (t)(μi)−1(α) if μi(α) > 0,

0 if μi(α) = 0,
i = 1, . . . , n + N
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we get

.

ψ̃
α

(t) = − ∂

∂xα
H♦ = −AαT

(t)ψ̃α(t) −
N∑

i=1

ψ̃α
n+i (t)Q

ixα(t),

.

ψ̃
α

n+i (t) = 0 (i = 1, . . . ,N)

with the corresponding transversality conditions given by

ψ̃α
i (T ) = −[

Qi
f xα(T )

]
i
,

ψ̃α
n+i (T ) = −1, i = 1, . . . ,N,

which imply

−
N∑

i=1

ψ̃α
n+i (t)Q

ixα(t) =
[

N∑

i=1

Qi

]

xα(t).

Then the robust equilibrium strategy for each player satisfying (14.21) can be ex-
pressed analytically:

ui(t) =
(∑

α∈A
μi(α)

)−1(
Rii

)−1 ∑

α∈A
μi(α)Bα,iT

ψ̃α

= (
Rii

)−1 ∑

α∈A
λα,iBα,iT

ψ̃α,

where the vector

λi := (
λ1,i , . . . , λM,i

)T

belongs to the simplex

Si,M :=
{

λi ∈ R
M=|A| : λα,i = μi(α)

(∑

α∈A
μi(α)

)−1

≥ 0,

N∑

α=1

λα,i = 1

}

,

(14.22)
where again i is the player and M is the number of possible scenarios.
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14.3.3 Extended Form for the LQ Game

Introduce the following block-diagonal matrices:

A :=

⎡

⎢⎢⎢⎢
⎣

A1 0 . . . 0

0
. . .

. . .
...

...
. . .

. . . 0
0 . . . 0 AM

⎤

⎥⎥⎥⎥
⎦

, Q :=

⎡

⎢⎢⎢⎢
⎣

∑N
i=1 Qi 0 . . . 0

0
. . .

. . .
...

...
. . .

. . . 0
0 . . . 0

∑N
i=1 Qi

⎤

⎥⎥⎥⎥
⎦

,

Gi :=

⎡

⎢
⎢
⎢
⎢
⎣

Qi
f 0 . . . 0

0
. . .

. . .
...

...
. . .

. . . 0
0 . . . 0 Qi

f

⎤

⎥
⎥
⎥
⎥
⎦

, Bj :=
[
Bj,1T

. . . Bj,MT
]
, (14.23)

Λi :=

⎡

⎢⎢⎢⎢
⎣

λ1,i In×n 0 . . . 0

0
. . .

. . .
...

...
. . .

. . . 0
0 . . . 0 M,iIn×n

⎤

⎥⎥⎥⎥
⎦

.

Then we can represent the dynamics obtained in the extended form

ẋ = Ax +
N∑

j=1

Bj uj + d,

xT(0) = (
x1T

(0), . . . , xMT
(0)

)
,

ψ̇ = −ATψ + Qx,

ψ i (T ) = −Gix(T ),

and

ui = Rii−1BiΛiψ,

where

xT := (
x1

1 , . . . , x1
n; . . . ;xM

1 , . . . , xM
n

)T ∈ R
1×nM,

ψT := (
ψ̃1

1 , . . . , ψ̃1
n, . . . , ψ̃M

1 , . . . , ψ̃M
n

) ∈ R
1×nM,

d := (
d1T

, . . . , dMT)
.

Theorem 14.2 The robust Nash-equilibrium strategies are given by

ui = −(
Rii

)−1BiT(
Pi

λi x + pi
λi

)
, (14.24)
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where the parametrized matrices

Pi
λi = PiT

λi ∈ R
nM×nM

are the solutions of the following coupled differential Riccati equations:

Ṗi
λi + Pi

λi A + ATPi
λi − Pi

λi

N∑

j=1

BjRjj−1BjT
Pj

λj + ΛiQ = 0,

Pi
λi (T ) = ΛiGi

(14.25)

and the shifting vectors pi
λi are governed by

ṗλi + ATpi
λi − Pi

λi

N∑

j=1

BjRjj−1BjT
pj

λj + Pi
λi d = 0,

pi
λi (T ) = 0.

(14.26)

Here the matrix Λi in (14.23) consists of the vectors λi∗, which satisfy the Nash-
equilibrium condition in a finite-dimensional space

J i
(
λ1∗, . . . , λ(i−1)∗, λi, λ(i+1)∗, . . . , λN∗)

≥ J i
(
λ1∗, . . . , λi∗, . . . , λN∗), i = 1, . . . ,N,λi ∈ Si,M, (14.27)

where

J i
(
λ1, . . . , λi, . . . , λN

) := max
α∈A

hi,α(u1, . . . , uN ) (14.28)

with ui given by (14.24) parametrized by λ1, . . . , λi, . . . , λN (λi ∈ Si,M ) through
(14.25) and (14.26).

Remark 14.2 It can be shown that

J i
(
λ1, . . . , λN

) = 1

2

(
xT(0)Pi

λi x(0) − xT(T )Gi
λi x(T )

)

+ xT(0)piT

λi (0) − 1

2

∫ T

0
xTQi

λi x dt

+ 1

2
max

νi∈Si,N

[∫ T

0
xTQi

νi x dt+xT(T )Gi
νi x(T )

]
dt

+ 1

2

∫ T

0
2βTpi

λi +
N∑

j=1

pjT

λj S
ij pj

λj dt
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+ 1

2

∫ T

0

[
N∑

j=1

(
xTPj

λj S
ij Pj

λj x + xTPj

λj S
ij pj

λj + pjT

λj S
ij Pj

λj x
)

− 2xTPi
λi

N∑

j=1

Sjj pjT

λj − xTPi
λi

N∑

j=1

Sjj Pj

λj x

]

dt, (14.29)

where

β := d −
N∑

j=1

BjRjj−1BjT
pj

λj (14.30)

and

Sij = BjRjj−1RijRjj−1BjT
,

Sjj = BjRjj−1BjT
.

Formula (14.29) is derived in the same way as in Poznyak et al. (2002a) for a single
player, which corresponds to the robust LQ optimization procedure.

Proof Let us try to represent Λiψ as

Λiψ = −Pi
λi x − pi

λi (i = 1, . . . ,N). (14.31)

If so, then one has

Λiψ̇ = −ΛiATψ + ΛiQx = −AT(Λiψ
)+ ΛiQx

= [
ATPi

λi + ΛiQ
]
x + ATpi

λi

and, on the other hand,

Λiψ̇ = −Ṗi
λi x − Pi

λi

[

Ax +
N∑

j=1

Bj uj + d

]

− ṗλi

= −Ṗi
λi x − Pi

λi

[

Ax−
N∑

j=1

BjRjj−1BjT(
Pj

λj x − pj

λj

)+ d

]

− ṗλi

=
(

−Ṗi
λi − Pi

λi A + Pi
λi

N∑

j=1

BjRjj−1BjT
Pj

λj

)

x

+
(

Pi
λi

N∑

j=1

BjRjj−1BjT
pj

λj − Pi
λi d − ṗλi

)

,
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which leads to
[

Ṗi
λi + Pi

λi A + ATPi
λi − Pi

λi

N∑

j=1

BjRjj−1BjT
Pj

λj + ΛiQ

]

x

+
[

ATpi
λi − Pi

λi

N∑

j=1

BjRjj−1BjT
pj

λj + Pi
λi d + ṗλi

]

= 0.

It means that the representation (14.31) is true if the last identity is fulfilled for any
x(t) and for all t ∈ [0, T ], which holds if the matrices Pi

λi (t) and the vectors pj

λj (t)

satisfy the differential equations (14.25) and (14.26). To prove the relation (14.29),
notice that

J i
(
λ1, . . . , λN

) := max
α∈A

hi,α = max
νi∈Si,N

N∑

j=1

νi
j h

i,j

= 1

2
max

νi∈SiN

N∑

j=1

νi
j

(∫ T

0

[
N∑

j=1

ujT
Rijuj + xiT

Qixi

]

dt

+ xiT
(T )Gixi(T )

)

= xT(T )Gi
νi x(T ) + 1

2
max

νi∈SiN

∫ T

0

(
N∑

j=1

ujT
Rijuj + xTQi

νi x

)

dt,

where

Qi
νi :=

⎡

⎢⎢
⎢⎢
⎣

ν1,iQi 0 . . . 0

0
. . . . . . 0

...
. . .

. . .
...

0 . . . 0 νM,iQi

⎤

⎥⎥
⎥⎥
⎦

, Gi
νi :=

⎡

⎢⎢
⎢⎢
⎣

ν1,iGi 0 . . . 0

0
. . . . . . 0

...
. . .

. . .
...

0 . . . 0 νN,iGi

⎤

⎥⎥
⎥⎥
⎦

,

Qi
λi :=

⎡

⎢⎢⎢⎢
⎣

λ1,iGi 0 . . . 0

0
. . . . . . 0

...
. . .

. . .
...

0 . . . 0 λM,iGi

⎤

⎥⎥⎥⎥
⎦

and, hence,

J i
(
λ1, . . . , λN

) := 1

2
max

νi∈SiN

[∫ T

0

((
N∑

j=1

ujT
BjT + xTAT + dT

)

Λiψ
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− xT(ATΛiψ − Qi
νi x

)− dTΛiψi +
N∑

j=1

ψTΛj SijΛjψ

−
N∑

j=1

ujT
BjT

Λiψ

)

dt + xT(T )Gi
νi x(T )

]

.

As the next step we have

1

2
max

νi∈Si,N

[∫ T

0

(

ẋTΛiψ + xTΛiψ̇ + xTQi
νi−λi x − dTΛiψ

+
N∑

j=1

ψTΛj SijΛjψ −
N∑

j=1

ujT
BjT

Λiψ

)

dt + xT(T )Gi
νi x(T )

]

= 1

2
max

νi∈Si,N

[∫ T

0

(

d
(
xTΛiψ

)+ xTQi
νi−λi x − dTΛiψ +

N∑

j=1

ψTΛjSijΛjψ

−
N∑

j=1

ujT
BjT

Λiψ

)

dt + xT(T )Gi
νi x(T )

]

= 1

2

(
xT(T )Λiψ(T ) − xT(0)Λiψ(0)

)− 1

2

∫ T

0

(
xTQi

λi x − dT(Pi
λi x + pi

λi

))
dt

+ 1

2
max

νi∈SiN

[∫ T

0
xTQi

νi x dt + xT(T )Gi
νi x(T )

]

− 1

2

∫ T

0

(
N∑

j=1

ujT
BjT

Λiψ −
N∑

j=1

ψTΛj SijΛjψ

)

dt.

So we obtain

J i
(
λ1, . . . , λN

) = 1

2

(
xT(0)Pi

λi x(0) − xT(T )Gi
λi x(T ) + xT(0)pi

λi (0)
)

− 1

2

∫ T

0

(
xTQi

λi x − dT(Pi
λi x + pi

λi

))
dt

+ 1

2
max

νi∈SiN

[∫ T

0
xTQi

νi x dt + xT(T )Gi
νi x(T )

]

− 1

2

∫ T

0

[

xTPi
λi

N∑

j=1

Sjj Pj

λj x + xTPi
λi

N∑

j=1

Sjj pj

λj
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+ piT

λi

N∑

j=1

Sjj Pj

λj x + piT

λi

N∑

j=1

Sjj pj

λj

−
N∑

j=1

(
xTPj

λj S
ij Pj

λj x + xTPj

λj S
ij pj

λj + pjT

λj S
ij Pj

λj x

+ pjT

λj S
ij pj

λj

)
]

dt.

In view of the identities

−xT(0)pi
λi (0) = xT(T )pi

λi (T ) − xT(0)pi
λi (0) =

∫ T

0
d
(
xTpi

λi

)
dt

=
∫ T

0

[

piT

λi

(

Ax +
N∑

j=1

Bj uj + d

)

+ xTṗi
λi

]

dt

=
∫ T

0

[

piT

λi

(

Ax −
N∑

j=1

(
Sjj Pj

λj x + Sjj pjT

λj

)+ d

)

+ xT

(

−ATpi
λi − Pi

λi d + Pi
λi

N∑

j=1

Sjj pjT

λj

)]

dt

=
∫ T

0

[

−piT

λi

N∑

j=1

Sjj Pj

λj x − piT

λi

N∑

j=1

Sjj pj

λj

+ piT

λi d − xT

(

Pi
λi d − Pi

λi

N∑

j=1

Sjj pjT

λj

)

dt

]

and the last functional becomes as in (14.29). �

14.4 Numerical Procedure for Adjustment of the Equilibrium
Weights

14.4.1 Some Convexity Properties of the Cost Functional as
a Function of the Weights

To study the numerical procedure dealing with finding the optimal weights λi ∈ Si,M

we need the following auxiliary results.
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Lemma 14.1 Let λi∗ = λi∗(λı̂) ∈ [0,1] be a minimizing point (vector) for (14.28)
for player i considering all countercoalition parameters fixed,

λı̂ := (
λ1, . . . , λi−1, λi+1, λM

)
, λj ∈ Sj,M, j = 1, j 
= i,

that is,

J i
(
λi∗, λı̂

) ≤ J i
(
λi, λı̂

)

for all λi ∈ Si,M . Then, for any active indices α ∈ 1,M such that 1 ≥ λi∗
α > 0, the

functional hi,α(λi∗, λı̂ ) satisfies the equality

hi,α
(
λi∗, λı̂

) = J i
(
λi∗, λı̂

)
(14.32)

and

hi,α
(
λi∗, λı̂

) ≤ J i
(
λi∗, λı̂

)
(14.33)

for all inactive indices α such that λi∗
α = 0.

Proof If for some α0 ∈ 1,M we have hα0(λi∗, λı̂ ) > J (λi∗, λı̂ ), then

J i
(
λi∗, λı̂

) = max
α∈1,N

hi,α
(
λi∗, λı̂

) ≥ hi,α0
(
λi∗, λı̂

)
> J i

(
λi∗, λı̂

)
,

which leads to the contradiction. So, for all indices α it follows that

hi,α
(
λi∗, λı̂

) ≤ J i
(
λi∗, λı̂

)
.

The result (14.32) for active indices follows directly from the complementary slack-
ness condition. �

Proposition 14.1 Since the control ui(x, t) is a combination of the optimal controls
for each plant, it seems to be obvious that a higher weight λi

α of the control, opti-
mizing the α-model, implies a better (smaller) performance index hi,α(λi, λı̂ ). This
may be expressed in the following manner: if λi′

α > λi′′
α

(
λi′

α − λi′′
α

)[
hi,α

(
λi′, λı̂

)− hi,α
(
λi′′, λı̂

)]
< 0 (14.34)

for any λi′, λi′′ ∈ Si,M .

Summing (14.34) over α ∈ 1,M leads to the following condition, which we con-
sider here as an assumption.

Assumption 1 For any λi′ 
= λi′′ ∈ Si,M the following inequality holds:
(
λi′ − λi′′,F i

(
λi′, λı̂

)− F i
(
λi′′, λı̂

))
< 0 (14.35)

and the identity in (14.35) is possible if and only if λi′ = λi′′. Here

F i
(
λi, λı̂

) := (
hi,1(λi, λı̂

)
, . . . , hi,M

(
λi, λı̂

))T
. (14.36)
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Remark 14.3 Obviously, Assumption 1 implies the uniqueness of the optimal min-
imizing point λi∗ ∈ Si,M .

In view of the previous lemma and the accepted assumption we may formulate
the following result.

Lemma 14.2 If the vector λi∗ is a minimum point, then for any γ > 0 and any
admissible λı̂

λi∗ = πSi,M

{
λi∗ + γF i

(
λi∗, λı̂

)}
, (14.37)

where πSi,M {·} is the projector of an argument to the simplex Si.M , that is,

πSi,M {z} := arg min
y∈Si.M

‖y − z‖, z ∈ R
M. (14.38)

Proof For any x ∈ RM and any λi ∈ Si,M the following property holds:

(a) if

y = πSi,M {x}
then

(
x − y,λi − y

) ≤ 0

(b) and, conversely, if
(
x − y,λi − y

) ≤ 0

for some x ∈ RM and all λi ∈ Si,M then y is the projector of x to Si,M , that is,

y = πSi,M {x}
Let λ

i,∗
ij

, j = 1, r be the active components of λi∗, that is, they are different to

zero and let λi∗
ik

, k = r + 1,M be the nonactive components of λi∗ that are equal to
zero. Then taking into account (14.32) and Assumption 1, we obtain

([
λi∗ + γF

(
λi∗, λı̂

)]− λi∗, λi − λi∗)

= γ
(
F i

(
λi∗, λı̂

)
, λi − λi∗)

= γ J i
(
λi∗, λı̂

) r∑

j=1

(
λi

ij
− λi∗

ij

)+ γ

M∑

k=r+1

hi
ik

(
λi∗, λı̂

)(
λi

ik
− λi∗

ik

)

≤ γ J i
(
λi∗, λı̂

) r∑

j=1

(
λi

ij
− λi∗

ij

)+ γ

M∑

k=r+1

J i
(
λi∗, λı̂

)(
λi

ik
− λi∗

ik

)

= γ J i
(
λi∗, λı̂

) M∑

j=1

(
λi

ij
− λi∗

ij

) = 0. (14.39)
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This exactly means that

λi∗ = πSi,M

{
λi∗ + F i

(
λi∗, λı̂

)}
.

The lemma is proven. �

The property (14.37) leads to the numerical procedure providing in asymptotic
sense the desired equilibrium weights λi∗ (i = 1, . . . ,N).

14.4.2 Numerical Procedure

Assuming that J i(λi, λı̂ ) > 0 for all λi ∈ Si,M , define the series of the vectors {λi,k}
as

λi,k+1 = πSi,M

{
λi,k + γ i,k

J i(λi,k, λı̂,k)
F i(λi,k, λı̂,k)

}
, k = 1,2, . . . ,

λi,0 ∈ Si,M

(14.40)

with

F i
(
λi,k, λı̂,k

) = [
h1,i

(
λi,k, λı̂,k

)
, . . . , hM,i

(
λi,k, λı̂,k

)]
,

J i
(
λi,k, λı̂

n

) = max
α∈1,M

hα,i
(
λi,k, λı̂

k

)
.

Theorem 14.3 Let

(1) the sequence {λi,k} be generated by (14.40)
(2) Assumption 1 hold
(3) the strictly positive functions

hα,i
(
μi,λı̂

)
(i = 1, . . . ,N)

be bounded on μi ∈ Si,M for all α ∈ 1,M and all admissible λı̂ , and
(4) the scalar gain-sequence {γ i,k} satisfy the following conditions:

γ i,k > 0,

∞∑

k=0

γ i,k = ∞,

∞∑

k=0

(
γ i,k

)2
< ∞

Then

lim
k→∞λi,k = λi∗, (14.41)

where λi∗ (i = 1, . . . ,N) is the Nash-equilibrium point (which is unique due to
Assumption 1) of the considered LQ dynamic multimodel game.
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Proof For vi,k := λi,k − λi∗ in view of the properties of the projection operator and
by Lemma 14.2, we have

∥∥vi,k+1
∥∥2 =

∥∥∥∥πSi,M

{
λi,k + γ i,k

J i(λi,k, λı̂,k)
F i

(
λi,k, λı̂,k

)}− λi∗
∥∥∥∥

2

=
∥∥∥∥πSi,M

{
λi,k + γ i,k

J i(λi,k, λı̂,k)
F i

(
λi,k, λı̂,k

)}

− πSi,M

{
λi∗

k + γ i,k

J i(λi,k, λı̂,k)
F i

(
λi∗, λı̂,k

)
}∥∥
∥
∥

2

≤
∥
∥
∥
∥v

i,k + γ i,k

J i(λi,k, λı̂,k)

[
F i

(
λi,k, λı̂,k

)− F i
(
λi∗, λı̂,k

)]
∥
∥
∥
∥

2

= ∥
∥vi,k

∥
∥2 + 2

γ i,k

J i(λi,k, λı̂,k)

(
vi,k,F i

(
λi,k, λı̂,k

)− F i
(
λi∗, λı̂,k

))

+
[

γ i,k

J i(λi,k, λı̂,k)

]2∥∥F i
(
λi,k, λı̂,k

)− F i
(
λi∗, λı̂,k

)∥∥2
.

By the properties 1–3 of this theorem for any λi,k ∈ Si,M and any admissible λı̂,k

we have
(
vi,k,F i

(
λi,k, λı̂,k

)− F i
(
λi∗, λı̂,k

)) ≤ 0

and

∥∥F i
(
λi,k, λı̂,k

)− F i
(
λi∗, λı̂,k

)∥∥ ≤ C0,

J i
(
λi,k, λı̂,k

) ≥ c > 0,

which implies (for C := C2
0/c2)

∥∥vi,k+1
∥∥2 ≤ ∥∥vi,k

∥∥2 + 2
γ i,k

J i(λi,k, λı̂,k)

(
vi,k,F i

(
λi,k, λı̂,k

)− F i
(
λi∗, λı̂,k

))

+ (
γ i,k

)2
C

≤ ∥∥vi,k
∥∥2 + (

γ i,k
)2

C. (14.42)

For the new variable (which is well defined under the supposition (4) of this theo-
rem)

wi,k := ∥
∥vi,k

∥
∥2 + C

∞∑

s=k

(
γ i,s

)2 (14.43)



14.4 Numerical Procedure for Adjustment of the Equilibrium Weights 329

and in view of (14.42), we have

wi,k+1 = ∥∥vi,k+1
∥∥2 + C

∞∑

s=k+1

(γ i,s)2

≤ ∥∥vi,k
∥∥2 + (

γ i,k
)2

C + C

∞∑

s=k+1

(
γ i,s

)2

≤ ∥
∥vi,k

∥
∥2 + C

∞∑

s=k

(γ i,s)2 = wi,k,

which means (by the Weierstrass Theorem) that there exists a limit,

w := lim
k→∞wi,k = lim

k→∞
∥
∥vi,k

∥
∥2

.

But from (14.42) we also have the inequality

∥
∥vi,k+1

∥
∥2 ≤ ∥

∥vi,k
∥
∥2 + (

γ i,k
)2

C

+ 2
γ i,k

J i(λi,k, λı̂,k)

(
vi,k,F i

(
λi,k, λı̂,k

)− F i
(
λi∗, λı̂,k

))

or, equivalently,

2
γ i,k

J i(λi,k, λı̂,k)

∣∣(vi,k,F i
(
λi,k, λı̂,k

)− F i
(
λi∗, λı̂,k

))∣∣

≤ (
γ i,k

)2
C + ∥∥vi,k

∥∥2 − ∥∥vi,k+1
∥∥2

.

Summation over k from 0 up to ∞ implies

2
∞∑

k=0

γ i,k

J i(λi,k, λı̂,k)

∣
∣(vi,k,F i

(
λi,k, λı̂,k

)− F i
(
λi∗, λı̂,k

))∣∣

≤ C

∞∑

k=0

(
γ i,k

)2 + ∥∥vi,0
∥∥2 − lim

k→∞
∥∥vi,k+1

∥∥2
< ∞.

In view of the property
∑∞

k=0 γ k = ∞, it follows that there exists a subsequence
kt (t = 1,2, . . .) such that

|(vi,kt , F i(λi,kt , λı̂,kt ) − F i(λi∗, λı̂,kt ))|
J i(λi,kt , λı̂,kt )

→
t→∞ 0.
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Since J i(λi,kt , λı̂,kt ) ≥ c > 0 and by Assumption 1, this implies that vi,kt →
t→∞ 0, or,

equivalently,

lim
t→∞wi,kt = lim

t→∞
∥∥vi,kt

∥∥2 = 0.

But {wi,k} converges to w and, hence, all subsequences {wkt } converge to the same
limit, which implies w = 0. The theorem is proven. �

Another numerical method based on an extraproximal numerical procedure can
be found in Jimenez-Lizarraga and Poznyak (2007).

14.5 Numerical Example

Consider the next two plant–two players LQ differential game given by

ẋ = Ax + B1u1 + B2u2 + d

with

A =
[
A1 0
0 A2

]
, d =

[
d1

d2

]
,

B1 =
[
B1,1

B2,1

]
, B2 =

[
B1,2

B2,2

]
,

A1 =
(

0.3 0.2
0.7 −0.7

)
, A2 =

(
0.8 0
0.7 −0.1

)
, x0 =

(
3

−1

)
,

B1,1 =
(

1
0

)
, B1,2 =

(
0
1

)
, B2,1 =

(
1
0

)
, B2,2 =

(
0
1

)

and

d1 =
(

0.1
0.4

)
, d2 =

(
0.1
0.4

)
,

Q1,1 =
(

1 0
0 1

)
, Q1,2 =

(
0.5 0
0 0.5

)
,

Q2,1 =
(

1 0
0 1

)
, Q2,2 =

(
0.5 0
0 0.5

)
,

Q
1,1
f =

(
3 0
0 3

)
, Q

1,2
f =

(
2 0
0 2

)
,
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Fig. 14.1 The cost function of the first player

Q
2,1
f =

(
3 0
0 3

)
, Q

2,2
f =

(
2 0
0 2

)
,

R1 = R2 = 1.

Figures 14.1 and 14.2 show the dependence of the functionals on the weights

λα := (
λ(α,1), λ(α,2) = 1 − λ(α,1)

)
, λ(α,1) ∈ [0,1], α = 1,2.

Table 14.1 shows the data generated by the procedure (14.40) with

γ i,k = 0.1

k
, k = 1,2, . . . ; i = 1,2.

One can see that the considered numerical procedure works very efficiently to end
the calculation virtually after 15 iterations.

It is interesting to note that the cost functionals for different scenarios of all
players (corresponding to active indices) turn out to be equal (see Table 14.1) after
implementing this procedure which exactly corresponds to fulfilling of the comple-
mentary slackness condition (14.14). It seems to be evident that for a more complex
situation (for example, for a three person dynamic game, or for more than two sce-
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Fig. 14.2 The cost function of the second player

Table 14.1 Cost functions for different scenarios

k λ1,1 λ1,2 h1,1 h1,2 λ2,1 λ2,2 h2,1 h2,2

1 0.800 0.200 126.904 128.078 0.600 0.400 120.719 121.306

2 0.613 0.387 86.049 86.336 0.538 0.462 73.335 73.479

3 0.613 0.387 82.992 83.051 0.491 0.509 77.175 77.205

4 0.737 0.263 56.511 56.210 0.490 0.510 30.359 30.208

5 0.660 0.340 59.013 59.100 0.561 0.439 31.773 31.776
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

12 0.691 0.309 66.347 66.347 0.537 0.463 40.808 40.808

13 0.691 0.309 66.237 66.347 0.537 0.463 40.647 40.647

14 0.691 0.309 66.311 66.311 0.537 0.463 40.673 40.673

15 0.691 0.309 66.311 66.311 0.537 0.463 40.673 40.673
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narios) the corresponding procedure will have the same stages, but the calculation
complexity (the time of calculation) will increase proportionally to the product of
the number of players by the summed number of possible scenarios.

14.6 Prey–Predator Differential Game

In this section we consider (as one of the most important examples of Game Theory)
the so-called Prey–Predator Differential Game which illustrates the use of the LQ
technique discussed above for the resolution of the missile guidance problem. As we
show below, this problem originally (with a single scenario) represented a zero-sum
differential game of pursuit–evasion type, but becomes a noncooperative nonzero-
sum game of two participants by the set of parametric uncertainty.

14.6.1 Multimodel Dynamics

Consider the following state-dynamic multimodel for each of two players:

ẋi,α(t) = Ai,α(t)xi,α(t) + B
i,α
1 (t)u1(t) + B

i,α
2 (t)u2(t), t ∈ [0, T ],

xi,α(0) = xi
0 ∈ R

ni , α ∈ A = {1, . . . ,Nmod}, i = 1,2,
(14.44)

where

– a fixed value of the integer parameter α ∈ A corresponds to a particular pre-
dictable (possible) scenario of its development

– xi,α(t) ∈ R
ni is the state vector of ith player at time t

– ui(t) ∈ Ui ⊆ R
mi (i = 1,2) is the control action of ith player at time t

The coupled dynamic multimodels (14.44) may be rewritten in the joint format
as follows:

ẋα(t) = Aα(t)xα(t) + Bα
1 (t)u1(t) + Bα

2 (t)u2(t), t ∈ [0, T ],
xα(0) = x0 ∈ R

n, α ∈ A = {1, . . . ,Nmod},

xα :=
(

x1,α

x2,α

)
∈ R

n, n = n1 + n2,

Bα
1 := [

B
1,αT

1

... B
2,αT

1

]T
, Bα

2 := [
B

1,αT

2

... B
2,αT

2

]T
.

(14.45)

Definition 14.5 The two-person multimodel LQ dynamic game Γ of a fixed pre-
scribed duration T is given by the joint dynamics equation (14.45) and the corre-
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sponding cost functionals

Lα
i (u1, u2) = 1

2
xαT

(T )Q̄f ix
α(T ) +

∫ T

t=0
gα

i (xα,u1, u2)dt,

gα
i (xα,u1, u2) = 1

2

(

xαT
Q̄ix

α +
2∑

j=1

uT
j Ri,j uj

)

, i = 1,2.

(14.46)

Here, T denotes the fixed prescribed duration of the game, x0 is the initial state
of the joint dynamic system, x ∈ R

n, and ui ∈ R
mi (i = 1,2). The matrices Q̄f i ,

Q̄i(·), Ri,j (j 
= i) are assumed to be nonnegative, R11 = −R22 (R22 > 0) and the
control resource sets are supposed to be unlimited, that is,

Ui ≡ R
mi (i = 1,2).

Assumption 2 For each α ∈ A it is supposed that Aα(t), Bα
j (t), and ui(t) provide

a unique solution to the joint dynamics (14.45). We will call such functions ui(t)

admissible controls.

14.6.2 Prey–Predator Differential Game

In the case of a prey–predator differential game we define the loss function that is
proportional to the distance between the prey and the predator as well as the energy
wasted in the pursuit–evasion act. Let us represent the normalized (by a nonnegative
matrix Q) distance between a prey and a predator in the following form:

‖x1 − x2‖2
Q = ‖x1‖2

Q + ‖x2‖2
Q + x1Sx2,

S = −2Q, Q = QT ≥ 0.

Definition 14.6 A two-person multimodel LQ dynamic game (14.45)–(14.46) with
the following features:

xαT = [
xαT

1 , xαT

2

]
, uT = [

uT
1 , uT

2

]
,

Q̄f i =
[

Qf −Qf

−Qf Qf

]
, Q̄i =

[
Q −Q

−Q Q

]
, i = 1,2,

R =
[

R1,1 0
0 R2,2

]
, R1,2 = R2,1 = 0

(14.47)

is called a Prey–Predator Differential Game, P1 being a predator and P2 a prey.
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14.6.3 Individual Aims

The predator’s aim is to minimize the distance to the prey whereas the prey wants
to maximize it. Also, both wish to minimize the energy wasted in each task. In view
of this, the functionals (14.46) have the form

Lα
1 (u1, u2) = 1

2
xαT

Qf 1x
α + 1

2

∫ T

t=0

(
xαT

Q1x
α + uTRu

)
dt,

Lα
2 (u1, u2) = −1

2
xαT

Qf 2x
α + 1

2

∫ T

t=0

(−xαT
Q2x

α + uTRu
)

dt,

Q̄f 1 = Q̄f 2, Q̄1 = Q̄2,

(14.48)

where the predator wishes to minimize the minimum-case (biggest) loss-functional
maxα∈A Lα

1 and the prey wishes to minimize the functional maxα∈A Lα
2 (to maxi-

mize minα∈A L̃α
2 = −maxα∈A Lα

2 ), that is, the following solution is desirable:

Fi(u1, u2) := max
α∈A

Lα
i (u1, u2) → min

ui∈R
mi

. (14.49)

Such a solution applied by each participant provokes a conflict situation and de-
mands a definition of an equilibrium (or “compromise”) behavior that in some sense
is suitable for both participants simultaneously. Such a “suitable” solution is ex-
actly a corresponding Nash-equilibrium strategy u∗ = (u∗

1, u
∗
2) in the multimodel

differential LQ game (14.45)–(14.48). A prey–predator zero-sum differential game
in the case of a unimodal situation (when trR = 0) is a standard zero-sum differen-
tial game. But under the multimodel dynamics concept the saddle-point concept be-
comes unworkable. This is followed by the fact that the minimum case for player P1
(minimizing player) maxα∈A Lα(u1, u2) is not necessarily the minimum case for P2
(maximizing player) minα∈A Lα(u1, u2).

14.6.4 Missile Guidance

The Gulf War introduced a new type of target, namely, the tactical ballistic missile
(TBM). The successful interception of a TBM, much less vulnerable than an air-
craft, requires a very small miss distance or even a direct hit (Turetsky and Shinar
2003). The scenario of intercepting a maneuverable target may be formulated as a
zero-sum pursuit–evasion game. The natural cost function of such zero-sum game
is the miss distance (the distance of the closest approach) plus the corresponding
power consumption and minus the power consumption of the enemy. It should be
minimized by the pursuer and maximized by the evader. The game solution simul-
taneously provides the missiles’ guidance law (the optimal pursuer strategy) for the
“minimum” target maneuver (the optimal evader strategy). The concept of such a
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Fig. 14.3 Missile collision
geometry

Fig. 14.4 Missile pursuit
evasion

formulation dates back to the 1950s and was published in the seminal book of Isaacs
(1965).

The features and assumptions settled in this game are common to Ho et al.
(1965), Sim et al. (2000), Shinar and Gutman (1980), and Turetsky and Shinar
(2003). The engagement between two missiles—a pursuer (interceptor) and an
evader (target)—is considered in what follows. The interception scenario model is
constructed based on the following assumptions.

• The engagement takes place in a plane.
• Both missiles have constant velocities.
• Only lateral accelerations are used to shape trajectories.
• The trajectories of both missiles can be linearized along the initial line of sight.
• The dynamics of both missiles are expressed by first-order transfer functions.

The consideration of only a planar engagement does not represent a drawback either
in theory or for applications. It has been demonstrated that the trajectory lineariza-
tion is valid also (see Turetsky and Shinar 2003).

In Fig. 14.3 a schematic view of the interception geometry is shown. Here the lin-
earization of trajectories is applied. Figure 14.4 shows the geometry on each instant
in the evasion–pursuit act. The x-axis of the coordinate system is aligned with the
initial line of sight. (xp, yp), (xe, ye) are the current coordinates of the pursuer and
evader, vp , ve are the constant velocities, and ae, ap are the lateral accelerations of
the pursuer and evader, respectively. θp, θe are the respective aspect angles between
the velocity vectors of the players and the reference line of sight. Note that these
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aspect angles are sufficiently small, that is,

sin(θ) ≈ θ, cos(θ) ≈ 1

allowing one to linearize the trajectories along the initial line of sight and assuming
a constant closing velocity vc = vp − ve . The assumption of trajectory linearization
has been a common feature in missile guidance law analysis (see Ho et al. 1965;
Sim et al. 2000; Shinar and Gutman 1980). In such scenarios the end of the game
is of a rather short duration and therefore the rotation of the line of sight becomes
negligible. Moreover, the respective velocity vectors of the players can rotate only
very little because of the high velocities involved. The final time of the interception
can easily be computed for any given initial conditions:

T = t0 + x0

vc

, (14.50)

where x0 is the initial distance between the missiles.
These assumptions lead to the following linear model for t0 ≤ t ≤ T :

ẋα
1 = xα

2 , xα
1 (t0) = 0,

ẋα
2 = xα

3 − xα
4 , xα

2 (t0) = x0
2 ,

ẋα
3 = (ue − xα

3 )/τe, xα
3 (t0) = 0,

ẋα
4 = (up − xα

4 )/τp, xα
4 (t0) = 0,

where

– xα
1 = ye −yp is the difference between the evader’s and pursuer’s position normal

to the initial line of sight
– xα

2 is the relative velocity
– xα

3 and xα
4 are the lateral accelerations, and

– x0
2 = vpθp(0) − veθe(0)

Let us take into account the case when there is only one kind of antimissile (Pursuer)
and there are three kinds of missiles (Evader). The possible cases form the following
linear multimodel system:

Aα =

⎡

⎢⎢⎢
⎣

0 1 0 0
0 0 1 −1
0 0 − 1

τα
e

0

0 0 0 − 1
τp

⎤

⎥⎥⎥
⎦

, Bα
1 =

⎡

⎢⎢
⎣

0
0
1
τα
e

0

⎤

⎥⎥
⎦ , Bα

2 =

⎡

⎢⎢
⎣

0
0
0
1
τp

⎤

⎥⎥
⎦ ,

τ 1
e = 1.0, τ 2

e = 1.5, τ3
e = 2.3, τp = 5,

Q = Qf =

⎡

⎢⎢
⎣

1 × 105 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤

⎥
⎥
⎦ , R =

[−1 0
0 1

]
.
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Fig. 14.5 The three different
cases of the Evader’s
trajectories

Fig. 14.6 The control actions
for Pursuit (u2) and Evader
(u1) guidance

The Nash-equilibrium strategies are given by the relations from Theorem 14.2 where
the corresponding weights found are as follows:

λ∗
1 = [

0.0643 0.0000 0.9356
]
,

λ∗
2 = [

0.3210 0.4207 0.2581
]

with the respective cost functionals

F̄1(λ
∗
1, λ

∗
2) = 264.353, F̄1(λ

∗
1, λ

∗
2) = 194.118.

Figure 14.5 shows the trajectories under the equilibrium point. For this case, all
possible models of the evader are reached in the final time. Figure 14.6 illustrates
the optimal control effort for both players.
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14.7 Conclusions

In this chapter the formulation of the concept for a type of “robust equilibrium” for
a multiplant differential game is presented. The dynamics of the considered game
is given by a set of N different possible differential equations (multiplant problem)
with no information on the trajectory that is realized. The robust optimal strategy
for each player is designed and applied to all possible models simultaneously. The
problem is solved by designing Min-Max strategies for each player that guarantee
an equilibrium for the minimum-case scenario, and the main result presented here
for the LQ case shows that the robust control leading to the corresponding equilib-
rium is the convex combination of the control actions optimal for each independent
scenario. The approach suggested is based on the Robust Maximum Principle for-
mulated in the previous chapters. The initial Min-Max differential game is shown to
be converted into a standard static game given in a multidimensional simplex. The
realization of the numerical procedure confirms the effectiveness of the suggested
approach. To illustrate this we considered here the Prey–Predator Differential Game
formulated for the missile guidance problem.





Part IV
Robust Maximum Principle

for Stochastic Systems





Chapter 15
Multiplant Robust Control

In this chapter the Robust Stochastic Maximum Principle (in the Mayer form) is
presented for a class of nonlinear continuous-time stochastic systems containing an
unknown parameter from a given finite set and subject to terminal constraints. Its
proof is based on the use of the Tent Method with the special technique specific for
stochastic calculus. The Hamiltonian function used for these constructions is equal
to the sum of the standard stochastic Hamiltonians corresponding to a fixed value of
the uncertain parameter. The corresponding robust optimal control can be calculated
numerically (a finite-dimensional optimization problem should be solved) for some
simple situations.

15.1 Introduction

15.1.1 A Short Review of Min-Max Stochastic Control

During the last two decades, the Min-Max Control Problem, dealing with various
classes of nonlinear systems, has received much attention from many researchers
because of its theoretical and practical importance. The results of this area are based
on two classical approaches: the Maximum Principle (MP) (Pontryagin et al. 1969,
in Russian) and the Dynamic Programming Method (DP) (Bellman 1957). In the
case of a complete model description, both of them can be directly applied to con-
struct the optimal control. For stochastic models the situation is very similar (see,
for example, Yong and Zhou 1999).

Various forms of the Stochastic Maximum Principle have been published in
the literature (Kushner 1972; Fleming and Rishel 1975; Haussman 1981; Bismut
1977, 1978). All of these publications usually dealt with the systems whose dif-
fusion coefficients did not contain control variables, and the control region was
assumed to be convex. In Bensoussan (1983) the case of the diffusion coeffi-
cients that depend smoothly on a control variable was considered. Later this ap-
proach was extended to the class of partially observable systems (Bensoussan 1992;
Haussman 1982), where the optimal control consists of two basic components:

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_15, © Springer Science+Business Media, LLC 2012
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– state estimation
– and control via the obtained estimates

In the nonlinear case, the so-called “innovation-based technique” (Kallianpur 1980)
and the Duncan–Mortensen–Zakai approach (Duncan 1967; Zakai 1969), where we
have the stochastic partial differential equation for the normalized conditional den-
sity function of the state to be estimated, were used. The most advanced results
concerning the Maximum Principle for nonlinear stochastic differential equations
with a controlled diffusion term were obtained by the Fudan University group, led
by X. Li (see Zhou 1991, Yong and Zhou 1999 and the bibliography therein). Re-
cently, some extensions have been published in Fleming and Soner (2006).

Since the MP, mostly considered here, and DP are believed to be two “equiva-
lently important” approaches to study the Optimal Control Problems, several publi-
cations dealing with DP should be mentioned. There has been significant develop-
ment due to the notion of the “viscosity solution” introduced by Lions in Crandall
and Lions (1983) (see also Lions 1983). Besides this, various approaches to DP
are known. Among these we can cite the elegant work of Krylov (Krylov 1980)
(stochastic case) and of Clarke and Vinter (Clarke and Vinter 1983; Clarke 1983;
Vinter 1988) (deterministic case) within the “generalized gradient” framework
(Clarke et al. 1998).

Faced with some uncertainties (parametric type, unmodeled dynamics, external
perturbations, etc.) these results cannot be applied. There are two ways to overcome
the uncertainty problems.

– The first is to apply the adaptive approach (Duncan et al. 1999) to identify the
uncertainty on-line and then use these estimates to construct a control (Duncan
and Varaiya 1971).

– The second one, which will be considered in this book, is to obtain a solution suit-
able for a class of given models by formulating a corresponding Min-Max Control
Problem, where the maximization is taken over a set of possible uncertainties and
the minimization is taken over all of the control strategies within a given set.

Several investigation lines, corresponding to the second approach, for deterministic
systems turn out to be effective in this situation. One of the important components
of Min-Max Control Theory is the game-theoretic approach (Basar and Bernhard
1991). In terms of game theory, the control and the model uncertainty are strate-
gies employed by opposing players in a game: control is chosen to minimize the
cost function and the uncertainty is chosen to maximize it. In such an interpreta-
tion, the uncertainty should be time varying to represent the minimum situation for
the controller. To the best of our knowledge, the earliest papers in this direction are
by Dorato and Drenick (1966) and Krasovskii (1969, in Russian). Later, in Kur-
janskii (1977, in Russian), the Lagrange Multiplier Approach was applied to the
problems of control and observations with incomplete information. They were for-
mulated as the corresponding Min-Max problems. This technique, as is mentioned
above, effectively works only for systems where the uncertainties may be variable
in time, and, consequently, can “play” against an applied control strategy. Start-
ing from the pioneering work of Zames (1981), which dealt with frequency domain
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methods to minimize the norm of the transfer function between the disturbance in-
puts and the performance output, the Min-Max controller design is formulated as an
H∞-optimization problem. As was shown in Basar and Bernhard (1991) this spe-
cific problem can be successfully solved in the time domain, leading to a rapproche-
ment with dynamic game theory and to the establishment of a relation with risk-
sensitive quadratic (stochastic) control (Doyle et al. 1989; Glover and Doyle 1988;
Limebeer et al. 1989; Khargonekar 1991). The paper of Ming et al. (1991) presented
a control design method for continuous-time plants whose uncertainty parameters
in the output matrix are known to lie within an ellipsoidal set only. An algorithm
for Min-Max control which at every iteration minimizes approximately the defined
Hamiltonian is described in Pytlak (1990). In Didinsky and Basar (1994) “the cost-
to-come” method is used. The authors showed the equivalence between the original
problem with incomplete information and the problem with complete information
but of a higher dimension. Some useful references can be found in Siljak (1989).

For stochastic uncertain systems, a Min-Max control of a class of dynamic sys-
tems with mixed uncertainties was investigated in Basar (1994). A continuous de-
terministic uncertainty that affects the system dynamics and a discrete stochastic
uncertainty leading to jumps in the system structure at random times were stud-
ied. The solution presents a finite-dimensional compensator using two finite sets
of partial differential equations. A robust (nonoptimal) controller for linear time-
varying systems given by a stochastic differential equation was studied in Poznyak
and Taksar (1996) and Taksar et al. (1998), where the solution was based on the
stochastic Lyapunov analysis with the implementation of the martingale technique.
Other problems dealing with discrete time models of a deterministic and/or the
simplest stochastic nature and their corresponding solutions are discussed in Yaz
(1991), Didinsky and Basar (1991), Blom and Everdij (1993), Boukas et al. (1999),
and Bernhard (1994). In Ugrinovskii and Petersen (1999) a finite horizon Min-Max
Optimal Control problem of nonlinear continuous time systems with stochastic un-
certainty is considered. The original problem was converted into an unconstrained
stochastic game problem and a stochastic version of the S-procedure has been de-
signed to obtain a solution.

15.1.2 Purpose of the Chapter

The main purpose of this chapter is to explore the possibilities of the MP approach
for a class of Min-Max Control Problems for uncertain systems given by a system
of stochastic differential equations with a controlled diffusion term and unknown
parameters within a given finite set. The problems for finite uncertainty sets are very
common, for example, for Reliability Theory where some of the sensors or actuators
can fail, completely changing the structure of a system to be controlled (each of the
possible structures can be associated with one of the fixed parameter values). For
simplicity the Min-Max problem will be taken to belong to the class of optimization
problems on a fixed finite horizon where the cost function contains only a terminal
term (without an integral part). The proof is based on the results of Part III obtained
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for a Deterministic Min-Max Mayer Problem (Boltyanski and Poznyak 1999b) and
on the Stochastic MP for controlled diffusion obtained in Zhou (1991) and Yong
and Zhou (1999). The Tent Method, presented in the second part of this book is also
used to formulate the necessary conditions of optimality in Hamiltonian form. Two
illustrative examples, dealing with production planning and reinsurance-dividend
management, conclude this chapter.

15.2 Stochastic Uncertain System

Let (Ω, F , {Ft }t≥0,P) be a given filtered probability space, that is,

– the probability space (Ω, F ,P) is complete
– the sigma-algebra F0 contains all the P-null sets in F
– the filtration {Ft }t≥0 is right continuous

Ft+ :=
⋂

s>t

Fs = Ft

On this probability space an m-dimensional standard Brownian motion is de-
fined, that is, (W(t), t ≥ 0) (with W(0)

a.s.= 0) is an {Ft}t≥0-adapted R
m-valued pro-

cess such that

E
{
W(t) − W(s) | Fs

}= 0 P-a.s.,

E
{[

W(t) − W(s)
][

W(t) − W(s)
]T | Fs

}= (t − s)I P-a.s.,

P
{
ω ∈ Ω : W(0) = 0

}= 1.

Consider the stochastic nonlinear controlled continuous-time system with the dy-
namics x(t) given by

x(t) = x(0) +
∫ t

s=0
bα
(
s, x(s), u(s)

)
dt +
∫ t

s=0
σα
(
s, x(s), u(s)

)
dW(s) (15.1)

or, in the abstract (symbolic) form,

{
dx(t) = bα

(
t, x(t), u(t)

)
dt + σα

(
t, x(t), u(t)

)
dW(t),

x(0) = x0, t ∈ [0, T ] (T > 0).
(15.2)

The first integral in (15.1) is a stochastic ordinary integral and the second one is an
Itô integral (see, for example, Poznyak 2009). In the above, u(t) ∈ U is a control at
time t and

bα : [0, T ] × R
n × U → R

n,

σα : [0, T ] × R
n × U → R

n×m,
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where α is a parameter taking values from the finite set A = {α1, . . . , αN }.
For any α ∈ A denote

bα(t, x,u) := (bα
1 (t, x, u), . . . , bα

n(t, x,u)
)T

,

σ α(t, x,u) := (σ 1α(t, x,u), . . . , σ nα(t, x,u)
)
,

σ jα(t, x,u) := (σjα

1 (t, x, u), . . . , σ
jα
m (t, x,u)

)T
.

The following assumptions are made.

(A1) {Ft }t≥0 is the natural filtration generated by (W(t), t ≥ 0) and augmented by
the P-null sets from F .

(A2) (U,d) is a separable metric space with a metric d .

The following definition is used subsequently.

Definition 15.1 The function f : [0, T ]×R
n ×U → R

n×m is said to be an Lφ(C2)-
mapping if

1. it is Borel measurable
2. it is C2 in x for any t ∈ [0, T ] and any u ∈ U

3. there exists a constant L and a modulus of continuity φ : [0,∞) → [0,∞) such
that for any t ∈ [0, T ] and for any x,u, x̂, u ∈ R

n × U × R
n × U

∥∥f (t, x,u) − f (t, x̂, û)
∥∥≤ L‖x − x̂‖ + φ

(
d(u, û)
)
,

∥∥f (t,0, u)
∥∥≤ L,

∥
∥fx(t, x,u) − fx(t, x̂, û)

∥
∥≤ L‖x − x̂‖ + φ

(
d(u, û)
)
,

∥∥fxx(t, x,u) − fxx(t, x̂, û)
∥∥≤ φ
(‖x − x̂‖ + d(u, û)

)

(here fx(·, x, ·) and fxx(·, x, ·) are the partial derivatives of the first and the sec-
ond order)

In view of this definition, the following is also assumed.

(A3) For any α ∈ A both bα(t, x,u) and σα(t, x,u) are Lφ(C2)-mappings.

The only sources of uncertainty in this description of the system are

– the system random noise W(t) and
– the a priori unknown parameter α ∈ A

It is assumed that past information is available for the controller.
To emphasize the dependence of the random trajectories on the parameter α ∈ A,

(15.2) is rewritten as

{
dxα(t) = bα

(
t, xα(t), u(t)

)
dt + σα

(
t, xα(t), u(t)

)
dW(t),

xα(0) = x0, t ∈ [0, T ] (T > 0).
(15.3)
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15.3 A Terminal Condition and a Feasible and Admissible
Control

The following definitions will be used throughout this paper.

Definition 15.2 A stochastic control u(·) is called feasible in the stochastic sense
(or, s-feasible) for the system (15.3) if

1. we have

u(·) ∈ U [0, T ] := {u : [0, T ] × Ω → U | u(·) is {Ft }t≥0-adapted
}

2. xα(t) is the unique solution of (15.3) in the sense that for any xα(t) and x̂α(t)

satisfying (15.3)

P
{
ω ∈ Ω : xα(t) = x̂α(t)

}= 1

The set of all s-feasible controls is denoted by U s
feas[0, T ]. The pair (xα(t);u(·)),

where xα(t) is the solution of (15.3) corresponding to this u(·), is called an
s-feasible pair.

The assumptions (A1)–(A3) guarantee that any u(·) from U [0, T ] is s-feasible.
In addition, it is required that the following terminal state constraints are satis-

fied:

E
{
hj
(
xα(T )
)}≥ 0 (j = 1, . . . , l), (15.4)

where hj : R
n → R are given functions.

(A4) For j = 1, . . . , l the functions hj are Lφ(C2)-mappings.

Definition 15.3 The control u(·) and the pair (xα(t);u(·)) are called an s-admissible
control and an s-admissible pair, respectively, if

1. we have

u(·) ∈ U s
feas[0, T ]

2. xα(t) is the solution of (15.3), corresponding to this u(·), such that the inequali-
ties (15.4) are satisfied

The set of all s-admissible controls is denoted by U s
adm[0, T ].

15.4 Robust Optimal Stochastic Control Problem Setting

For any s-admissible control u(·) ∈ U s
adm[0, T ] and for any α ∈ A define the α-cost

function

Jα
(
u(·)) := E

{
h0(xα(T )

)}
, (15.5)



15.5 Robust Maximum Principle for Min-Max Stochastic Control 349

where h0(xα(T )) ∈ L1
FT

(Ω,R
n)—the set of all FT -measured R

n-valued random
variables X such that E{|X|} < ∞.

(A5) The function h0 is assumed to be a Lφ(C2)-mapping.

Since the value of the parameter α is unknown a priori, we define the minimum
(maximum) cost by

J
(
u(·))= max

α∈A
J α
(
u(·)). (15.6)

Definition 15.4 The stochastic control u(·) is robust optimal if

1. it is admissible, that is,

u(·) ∈ U s
adm[0, T ]

and
2. it provides the minimal worst cost, that is,

u(·) = arg min
u(·)∈U s

adm[0,T ]
J
(
u(·))

If the dynamics x̄α(t) corresponds to this robust optimal control u(t) then
(x̄α(·), u(·)) is called an α-robust optimal pair.

Thus the robust optimal stochastic Control Problem (in the Mayer form) (robust
with respect to the unknown parameter) consists of finding the robust optimal con-
trol u(t) according to the definition given above, that is,

J
(
u(·))= min

u(·)∈U s
adm[0,T ]

max
α∈A

Jα
(
u(·)). (15.7)

15.5 Robust Maximum Principle for Min-Max Stochastic
Control

The adjoint equations and the associated Hamiltonian function are introduced be-
low to present the necessary conditions of the robust optimality for the considered
class of partially unknown stochastic systems, which is called the Robust Stochas-
tic Maximum Principle (RSMP). If in the deterministic case (see Part III) the ad-
joint equations are backward ordinary differential equations and represent, in some
sense, the same forward equation but in reverse time, in the stochastic case such an
interpretation is not applicable because any time reversal may destroy the nonan-
ticipatory character of the stochastic solutions, that is, any obtained robust control
should not depend on the future. To avoid these problems, the approach given in
Yong and Zhou (1999) is used, which takes into account the adjoint equations that
are introduced for any fixed value of the parameter α.

So, following Yong and Zhou (1999), for any α ∈ A and any admissible control
u(·) ∈ U s

adm[0, T ] consider the
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• first-order vector adjoint equations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dψα(t) = −
[

bα
x

(
t, xα(t), u(t)

)T
ψα(t)

+
m∑

j=1

σ
αj
x

(
t, xα(t), u(t)

)T
qα
j (t)

]

dt

+qα(t)dW(t),

ψα(T ) = cα, t ∈ [0, T ]

(15.8)

and the
• second-order matrix adjoint equations

dΨ α(t) = −
[

bα
x

(
t, xα(t), u(t)

)T
Ψ α(t) + Ψ α(t)bα

x

(
t, xα(t), u(t)

)

+
m∑

j=1

σ
αj
x

(
t, xα(t), u(t)

)T
Ψ α(t)σ

αj
x

(
t, xα(t), u(t)

)

+
m∑

j=1

(
σ

αj
x

(
t, xα(t), u(t)

)T
Qα

j (t) + Qα
j (t)σ

αj
x

(
t, xα(t), u(t)

))

+ Hα
xx

(
t, xα(t), u(t),ψα(t), qα(t)

)
]

dt +
m∑

j=1

Qα
j (t)dWj(t),

Ψ α(T ) = Cα, t ∈ [0, T ]
(15.9)

Here

• cα ∈ L2
FT

(Ω,R
n) is a square integrable FT -measurable R

n-valued random vec-
tor

• ψα(t) ∈ L2
Ft

(Ω,R
n) is a square integrable {Ft }t≥0-adapted R

n-valued vector
random process

• qα(t) ∈ L2
Ft

(Ω,R
n×m) is a square integrable {Ft }t≥0-adapted R

n×m-valued ma-
trix random process

Similarly,

• Cα ∈ L2
FT

(Ω,R
n×n) is a square integrable FT -measurable R

n×n-valued random
matrix

• Ψ α(t) ∈ L2
Ft

(Ω,R
n×n) is a square integrable {Ft }t≥0-adapted R

n×n-valued ma-
trix random process

• Qα
j (t) ∈ L2

Ft
(Ω,R

n×m) is a square integrable {Ft }t≥0-adapted R
n×n-valued ma-

trix random process
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The function H(t, x,u,ψ,q) is defined as

Hα(t, x,u,ψ,q) := bα(t, x,u)Tψ + tr
[
qTσα
]
. (15.10)

As is seen from (15.9), if Cα = CαT then for any t ∈ [0, T ] the random matrix Ψ α(t)

is symmetric (but not necessarily positive- or negative-definite). In (15.8) and (15.9),
which are the backward stochastic differential equations with the {Ft }t≥0-adapted
solutions, the unknown variables to be selected are the pair of terminal conditions
cα,Cα and the collection (qα,Qα

j (j = 1, . . . , l)) of {Ft }t≥0-adapted stochastic ma-
trices. Note that equations (15.3) and (15.8) can be rewritten in Hamiltonian form
as

⎧
⎪⎪⎨

⎪⎪⎩

dxα(t) = Hα
ψ

((
t, xα(t), u(t)

)T
ψα(t), qα(t)

)
dt

+ σα
(
t, xα(t), u(t)

)
dW(t),

xα(0) = x0, t ∈ [0, T ],
(15.11)

{
dψα(t) = −Hα

x

((
t, xα(t), u(t)

)T
ψα(t), qα(t)

)
dt + qα(t)dW(t),

ψα(T ) = cα, t ∈ [0, T ].
(15.12)

Now the main result of this chapter can be formulated (Poznyak et al. 2002b).

Theorem 15.1 (Robust Stochastic Maximum Principle) Let (A1)–(A5) be ful-
filled and let (x̄α(·),u(·)) be the α-robust optimal pairs (α ∈ A). Then there ex-
ist collections of terminal conditions cα,Cα , {Ft}t≥0-adapted stochastic matrices
(qα,Qα

j (j = 1, . . . , l)) in (15.8) and (15.9), and nonnegative constants μα and ναj

(j = 1, . . . , l), such that the following conditions are satisfied.
1. (Complementary Slackness Condition) For any α ∈ A

(i) μα

[
E
{
h0(xα(T )

)}− max
α∈A

E
{
h0(xα(T )

)}]= 0,

(ii) ναj E
{
hj
(
xα(T )
)}= 0 (j = 1, . . . , l).

(15.13)

2. (Transversality Condition) For any α ∈ A

cα + μαh0
x

(
xα(T )
)+

l∑

j=1

ναjh
j
x

(
xα(T )
)= 0 P-a.s., (15.14)

Cα + μαh0
xx

(
xα(T )
)+

l∑

j=1

ναjh
j
xx

(
xα(T )
)= 0 P-a.s. (15.15)
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3. (Nontriviality Condition) There exists α ∈ A such that cα �= 0 or, at least, one
of the numbers μα, ναj (j = 1, . . . , l) is distinct from 0, that is,

∃α ∈ A : |cα | + μα +
l∑

j=1

ναj > 0. (15.16)

4. (Maximality Condition) The robust optimal control u(·) for almost all
t ∈ [0, T ] maximizes the Hamiltonian function

H
(
t, x̄
(t), u,ψ
(t),Ψ 
(t), q
(t)

)

:=
∑

α∈A
Hα
(
t, x̄α(t), u,ψα(t),Ψ α(t), qα(t)

)
, (15.17)

where

Hα
(
t, x̄α(t), u,ψα(t),Ψ α(t), qα(t)

)

:= Hα
(
t, x̄α(t), u,ψα(t), qα(t)

)− 1

2
tr
[
σ̄ αTΨ α(t)σ̄ α

]

+ 1

2
tr
[(

σα
(
t, x̄α(t), u

)− σ̄ α
)T

Ψ α(t)
(
σα
(
t, x̄α(t), u

)− σ̄ α
)]

(15.18)

and the function Hα(t, x̄α(t), u,ψα(t), qα(t)) is given by (15.10),

σ̄ α := σα
(
t, x̄α(t), u(t)

)
,

x̄
(t) := (x̄1T(t), . . . , x̄NT(t)
)T

,

ψ
(t) := (ψ1T(t), . . . ,ψNT(t)
)T

,

q
(t) := (q1(t), . . . , qN(t)
)
,

Ψ 
(t) := (Ψ 1(t), . . . ,Ψ N(t)
)
,

(15.19)

that is, for almost all t ∈ [0, T ]

u(t) = arg max
u∈U

H
(
t, x̄
(t), u,ψ
(t),Ψ 
(t), q
(t)

)
. (15.20)

15.6 Proof of RSMP

15.6.1 Proof of Properties 1–3

Let |A| = N be the cardinality of the parameter set A. Consider the nN -dimensional
random vector space R


 with the coordinates

xα,i ∈ L2
FT

(Ω,R) (α ∈ A, i = 1, . . . , n).
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For each fixed α ∈ A we consider

xα := (xα,1, . . . , xα,ni
)T

as an element of a Hilbert (and, hence, self-conjugate) space R
α with the usual

scalar product given by

〈xα, x̃α〉 :=
√√√√

n∑

i=1

E{xα,i x̃α,i}, ‖x̃α‖ :=√〈xα, xα〉.

However, in the whole space R

 we can introduce the norm of the element x
 =

(xα,i) in another way:

‖x
‖ := max
α∈A

√√
√
√

n∑

i=1

E
{
(xα,i)2
}
.

The conjugated space R
 consists of all covariant random vectors

a
 = (aα,i) (α ∈ A, i = 1, . . . , n)

with the norm

‖a
‖ :=
∑

α∈A
|aα,i | :=

∑

α∈A

√√√√
n∑

i=1

E
{
(aα,i)2
}
.

The scalar product of x
 ∈ R

 and a
 ∈ R
 can be defined as

〈
a
, x
〉

E
:=
∑

α∈A

n∑

i=1

E
{
aα,ix

α,i
}
.

In this section we consider the vector x
(T ) only.
The index α ∈ A is said to be h0-active if it realizes the minimal cost, that is,

E
{
h0(x̄α(T )

)}= max
α∈A

E
{
h0(x̄α(T )

)}
(15.21)

and it is hj -active if

E
{
hj
(
x̄α(T )
)}= 0, (15.22)

that is, the j -constraint holds on its boundary.
First, assume that there exists an h0-active index α ∈ A such that

h0
x

(
x̄α(T )
)= 0 (P-a.s.).

Then selecting (without violating the transversality and nontriviality conditions)

μα �= 0, μα̃ �=α = 0, ναj = 0 (∀α ∈ A, j = 1, . . . , l)
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it follows that

cα = ψα(T ) = 0, Cα = Ψ α(T ) = 0.

In this situation, the only nonanticipative matrices qα(t) = 0 and Qα
j (t) = 0 are

admissible, and for all t ∈ [0, T ], as a result,

Hα(t, x,u,ψ,q) = 0, ψα(t) = 0,

and

Ψ α(t) = 0.

Thus all conditions 1–4 are satisfied automatically whether or not the control is
robust optimal or not.

So it can be assumed that

h0
x

(
x̄α(T )
) �= 0 (P-a.s.)

for all h0-active indices α ∈ A. Similarly, it can be assumed that

h
j
x

(
x̄α(T )
) �= 0 (P-a.s.)

for all hj -active indices α ∈ A.
Denote by Ω1 ⊆ R


 the controllability region, that is, the set of all points z
 ∈ R



such that there exists a feasible control u(t) ∈ U s
feas[0, T ] for which the trajectories

x
(t) = (xα,i(t)), corresponding to (15.3), satisfy x
(T ) = z
 with probability one:

Ω1 := {z
 ∈ R

 : x
(T )

a.s.= z
, u(t) ∈ U s
feas[0, T ], xα(0) = x0

}
. (15.23)

Let Ω2,j ⊆ R

 denote the set of all points z
 ∈ R


 satisfying the terminal condi-
tion (15.4) for some fixed index j and any α ∈ A, that is,

Ω2j := {z
 ∈ R

 : E
{
hj (zα)
}≥ 0 ∀α ∈ A

}
. (15.24)

Finally, denote by Ω0 ⊆ R

 the set containing the optimal point x̄
(T ) (corre-

sponding to the given robust optimal control u(·)) as well as all points z
 ∈ R



satisfying for all α ∈ A

E
{
h0(zα)
}

< max
α∈A

E
{
h0(x̄α(T )

)}
,

that is,

Ω0 := {x̄
(T ) ∪ z
 ∈ R

 : E
{
h0(zα)
}

< max
α∈A

E
{
h0(x̄α(T )

)} ∀α ∈ A
}
. (15.25)

In view of these definitions, if only the control u(·) is robust optimal (locally), then
(P-a.s.)

Ω0 ∩ Ω1 ∩ Ω21 ∩ · · · ∩ Ω2l = {x̄
(T )
}
. (15.26)



15.6 Proof of RSMP 355

Hence, if K

0 , K


1 , K

21, . . . ,K



2l are the cones (the local tents) of the sets Ω0, Ω1,

Ω21, . . . ,Ω2l at their common point x̄
(T ), then these cones are separable (see
Part II of this book and the Neustad Theorem 1 in Kushner 1972), that is, for any
point z
 ∈ R


 there exist linear independent functionals

ls
(
x̄
(T ), z
) (s = 0,1,2j ; j = 1, . . . , l)

such that

l0
(
x̄
(T ), z
)+ l1

(
x̄
(T ), z
)+

l∑

j=1

l2s

(
x̄
(T ), z
)≥ 0. (15.27)

The implementation of the Riesz Representation Theorem for linear functionals
(Yoshida 1979) implies the existence of the covariant random vectors

vs
(z
) (s = 0,1,2j ; j = 1, . . . , l)

belonging to the polar cones Ks
, respectively, not equal to zero simultaneously and
satisfying

ls
(
x̄
(T ), z
)= 〈vs
(z
), z
 − x̄
(T )

〉
E
. (15.28)

The relations (15.27) and (15.28) imply the property

v0

(
x̄
(T )
)+ v1

(
x̄
(T )
)+

l∑

j=1

v
sj


(
x̄
(T )
)= 0 (P-a.s.). (15.29)

Let us consider then the possible structures of these vectors.
(a) Denote

Ωα
0 :=
{
zα ∈ R

α : {E{h0(zα)
}

< max
α∈A

E
{
h0(x̄α(T )

)}}∪ {x̄α(T )
}}

.

Taking into account that h0(zα) is a Lφ(C2)-mapping and in view of the identity

h(x) − h(x̄) = hx(x̄)T(x − x̄)

+
∫ 1

θ=0
tr
[
θhxx

(
θx̄ + (1 − θ)x

)
(x − x̄)(x − x̄)T]dθ, (15.30)

which is valid for any twice differentiable function h : R
n → R and x, x̄ ∈ R

n, it
follows that

E
{
h0(x̄α(T )

)}= E
{
h0(zα)
}+ 〈h0

x(z
α),
(
x̄α(T ) − zα

)〉
E

+ E
{
O
(∥∥zα − x̄α(T )

∥
∥2)}. (15.31)
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So, the corresponding cone Kα
0 at the point x̄
(T ) is described by

Kα
0 :=
{{

zα ∈ R
α : 〈h0

x(z
α),
(
x̄α(T ) − zα

)〉
E

≥ 0
}

if α is h0-active,
R

α if α is h0-inactive.

Then the direct sum K

0 :=⊕α∈A Kα

0 is a convex cone with apex point x̄α(T ) and,
at the same time, it is the tent Ω0 at the same apex point. The polar cone K0
 can be
represented as

K0
 = conv

(⋃

α∈A
K0α

)

(here K0α is the polar cone of Kα
0 ⊆ R

α). Since

v0
(z
) = (v0
α(zα)
) ∈ K0


then K0α should have the form

v0
α(z
) = μαh0

x(z

), (15.32)

where μα ≥ 0 and μα = 0 if α is h0-inactive. So, the statement 1(i) (complementary
slackness) is proven.

(b) Now consider the set Ω2j , containing all random vectors z
 admissible by
the terminal condition (15.4) for some fixed index j and any α ∈ A. Defining for
any α and the fixed index j the set

Ωα
2j := {zα ∈ R

α : E
{
hj (zα)
}≥ 0
}

in view of (15.31) applied for the function hj , it follows that

Kα
2j :=
{{

zα ∈ R
α : 〈hj

x(z
α)T
(
zα − x̄α(T )

)〉
E

≥ 0
}

if α is hj -active,
R

α if α is hj -inactive.

Let

Ω2j =
⊕

α∈A
Ωα

2j

and

K

2j =
⊕

α∈A
Kα

2j .

By analogy with the above,

K2j
 = conv

(⋃

α∈A
K2jα

)
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is the polar cone, and hence, K2jα should consist of all

v2j
α (zα) = ναjh

j
x(zα), (15.33)

where ναj ≥ 0 and ναj = 0 if α is hj -inactive. So, the statement 1(ii) (complemen-
tary slackness) is also proven.

(c) Consider the polar cone K1
. Let us introduce the so-called needle-shaped
(or, spike) variation uε(t) (ε > 0) of the robust optimal control u(t) at the time
region [0, T ] by

uε(t) :=
{

u(t) if [0, T + ε]\Tεn,

u(t) ∈ U s
feas[0, T ] if t ∈ Tεn,

(15.34)

where Tε ⊆ [0, T ] is a measurable set with Lebesgue measure |Tε| = ε, and u(t) is
any s-feasible control. Here it is assumed that u(t) = u(T ) for any t ∈ [T ,T + ε]. It
is clear from this construction that uε(t) ∈ U s

feas[0, T ] and, hence, the corresponding
trajectories x
(t) = (xα,i (t)), given by (15.3), also make sense. Denote by

Δα := lim
ε→0

ε−1[xα(T ) − x̄α(T )
]

the corresponding displacement vector (here the limit exists because of the differ-
entiability of the vector xα(t) at the point t = T ). By the definition, Δα is a tangent
vector of the controllability region Ω1. Moreover, the vector

g
(β)|β=±1 := lim
ε→0

ε−1
[∫ T +βε

s=T

b
(s, x(s), u(s)
)

dt

+
∫ T +βε

s=T

σ 
(s, x(s), u(s)
)

dW(s)

]

is also the tangent vector for Ω1 since

x
(T + βε) = x
(T ) +
∫ T +βε

s=T

bα
(
s, x(s), u(s)

)
dt

+
∫ T +βε

s=T

σα
(
s, x(s), u(s)

)
dW(s).

Denoting by Q1 the cone (linear combination of vectors with nonnegative coef-
ficients) generated by all displacement vectors Δα and the vectors g
(±1), it is
concluded that K


1 = x̄α(T ) + Q1. Hence

v1
(zα) = c
 ∈ K1
. (15.35)

(d) Substituting (15.32), (15.35), and (15.33) into (15.29), the transversality con-
dition (15.14) is obtained. Since, at least one of the vectors

v0
(zα), v1
(zα), v21
 (zα), . . . , v2l
 (zα)
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should be distinct from zero at the point zα = x̄α(T ), and the nontriviality condi-
tion is obtained as well. The transversality condition (15.15) can be satisfied by the
corresponding selection of the matrices Cα . Statement 3 is also proven.

15.6.2 Proof of Property 4 (Maximality Condition)

This part of the proof seems to be more delicate and needs some additional con-
structions. In view of (15.28), (15.29), (15.32), (15.35), and (15.33), for z = xα(T )

the inequality (15.27) can be represented by

0 ≤ Fε

(
uε(·)) := l0

(
x̄
(T ), xα(T )

)+ l1
(
x̄
(T ), xα(T )

)+
l∑

j=1

l2s

(
x̄
(T ), xα(T )

)

=
∑

α∈A

[
μα

〈
h0

x

(
xα(T )
)
, xα(T ) − x̄α(T )

〉
E

+ 〈cα, xα(T ) − x̄α(T )
〉
E

+
l∑

j=1

ναj

〈
h

j
x

(
xα(T )
)
, xα(T ) − x̄α(T )

〉
E

]
(15.36)

valid for any s-feasible control uε(t).
As has been shown in Yong and Zhou (1999), any uε(t) ∈ U s

feas[0, T ] provides
us with the following variation of the trajectory:

xα(t) − x̄α(t) = yεα(t) + zεα(t) + oεα
ω (t), (15.37)

where yεα(t), zεα(t) and oεα(t) are {Ft }t≥0-adapted stochastic vector processes sat-
isfying (for the simplification of the calculations given below, the argument depen-
dence is omitted) the following equations:

⎧
⎪⎪⎨

⎪⎪⎩

dyεα = bα
x yεα dt +

m∑

j=1

[
σ

αj
x yεα + ΔσαjχTε

]
dWj,

yεα(0) = 0,

(15.38)

where

bα
x := bα

x

(
t, x̄α(t),u(t)

)
, σ

αj
x := σ

αj
x

(
t, x̄α(t), u(t)

)
,

Δσαj := [σαj
(
t, x̄α(t), uε(t)

)− σαj
(
t, x̄α(t),u(t)

)] (15.39)
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(χTε is the characteristic function of the set Tε),

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dzεα =
[
bα
x zεα + 1

2
Bα(t) + ΔbαχTε

]
dt

+
m∑

j=1

[
σ

αj
x zεα + 1

2
Ξαj (t) + Δσ

αj
x (t)χTε

]
dWj,

zεα(0) = 0,

(15.40)

where

Bα(t) :=

⎛

⎜
⎜
⎝

tr
[
bα1
xx

(
t, x̄α(t), u(t)

)
Yεα(t)
]

...

tr
[
bαn
xx

(
t, x̄α(t),

−
u(t)
)
Y εα(t)
]

⎞

⎟
⎟
⎠ ,

Δbα := bα
(
t, x̄α(t), uε(t)

)− bα
(
t, x̄α(t), u(t)

)
,

σ
αj
x := σ

αj
x

(
t, x̄α(t), u(t)

)
,

Ξαj (t) :=

⎛

⎜⎜⎜
⎝

tr
[
σ

α1j
xx

(
t, x̄α(t), u(t)

)
Y εα(t)
]

...

tr
[
σ

αnj
xx

(
t, x̄α(t), u(t)

)
Y εα(t)
]

⎞

⎟⎟⎟
⎠

(j = 1, . . . ,m),

Δσ
αj
x := σ

αj
x

(
t, x̄α(t), uε(t)

)− σ
αj
x

(
t, x̄α(t),u(t)

)
,

Y εα(t) := yεα(t)yεαT(t)

(15.41)

and

sup
t∈[0,T ]

E
{∥∥xα(t) − x̄α(t)

∥∥2k}= O
(
εk
)
,

sup
t∈[0,T ]

E
{∥∥yεα(t)

∥∥2k}= O
(
εk
)
,

sup
t∈[0,T ]

E
{∥∥zεα(t)

∥∥2k}= O
(
ε2k
)
,

sup
t∈[0,T ]

E
∥∥oεα

ω (t)
∥∥2k = o

(
ε2k
)

(15.42)

hold for any α ∈ A and k ≥ 1. The structures (15.38), (15.39)–(15.40), (15.41), and
the properties (15.42) are guaranteed by the assumptions (A1)–(A3).

Taking into account these properties and the identity

hx(x) = hx(x̄) +
∫ 1

θ=0
hxx

(
x̄ + θ(x − x̄)

)
(x − x̄)dθ (15.43)
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valid for any Lφ(C2)-mapping h(x), and substituting (15.37) into (15.36), it follows
that

0 ≤ Fε

(
uε(·))

=
∑

α∈A

[
μα

〈
h0

x

(
x̄α(T )
)
, yεα(T ) + zεα(T )

〉
E

+ 〈cα, yεα(T ) + zεα(T )
〉
E

+ ναj

〈
h

j
x

(
x̄α(T )
)
, yεα(T ) + zεα(T )

〉
E

+ μα

〈
h0

xx

(
x̄α(T )
)
yεα(T ), yεα(T )

〉
E

+ ναj

〈
h

j
xx

(
x̄α(T )
)
yεα(T ), yεα(T )

〉
E

]
+ o(ε). (15.44)

In view of the transversality conditions, the last expression (15.44) can be repre-
sented by

0 ≤ Fε

(
uε(·))= −

∑

α∈A
E
{
tr
[
Ψ α(T )Y εα(t)

]}+ o(ε). (15.45)

The following fact (see Lemma 4.6 in Yong and Zhou 1999 for the case of the
quadratic matrix) is used.

Lemma 15.1 Let

Y(·),Ψj (·) ∈ L2
F
(
0, T ;R

n×r
)
, P (·) ∈ L2

F
(
0, T ;R

r×n
)

satisfy
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dY(t) = Φ(t)Y (t) +
m∑

j=1

Ψj (t)dWj,

dP(t) = Θ(t)P (t) +
m∑

j=1

Qj(t)dWj

with

Φ(·) ∈ L2
F
(
0, T ;R

n×n
)
, Ψj (·) ∈ L2

F
(
0, T ;R

n×r
)
,

Qj (·) ∈ L2
F
(
0, T ;R

r×n
)
, Θ(·) ∈ L2

F
(
0, T ;R

r×r
)
.

Then

E
{
tr
[
P(T )Y (T )

]− tr
[
P(0)Y (0)

]}

= E

{∫ T

t=0

(

tr
[
Θ(t)Y (t)

]+ tr
[
P(t)Φ(t)

]+
m∑

j=1

Qj(t)Ψj (t)

)

dt

}

. (15.46)

The proof is based on a direct application of Ito’s formula.
(a) The evaluation of the term E{ψα(T )Tyεα(T )}. Directly applying (15.46) and

taking into account that yεα(0) = 0, it follows that
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E
{
ψα(T )Tyεα(T )

}= E
{
tr
[
yεα(T )ψα(T )T]}

= E

{∫ T

t=0
tr

[
m∑

j=1

qαj (t)TΔσαj

]

χTε dt

}

= E

{∫ T

t=0
tr
[
qα(t)TΔσα

]
χTε dt

}
. (15.47)

(b) The evaluation of the term E{ψα(T )Tzεα(T )}. In a similar way, applying
(15.46) directly and taking into account that zεα(0) = 0, it follows that

E
{
ψα(T )Tzεα(T )

}= E
{
tr
[
zεα(T )ψα(T )T]}

= E

{∫ T

t=0
tr

[(
1

2
Bαψα(t)T + 1

2

m∑

j=1

qαj TΞαj

)

+
(

ΔbαψαT +
m∑

j=1

qαj TΔσ
αj
x (t)yεα

)

χTε

]

dt

}

.

The equalities

tr

[

Bα(t)ψα(T )T +
m∑

j=1

qαj (t)TΞαj (t)

]

= tr
[
Hα

xx(t)Y
εα(t)
]
,

E

{∫ T

t=0
tr

[
m∑

j=1

qαj (t)TΔσ
αj
x (t)yεα(t)

]

χTε
dt

}

= o(ε)

imply

E
{
ψα(T )Tzεα(T )

}

= E

{∫ T

t=0
tr

[
1

2
Hα

xx(t)Y
εα(t) + Δbα(t)ψα(t)TχTε

]
dt

}
+ o(ε). (15.48)

(c) The evaluation of the term 1
2 E{tr[Ψ α(T )Y εα(T )]}. Using (15.38) and apply-

ing the Itô formula to Y εα(t) = yεα(t)yεα(t)T, it follows that (for details, see Yong
and Zhou 1999)

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dY εα(t) =
[

bα
x Y εα + YεαbαT

x +
m∑

j=1

(
σ

αj
x Y εασ

αjT
x + Bα

2j + BαT
2j

)
]

dt

+
m∑

j=1

(
σ

αj
x Y εα + Y εασ

αjT
x + (ΔσαjyεαT + yεαΔσαjT)χTε

)
dWj,

Y εα(0) = 0,

(15.49)
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where

Bα
2j := (ΔσαjΔσαjT + σ

αj
x yεαΔσαjT)χTε .

Again, directly applying (15.46) and taking into account that Yεα(0) = 0 and

E

{∫ T

t=0

m∑

j=1

Qα
j (t)
(
ΔσαjyεαT + yεαΔσαjT)χTε

dt

}

= o(ε)

it follows that

E
{
tr
[
Ψ α(T )Y εα(T )

]}

= E

∫ T

t=0

(− tr
[
Hα

xxY
εα(t)
]+ tr
[
ΔσαTΨ αΔσα

]
χTε

)
dt + o(ε). (15.50)

In view of the definition (15.18)

δH := H
(
t, x̄
(t), uε(t),ψ
(t),Ψ 
(t), q
(t)

)

− H
(
t, x̄
(t), u(t),ψ
(t),Ψ 
(t), q
(t)

)

=
∑

α∈A

(
ΔbαTψ + tr

[
qαTΔσα

]+ 1

2
tr
[
ΔσαTΨ αΔσα

])
. (15.51)

Using (15.47), (15.48), (15.50), and (15.51), it follows that

E

{∫ T

t=0
δH(t)χTεn

dt

}

= E

{∫ T

t=0

∑

α∈A

(
ΔbαTψ + tr

[
qαTΔσα

]+ 1

2
tr
[
ΔσαTΨ αΔσα

])
χTεn

dt

}

= 〈ψ
(T ), yεα(T ) + zεα(T )
〉
E

+ 1

2

∑

α∈A
E
{
tr
[
Ψ α(T )Y εα(T )

]}+ o(ε). (15.52)

Since

yεα(T ) + zεα(T ) = εΔα + oεα(T ),

where Δα ∈ Kα
1 is a displacement vector, and ψα(T ) = cα ∈ K1α ,

〈
ψ
(T ), yεα(T ) + zεα(T )

〉
E

= ε
〈
cα,Δα
〉
E

+ o(ε) ≤ 0 (15.53)

for sufficiently small ε. In view of (15.45) and (15.53), the right-hand side of (15.52)
can be estimated as
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E

{∫ T

t=0
δH(t)χTεn

dt

}

= ε
〈
c
,Δ
〉

E
+ 1

2

∑

α∈A
E
{
tr
[
Ψ α(T )Y εα(T )

]}+ o(ε) ≤ o(ε).

Dividing by εn, it follows that

ε−1
n E

{∫ T

t=0
δH(t)χTε

dt

}
≤ o(1). (15.54)

Using Lemma 1 from Kushner (1972) for

Tε = [t0 − εnβ1, t0 + εnβ2] (β1, β2 ≥ 0;β1 + β2 > 0)

and {εn} so that εn → 0, in view of (15.54), it follows that

ε−1
n E

{∫ T

t=0
δH(t)χTεn

dt

}
→ (β1 + β2)E

{
δH(t0)
}≤ 0 (15.55)

for almost all t0 ∈ [0, T ]. Here, if t0 = 0 then β1 = 0, and if t0 = T then β2 = 0, but
if t0 ∈ (0, T ) then β1, β2 > 0. The inequality (15.55) implies

E
{
δH(t)
}≤ 0 (15.56)

from which (15.20) follows directly. Indeed, assume that there exists the control
ǔ(t) ∈ U s

feas[0, T ] and a time t0 ∈ (0, T ) (not belonging to a set of null measure)
such that

P
{
ω ∈ Ω0(ρ)

}≥ p > 0, (15.57)

where

Ω0(ρ) := {ω ∈ Ω : δH(t0) > ρ > 0
}
.

Then (15.56) can be rewritten as

0 ≥ E
{
δH(t)
}= E
{
χ
(
ω ∈ Ω0(ρ)

)
δH(t)
}+ E
{
χ
(
ω /∈ Ω0(ρ)

)
δH(t)
}

≥ ρP
{
ω ∈ Ω0(ρ)

}+ E
{
χ
(
ω /∈ Ω0(ρ)

)
δH(t)
}

≥ ρp + E
{
χ
(
ω /∈ Ω0(ρ)

)
δH(t)
}
.

This inequality should also be valid for the control û(t) satisfying

û(t) =
{

ǔ(t) for almost all ω ∈ Ω0(ρ),

u(t) for almost all ω /∈ Ω0(ρ)

implying the contradiction

0 ≥ E
{
δH(t)
}≥ ρp + E

{
χ
(
ω /∈ Ω0(ρ)

)
δH(t)
}= ρp > 0.

This completes the proof. �
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15.7 Some Important Comments

Comment 1 The Hamiltonian function H used for the construction of the robust
optimal control u(t) is equal (see (15.17)) to the sum of the standard stochastic
Hamiltonians Hα corresponding to each fixed value of the uncertainty parameter.

Comment 2 From the Hamiltonian structure (15.18) it follows that if σαj (t, x̄α(t),

u(t)) does not depend on u(t), then

arg max
u∈U

H
(
t, x̄
(t), u,ψ
(t),Ψ 
(t), q
(t)

)

= arg max
u∈U

∑

α∈A
Hα
(
t, x̄α(t), u,ψα(t),Ψ α(t), qα(t)

)

= arg max
u∈U

∑

α∈A
Hα
(
t, x̄α(t), u,ψα(t), qα(t)

)
. (15.58)

So, it follows that a second-order adjoint process does not participate in the robust
optimal constructions.

Comment 3 If the stochastic plant is completely known, that is, if there is no para-
metric uncertainty (|A| = 1), then from (15.58)

arg max
u∈U

H
(
t, x̄
(t), u,ψ
(t),Ψ 
(t), q
(t)

)

= arg max
u∈U

∑

α∈A
Hα
(
t, x̄α(t), u,ψα(t),Ψ α(t), qα(t)

)

= arg max
u∈U

H
(
t, x̄(t), u,ψ(t),Ψ (t), q(t)

)
(15.59)

and it follows that, in this case, RSMP converts to the Stochastic Maximum Principle
(see Fleming and Rishel 1975, Zhou 1991 and Yong and Zhou 1999).

Comment 4 In the deterministic case, when there is no uncertainty (σ α(t, x̄α(t),

u(t)) ≡ 0), the Robust Maximum Principle for Min-Max problems (in the Mayer
form) stated in Boltyanski and Poznyak (1999b) is obtained directly, that is,

arg max
u∈U

H
(
t, x̄
(t), u,ψ
(t),Ψ 
(t), q
(t)

)

= arg max
u∈U

∑

α∈A
bα
(
t, x̄(t), u

)T
ψα(t). (15.60)

Comment 5 In the deterministic case, when there are no parametric uncertainties
(|A| = 1), the Classical Maximum Principle for the Optimal Control Problems (in
the Mayer form) is obtained (Pontryagin et al. 1969, in Russian), that is,
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arg max
u∈U

H
(
t, x̄
(t), u,ψ
(t),Ψ 
(t), q
(t)

)

= arg max
u∈U

H
(
t, x̄(t), u,ψ(t),Ψ (t), q(t)

)

= arg max
u∈U

b
(
t, x̄(t), u

)T
ψ(t).

(15.61)

15.8 Illustrative Examples

15.8.1 Min-Max Production Planning

Consider the stochastic process

z(t) = z(0) +
∫ t

s=0
ξα(s)ds +

∫ t

s=0
σα(s)dW(s) (15.62)

which is treated (see Zhou 1991 and also Poznyak 2009) as “the market demand
process” at time t where ξα(s) is the expected demand rate at the given environment
conditions α ∈ A and the term

∫ t
s=0 σα(s)dW(s) represents the demand fluctuation

due to environmental uncertainties. The set

A = {α1, α2, α3}
may contain the elements αi (i = 1,2,3) corresponding to

– a “very-stable market environment” (α = α1)

– a “normal market environment” (α = α2 > α1)

– and a “very-unstable market environment” (α = α3 > α2)

To meet the demand, the factory serving this market should adjust its production
rate all the time t ∈ [0, T ] (T is a planned working period) to accommodate any
possible changes in the current market situation. Let y(t) be the inventory product
level kept in the buffer of capacity y+. Then this “inventory–demands” system, in
view of (15.62), can be written as

{
dy(t) = [u(t) − z(t)

]
dt, y(0) = y0,

dz(t) = ξα(t)dt + σα(t)dW(t), z(0) = z0,
(15.63)

where u(t) is the control (or the production rate) at time t subject to the constraint

0 ≤ u(t) ≤ u+.

The control processes u(t), introduced in (15.63), should be nonanticipative, that
is, it should be dependent on past information only. All processes in (15.63) are as-
sumed to be {Ft }t≥0-adapted R-valued random processes. To avoid being misled, it
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is assumed that the maximal possible demands during the time [0, T ] cannot exceed
the maximal production level, that is,

u+T ≥ max
α∈A

E

{∫ T

t=0
z(t)dt

}
= max

α∈A

[
z0T + E

{∫ T

t=0

∫ t

st=0
ξα(s)ds

}]
.

Let us introduce the cost function h0(y) defined by

h0(y) = λ1

2

[
y − y+]2

+ + λ2

2
[−y]2+,

[z]+ :=
{

z if z > 0,

0 if z ≤ 0,

(15.64)

where the term [y − y+]2+ corresponds to the losses, related to an “extra production
storage,” the term [−y]2+ reflects “the losses due to a deficit,” and λ1, λ2 are two
nonnegative weighting parameters.

This problem can be rewritten in the form (15.3), (15.5) as

max
α∈A

E
{
h0(xα

1 (T )
)}→ min

u(·)∈Us
adm[0,T ]

,

U = {u : 0 ≤ u ≤ u+},
⎧
⎪⎨

⎪⎩

d

(
xα

1 (t)

xα
2 (t)

)
=
(

u(t) − xα
2 (t)

ξα(t)

)
dt +
(

0
σα(t)

)
dW(t),

xα
1 (0) = y0, xα

2 (0) = z0,

where for any fixed α ∈ A let

xα
1 (t) = y(t), xα

2 (t) = z(t).

In this statement there are no terminal constraints.
In view of the technique suggested above, and taking into account that the diffu-

sion term does not depend on control, it follows that

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

d

(
ψα

1 (t)

ψα
2 (t)

)

= −
(

0 0

0 1

)(
ψα

1 (t)

ψα
2 (t)

)

dt +
(

qα
1 (t)

qα
2 (t)

)

dW(t),

(
ψα

1 (T )

ψα
2 (T )

)

= −μα

(
λ1
[
xα

1 (T ) − y+]
+−λ2
[−xα

1 (T )
]
+

0

)

.

From these equations the following equality is obtained:

qα
1 (t) = 0,

ψα
1 (t) = ψα

1 (T ) = −μα

(
λ1
[
xα

1 (T ) − y+]
+ − λ2
[−xα

1 (T )
]
+
)
,
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qα
2 (t) = 0,

ψα
2 (t) = ψα

1 (T )[T − t].
Define

H =
∑

α∈A

(
ψα

1 (t)
[
u(t) − xα

2 (t)
]+ ψα

1 (t)ξα(t)
)
.

Then the maximality condition leads to

u(t) = arg max
u∈U

∑

α∈A
ψα

1 (t)u(t) = u+sgn

[∑

α∈A
ψα

1 (t)

]
,

sgn[v] :=
{

v if v > 0,

0 if v ≤ 0.
(15.65)

Under this control it follows that

xα
1 (T ) = y0 + T u+sgn

[∑

α∈A
ψα

1 (T )

]
− Zα

T ,

Zα
T :=
∫ T

t=0
xα

2 (t)dt =
∫ T

t=0

∫ t

s=0
ξα(s)ds +

∫ T

t=0

∫ t

s=0
σα(s)dW(s)

(15.66)

and for any α ∈ A

Jα := E
{
h0(xα

1 (T )
)}= E

{
h0
(

y0 + T u+sgn

[∑

α∈A
ψα

1 (T )

]
− Zα

T

)}
. (15.67)

Because at least one active index exists, it follows that
∑

α∈A
μα > 0

and for any α ∈ A

xα
1 (T ) = y0 + T u+ϕ(x) − Zα

T ,

ϕ(x) := sgn

[∑

α∈A
μα

(
λ2
[−xα

1 (T )
]
+ − λ1
[
xα

1 (T ) − y+]
+
)
]

= sgn

[∑

α∈A
να

(
λ2
[−xα

1 (T )
]
+ − λ1
[
xα

1 (T ) − y+]
+
)]= sgn[x],

x :=
∑

α∈A
να

(
λ2
[−xα

1 (T )
]
+ − λ1
[
xα

1 (T ) − y+]
+
)
,

(15.68)

where

να := μα∑
α∈A μα
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Fig. 15.1 The function ϕ(x)

Fig. 15.2 Z(x) function

Fig. 15.3 The inverse x(Z)

mapping

is the component of the vector

ν = (ν1, . . . , νN) (N = 3)

satisfying

ν ∈ SN :=
{

ν = (ν1, . . . , νN )

∣∣
∣ να ≥ 0,

N∑

α=1

να = 1

}

.

Multiplying both sides by μα , then summing over α ∈ A and dividing by
∑

α∈A μα ,
(15.68) can be transformed into (see Figs. 15.1, 15.2, and 15.3)
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Z = y0 + T u+ϕ(x) − x,

x = (y0 − Z)
[
1 − χ[y0;y0+T u+](x̄)

]+ T u+ϕ
(
Z − y0 − T u+),

x̄ :=
∑

α∈A
να

(
λ2
[−xα

1 (T )
]
+ − λ1
[
xα

1 (T ) − y+]
+
)
,

Z :=
∑

α∈A
ναZα

T .

(15.69)

The following is the procedure for calculating J α from (15.67). First, let us find
the density px(v;ν) of the distribution function of the random variable x related by
x = x(Z) from (15.69) with Z having the density equal to pZ(v;ν):

px(v;ν) = d

dv
P{x ≤ v} = d

dv

∫ ∞

s=−∞
sgn
[
v − x(s)

]
pZ(s;ν)ds

=
∫ ∞

s=−∞
δ
(
v − x(s)

)
pZ(s;ν)ds

=
∫ y0−0

s=−∞
δ
(
v − x(s)

)
pZ(s;ν)ds +

∫ y0+T u+

s=y0

δ
(
v − x(s)

)
pZ(s;ν)ds

+
∫ ∞

s=y0+T u++0
δ
(
v − x(s)

)
pZ(s;ν)ds

=
∫ y0−0

s=−∞
δ
(
v − [y0 − s])pZ(s;ν)ds +

∫ y0+T u+

s=y0

δ(v)pZ(s;ν)ds

+
∫ ∞

s=y0+T u++0
δ
(
v − [y0 + T u+ − s

])
pZ(s;ν)ds

=
∫ ∞

s=−∞
χ(s < y0)δ

(
s − [y0 − v])pZ(s;ν)ds

+ δ(v)

∫ y0+T u+

s=y0

pZ(s;ν)ds

+
∫ ∞

s=−∞
χ
(
s > y0 + T u+)δ

(
s − [y0 + T u+ − v

])
pZ(s;ν)ds.

Hence

px(v;ν) = χ(v < 0)pZ(y0 − v;ν) + δ(v)

∫ y0+T u+

s=y0

pZ(s;ν)ds

+ χ(v > 0)pZ

(
y0 + T u+ − v;ν). (15.70)
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Note that, in view of (15.66) and (15.69), Zα
T and Z have the following Gaussian

distributions:

pZα
T
(s) = N

(
E

∫ T

t=0

∫ t

s=0
ξα(s)ds,

∫ T

t=0

∫ t

s=0
E
(
σα(s)
)2

ds

)
,

pZ(s;ν) = N
(∑

α∈A
ναE

∫ T

t=0

∫ t

s=0
ξα(s)ds,

∑

α∈A
ν2
α

∫ T

t=0

∫ t

s=0
E
(
σα(s)
)2 ds

)
.

(15.71)
Then for each α we calculate

Jα(ν) := E
{
h0(xα

1 (T )
)}=
∫ ∞

s=−∞
h0(v)pxα

1 (T )(v;ν)dv (15.72)

as a function of the vector ν. The integral in (15.72) can be calculated numerically
for any ν ∈ SN , and for the active index α∗ it follows that the minimum case cost
function in this problem is

Jα∗ = min
u(·)∈Us

adm[0,T ]
max
α∈A

Jα = min
ν∈SN

max
α∈A

J α(ν) = max
α∈A

min
ν∈SN

J α(ν).

The expression for the robust optimal control u(t) is evaluated from (15.65) as fol-
lows:

u(t) = u+sgn[x∗], (15.73)

where the random variable x∗ has the distribution px(v;ν∗) given by (15.70) with

ν∗ := arg min
ν∈SN

Jα∗
(ν). (15.74)

Finally, u(t) is a binomial {Ft }t≥0-adapted random process because it depends only
on the first two moments

E

{∫ T

t=0

∫ t

s=0
ξα(s)ds dt

}
,

∫ T

t=0

∫ t

s=0
E
{(

σα(s)
)2}ds dt

of the entering random processes and it is given by

u(t) = u(0) =
{

u+ with the probability P ∗,
0 with the probability 1 − P ∗,

P ∗ =
∫ 0−

v=−∞
px(v;ν∗)dv.

(15.75)

The derived robust optimal control (15.75) is unique if the optimization problem
(15.74) has a unique solution for all active indices.
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15.8.2 Min-Max Reinsurance-Dividend Management

Consider the following {Ft}t≥0-adapted R-valued random processes

{
dy(t) = [a(t)μ̃α − δα − c(t)

]
dt − a(t)σα dW(t),

y(0) = y0,
(15.76)

where, according to Taksar and Zhou (1998),

• y(t) is the value of the liquid assets of a company at time t

• c(t) is the dividend rate paid out to the shareholder at time t

• μ̃α is the difference between the premium rate and expected payment on claims
per unit time (“safety loading”)

• δα is the rate of the debt repayment
• [1 − a(t)] is the reinsurance fraction, and
• σα :=√λαE{η2} (λα is the intensity of the Poisson process, η is the size of the

claim)

The controls are

u1(t) := a(t) ∈ [0,1]
and

u2(t) := c(t) ∈ [0, c+].

The finite parametric set A describes the possible different environmental situations.
The payoff-cost function is

J = min
α∈A

E

{∫ T

t=0
e−γ tc(t)dt

}
→ max

a(·),c(·)
(
γ ∈ [0, c+/k

])
.

At the time T it is natural to satisfy

kE
{
y(T )
}≥ E

{∫ T

t=0
e−γ t c(t)dt

}
≥ k0, k0 > 0.

This problem can be rewritten in the standard form (15.3) in the following way:
for any fixed parameter α ∈ A

xα
1 (t) := y(t),

xα
2 (t) :=

∫ t

s=0
e−γ su2(s)ds.

So, the problem formulation may be expressed by

max
α∈A

E
{
h0(xα(T )

)}→ min
u(·)∈Us

adm[0,T ]
,
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E
{
h1(xα(T )

)}≥ 0,

h0(x) = −x2, h1(x) = kx1 − x2, h2(x) = x2 − k0,

U = {u ∈ R
2 : 0 ≤ u1 ≤ 1,0 ≤ u2 ≤ c+},

where the state variables are governed by
⎧
⎪⎪⎨

⎪⎪⎩

d

(
xα

1 (t)

xα
2 (t)

)

=
(

u1(t)μ̃
α − δα − u2(t)

e−γ tu2(t)

)

dt +
(−u1(t)σ

α

0

)
dW(t),

xα
1 (0) = y0, xα

2 (0) = 0.

Following the suggested technique, we have
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d

(
ψα

1 (t)

ψα
2 (t)

)

=
(

qα
1 (t)

qα
2 (t)

)

dW(t),

(
ψα

1 (T )

ψα
2 (T )

)

=
( −kνα1

μα + να1 − να2

)

,

{
dΨ α(t) = Qα(t)dW(t),

Ψ α(T ) = 0

and, hence,

qα
1 (t) = qα

2 (t) = Qα(t),

ψα
1 (t) = ψα

1 (T ) = −kνα,

ψα
2 (t) = ψα

2 (T ) = μα + ν12 − να2.

Then, according to (15.18),

H =
∑

α∈A

(
ψα

1 (t)
[
u1(t)μ̃

α − δα − u2(t)
]+ ψα

2 (t)e−γ tu2(t)
)

=
∑

α∈A

(−kνα1
[
u1(t)μ̃

α − δα − u2(t)
]+ [μα + να1 − να2]e−γ tu2(t)

)

and the robust optimal control, maximizing this Hamiltonian, is

u(t) =
⎛

⎜
⎝

sgn

[
−
∑

α∈A
να1μ̃

α

]

c+ sgn
[
φ(t)
]

⎞

⎟
⎠ ,

φ(t) =
∑

α∈A

(
e−γ t [μα + να1 − να2] + kνα1

)
.

There are two cases to be considered:
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– the first one corresponds to the switching of u2(t) from 0 to c+
– and the second one to the switching of u2(t) from c+ to 0

(1) The switching of u2(t) from 0 to c+. With this control, the expectation of the
state is

E

{(
xα

1 (T )

xα
2 (T )

)}

=
(

y0

0

)

+ E

{∫ T

t=0

(
u1(t)μ̃

α − δα − u2(t)

e−γ tu2(t)

)
dt

}

=
(

y0
0

)
+
⎛

⎜
⎝

(
sgn

[
−
∑

α∈A
να1μ̃

α

]
μ̃α − δα

)
T − c+τ

c+γ −1[1 − e−γ τ
]

⎞

⎟
⎠ ,

where

τ := inf
{
t ∈ [0, T ] : φ(t) = 0

}
.

The index α = α∗ is h0-active if it satisfies

α∗ = arg min
{μα,να1,να2}

max
α∈A

E
{
h0(xα

1 (T )
)}

= arg max
{μα,να1,να2}

min
α∈A

E
{
xα

1 (T )
}

= arg max
{μα,να1,να2}

min
α∈A

(
μ̃αsgn

[
−
∑

α∈A
να1μ̃

α

]
− δα

)

= arg min
α∈A

(−[−μ̃α
]
+ − δα
)= arg max

α∈A

([−μ̃α
]
+ + δα
)

(15.77)

because the minimizing index corresponds to the case that

να1 = ν∗
α1

{
> 0, μ̃α < 0,

= 0, μ̃α ≥ 0,

sgn

[
−μ̃α
∑

α∈A
να1μ̃

α

]
= sgn
[−μ̃α
]
.

According to the existing constraints for any α ∈ A, the following terminal inequal-
ities should be fulfilled:

kE
{
xα

1 (T )
}≥ E
{
xα

2 (T )
}≥ k0

or, in another form,

k
(
y0 + ρT − c+τ

)≥ c+γ −1[1 − e−γ τ
]≥ k0,

where

ρ := min
α∈A

(−[−μ̃α
]
+ − δα
)
.
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From these two constraints it follows that

τ ≥ τsw(0→1) := max{τ1 ∧ T , τ2 ∧ T }
and

τ1 = −γ −1 ln
(
1 − k0γ /c+),

τ2 is the solution of k
(
y0 + ρT − c+τ

)= c+γ −1[1 − e−γ τ
]
.

The goal now is

max{μα,να1,να2}
max

τ≥τsw(0→1)

min
α∈A

E
{
xα

1 (T )
}

= max{μα,να1,να2} max
τ≥τsw(0→1)

[
y0 + ρT − c+τ

]

= [y0 + ρT − c+τsw(0→1)].
It may be done by a variation of the unknown nonnegative parameters μα, να1, and
να2 involved in the switching function φ(t). The optimal parameter selection should
satisfy the equality

τ(μ∗
α, ν∗

α1, ν
∗
α2) = min{μα,να1,να2}τ = τsw(0→1).

Finally, the robust optimal control is equal to

u(t) =
⎛

⎜
⎝

sgn

[∑

α∈A
ν∗
α1

[−μ̃α
]
+

]

c+ sgn[t − τsw(0→1)]

⎞

⎟
⎠ (15.78)

and the corresponding minimum case cost function (or the best payoff) is

J ∗
0→1 := min

u(·)∈Us
adm[0,T ]

max
α∈A

E
{
h0(xα(T )

)}

= c+τsw(0→1) − y0 − ρT . (15.79)

(2) The switching of u2(t) from c+ to 0. Analogously, the expectation of the state
is

E

{(
xα

1 (T )

xα
2 (T )

)}

=
(

y0

0

)

+ E

{∫ T

t=0

(
u1(t)μ̃

α − δα − u2(t)

e−γ tu2(t)

)

dt

}

=
(

y0
0

)
+
⎛

⎜
⎝

(
sgn

[
−
∑

α∈A
να1μ̃

α

]
μ̃α − δα

)
T − c+[T − τ ]

c+γ −1[e−γ τ − e−γ T
]

⎞

⎟
⎠ .
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By the same reasoning, the index α = α∗ is h0-active if it satisfies (15.77) and the
constraints can be rewritten as follows:

k
(
y0 + ρT − c+[T − τ ])≥ c+γ −1[e−γ τ − e−γ T

]≥ k0.

From these two constraints it follows that

τ ≤ τsw(1→0) := min{τ3 ∨ 0, τ4 ∨ T },
τ3 = −γ −1 ln

(
k0γ /c+ + e−γ T

)
,

τ4 is the solution of k
(
y0 + ρT − c+[T − τ ])= c+γ −1[e−γ τ − e−γ T

]

(if there is no solution then τ4 := T ).

Our goal is

max{μα,να1,να2}
max

τ≤τsw(1→0)

min
α∈A

E
{
xα

1 (T )
}= max{μα,να1,να2} max

τ≤τsw(1→0)

[
y0 + ρT − c+[T − τ ]]

= y0 + ρT − c+[T − τsw(1→0)],
where

max{μα,να1,να2}τ = τsw(1→0).

The robust optimal control is equal to

u(t) =
⎛

⎜
⎝

sgn

[∑

α∈A
ν∗
α1

[−μ̃α
]
+

]

c+ sgn[τsw(1→0) − t]

⎞

⎟
⎠ (15.80)

and the corresponding minimum case cost function (or the best payoff) is

J ∗
1→0 := min

u(·)∈Us
adm[0,T ]

max
α∈A

E
{
h0(xα(T )

)}

= c+[T − τsw(1→0)] − y0 − ρT . (15.81)

At the last step compare J ∗
0→1 with J ∗

1→0 and select the case with the minimal
worst cost function, that is,

J ∗ = J ∗
0→1 ∧ J ∗

1→0

with the corresponding switching rule (0 → 1 or 1 → 0) and the robust optimal
control u(t) given by (15.78) or (15.80).

15.9 Conclusions

In this chapter the Robust Stochastic Maximum Principle (in the Mayer form) is
presented for a class of nonlinear continuous-time stochastic systems containing an
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unknown parameter from a given finite set and subject to terminal constraints. Its
proof is based on the use of the Tent Method with the special technique specific for
stochastic calculus.

The Hamiltonian function used for these constructions is equal to the sum of the
standard stochastic Hamiltonians corresponding to a fixed value of the uncertainty
parameter.

As is shown in the examples considered above, the corresponding robust optimal
control can be calculated numerically (a finite-dimensional optimization problem
should be solved) for some simple situations.

The next chapter will focus on the LQ Stochastic Problem which can be consid-
ered as a partial case of the problem touched upon in this chapter.



Chapter 16
LQ-Stochastic Multimodel Control

The main goal of this chapter is to illustrate the possibilities of the MP approach
for a class of Min-Max Control Problems for uncertain systems described by a sys-
tem of linear stochastic differential equations with a controlled drift and diffusion
terms and unknown parameters within a given finite set. The problem belongs to the
class of Min-Max Optimization Problems on a fixed finite horizon (where the cost
function contains both an integral and a terminal term) and on an infinite one (the
loss function is a time-averaged functional). The solution is based on the results on
the Robust Stochastic Maximum Principle (RSMP) derived in the previous chap-
ter. The construction of the Min-Max LQ optimal controller is shown to be reduced
to a finite-dimensional optimization problem related to the solution of the Riccati
equation parametrized by the weights to be found.

16.1 Min-Max LQ Control Problem Setting

16.1.1 Stochastic Uncertain Linear System

Let (Ω,F, {Ft }t≥0,P) be a given filtered probability space where an m-dimensional
standard Brownian motion

W(t) = (W 1(t), . . . ,Wm(t)
)
, t ≥ 0

(with W(0) = 0) is defined. {Ft }t≥0 is assumed to be the natural filtration generated
by (W(t), t ≥ 0) and augmented by the P-null sets from F. Consider the stochastic
linear controlled continuous-time system with the dynamics x(t) ∈ R

n given by

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dx(t) = [Aα(t)x(t) + Bα(t)u(t) + bα(t)
]

dt

+
m∑

i=1

[
Cα

i (t)x(t) + Dα
i (t)u(t) + σα

i (t)
]

dWi(t),

x(0) = x0, t ∈ [0, T ] (T > 0).

(16.1)

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
Systems & Control: Foundations & Applications,
DOI 10.1007/978-0-8176-8152-4_16, © Springer Science+Business Media, LLC 2012
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In the above u(t) ∈ R
k is a stochastic control at time t , and

Aα,Cα
j : [0, T ] → R

n×n,

Bα,Dα
j (t) : [0, T ] → R

n×k, bα, σα
j : [0, T ] → R

n

are the known deterministic Borel measurable functions of suitable sizes.
The parameter α takes values from the finite set A = {α1, . . . , αN }. The initial

state x0 is assumed to be a square-integrable random vector with the a priori known
mean m0 and covariance matrix X0.

The only sources of uncertainty in this description of the system are

– the system random noise W(t) and
– the unknown parameter α ∈ A

It is assumed that past information is available for the controller.
To emphasize the dependence of the random trajectories on the parameter α ∈ A,

(16.1) is rewritten as

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dxα(t) = [Aα(t)xα(t) + Bα(t)u(t) + bα(t)
]

dt

+
m∑

i=1

[
Cα

i (t)xα(t) + Dα
i (t)u(t) + σα

i (t)
]

dWi(t),

x(0) = x0, t ∈ [0, T ] (T > 0).

(16.2)

16.1.2 Feasible and Admissible Control

Let us briefly recall some important definitions discussed in detail in the previous
chapter.

A stochastic control u(·) is called feasible in the stochastic sense (or, s-feasible)
for the system (16.2) if

1.

u(·) ∈ U [0, T ] := {u : [0, T ] × Ω → R
k | u(·) is {Ft }t≥0-adapted

}
and

2. xα(t) is the unique solution of (16.2) in the sense that for any xα(t) and x̂α(t),
satisfying (16.2),

P
{
ω ∈ Ω : xα(t) = x̂α(t)

}= 1

The pair (xα(t);u(·)), where xα(t) is the solution of (16.2) corresponding
to this u(·), is called an s-feasible pair. The measurability of all deterministic
functions in (16.2) guarantees that any u(·) ∈ U [0, T ] is s-feasible. Since addi-
tional constraints are absent, it follows that any s-feasible control is admissible (or
s-admissible). The set of all s-admissible controls is denoted by Us

adm[0, T ].
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16.1.3 Robust Optimal Stochastic Control Problem Setting

For any s-admissible control u(·) ∈ Us
adm[0, T ] and for any α ∈ A define the α-cost

function

J α
(
u(·)) := E

{
1

2
xα(T )TGxα(T )

}

+ 1

2
E

∫ T

t=0

[
xα(t)TQ̄(t)xα(t) + u(t)TS(t)xα(t)

+ u(t)TR(t)u(t)
]

dt,

(16.3)

where

Q̄(t) = Q̄T(t) ≥ 0, R(t) = RT(t) > 0 and S(t)

(for all t ∈ [0, T ]) are the known Borel measurable R
n×n-, R

k×k-, R
n×k-valued

deterministic matrices, respectively, and G is the given R
n×n deterministic matrix.

Since the value of the parameter α is unknown, define the minimum (maximum)
cost by

J
(
u(·))= max

α∈A
J α
(
u(·)). (16.4)

The stochastic control ū(·) is LQ robust optimal if
(1) it is admissible, that is,

ū(·) ∈ Us
adm[0, T ]

and
(2) it provides the minimal worst cost, that is,

ū(·) = arg min
u(·)∈Us

adm[0,T ]
max
α∈A

Jα
(
u(·))

If the solution x̄α(t) corresponds to this robust optimal control ū(t) then
(x̄α(·), ū(·)) is called an α-robust optimal pair.

Thus the robust optimal stochastic control problem (in the Bolza form) (robust
with respect to the unknown parameter) consists of finding the robust optimal con-
trol ū(t) according to the definition given above, that is,

J
(
ū(·))= min

u(·)∈Us
adm[0,T ]

max
α∈A

Jα
(
u(·)). (16.5)
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16.2 Robust Maximum Principle for Min-Max LQ-Stochastic
Control

16.2.1 The Presentation of the Problem in the Mayer Form

To apply directly RSMP given in the previous chapter, let us represent this problem
in the so-called Mayer form, introducing the new variable xα

n+1(t) by

xα
n+1(t) := 1

2

∫ t

s=0

[
xα(s)TQ̄(s)xα(s)

+ u(s)TS(s)xα(s) + u(s)TR(s)u(s)
]

ds,

which satisfies

dxα
n+1(t) = bn+1

(
t, xα(t), u(t)

)

:= xα(t)TQ̄(t)xα(t)/2 + u(t)TS(t)x(t)

+ u(t)TR(t)u(t)/2 + σT
n+1(t)dW(t),

xn+1(0) = 0, σT
n+1(t) ≡ 0.

16.2.2 First- and the Second-Order Adjoint Equations

The adjoint equations and the associated Hamiltonian function are now introduced
to present the necessary conditions of the robust optimality for the considered class
of partially unknown linear stochastic systems.

• The first-order vector adjoint equations are as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dψα(t) = −
[

Aα(t)Tψα(t) +
m∑

i=1

Cα
i (t)Tqα

i (t)

+ (Q̄(t)xα(t) + S(t)Tu(t)
)
ψα

n+1(t)

]

dt

+
m∑

i=1

qα
i (t)dWi(t), t ∈ [0, T ],

ψα(T ) = cα,

⎧
⎪⎨

⎪⎩

dψα
n+1(t) = qα

n+1(t)
T dW(t), t ∈ [0, T ],

ψα
n+1(T ) = cα

n+1.

(16.6)
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• The second-order matrix adjoint equations are

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dΨ α(t) = −
[

Aα(t)TΨ α(t) + Ψ α(t)Aα(t) +
m∑

i=1

Cα
i (t)TΨ α(t)Cα

i (t)

+
m∑

i=1

(
Cα

i (t)TQα
i (t) + Qα

i (t)Cα
i (t)

)+ ψα
n+1(t)Q̄(t)

]

dt

+
m∑

i=1

Qα
i (t)dWi(t), t ∈ [0, T ],

Ψ α(T ) = Cα
ψ,

{
dΨ α

n+1(t) = Qα
n+1(t)dW(t), t ∈ [0, T ],

Ψ α
n+1(T ) = Cα

ψ,n+1.

(16.7)

Here cα ∈ L2
FT

(Ω,R
n) is a square-integrable FT -measurable R

n-valued random
vector,

cα
n+1 ∈ L2

FT
(Ω,R), ψα(t) ∈ L2

Ft

(
Ω,R

n
)

is a square-integrable {Ft }t≥0-adapted R
n-valued vector random process,

ψα
n+1(t) ∈ L2

Ft
(Ω,R), qα

i (t) ∈ L2
Ft

(
Ω,R

n
)

and

qα
n+1(t) ∈ L2

Ft

(
Ω,R

m
)
.

Similarly,

Cα
i ∈ L2

FT

(
Ω,R

n×n
)
, Cα

n+1 ∈ L2
FT

(Ω,R),

Ψ α(t) ∈ L2
Ft

(
Ω,R

n×n
)
, Ψ α

n+1(t) ∈ L2
Ft

(Ω,R),

Qα
j (t) ∈ L2

Ft

(
Ω,R

n×m
)
, Qα

n+1(t) ∈ L2
Ft

(
Ω,R

m
)
.

16.2.3 Hamiltonian Form

According to the approach described before, we introduce the Hamiltonian func-
tion Hα :
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Hα = Hα(t, x,u,ψ,q,ψn+1)

:= tr
[
qαT

σα
]+ [Aα(t)xα + Bα(t)u + bα(t)

]T
ψα + bα

n+1(t, x,u)ψα
n+1,

σ α := (σ α
1 , . . . , σα

m), qα := (qα
1 , . . . , qα

m),

σ α
i := Cα

i (t)xα(t) + Dα
i (t)u(t) + σα

i (t),

WT := (WT
1 , . . . ,WT

m

)
.

(16.8)
Note that equations (16.2) and (16.6) can be rewritten in the Hamiltonian form as

{
dxα(t) = Hα

ψ dt + σ α dW(t), t ∈ [0, T ],
xα(0) = x0,

{
dxα

n+1(t) = Hα
ψn+1

dt, t ∈ [0, T ],
xα(0) = x0,

(16.9)

{
dψα(t) = −Hα

x dt + qα(t)dW(t), t ∈ [0, T ],
ψα(T ) = cα,

{
dψα

n+1(t) = −Hα
xn+1

dt + qα
n+1(t)dW(t), t ∈ [0, T ],

ψα
n+1(T ) = cα

n+1.

(16.10)

Let us rewrite the cost function Jα(u(·)) in the Mayer form as

Jα
(
u(·))= E

{
h0(xα(T ), xα

n+1(T )
)}

,

where

h0(xα(T ), xα
n+1(T )

) := E

{
1

2
xα(T )TGxα(T )

}
+ E

{
xα
n+1(T )

}
.

16.2.4 Basic Theorem on Robust Stochastic Optimal Control

Now, based on the main theorem of the previous chapter, we can formulate the
following basic result.

Theorem 16.1 (RSMP for LQ systems) Let (x̄α(·), ū(·)) be the α-robust opti-
mal pairs (α ∈ A). Then there exist collections of terminal conditions cα , cα

n+1,
Cα , Cα

n+1, {Ft }t≥0-adapted stochastic matrices qα,Qα
j (j = 1, . . . , l) and vectors

(qα
n+1,Q

α
n+1) in (16.6) and (16.7), and nonnegative constants μα , such that the fol-

lowing conditions are satisfied.
1. (Complementary Slackness Condition) For any α ∈ A

μα

[
E
{
h0(xα(T ), xα

n+1(T )
)}− max

α∈A
E
{
h0(xα(T ), xα

n+1(T )
)}]= 0. (16.11)
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2. (Transversality Condition) For any α ∈ A with probability 1

cα + μαh0
x

(
xα(T ), xα

n+1(T )
)= 0,

cα
n+1 + μα = 0,

(16.12)

Cα
ψ,n+1 + μαh0

xx

(
xα(T )

)= 0,

Cα
ψ,n+1 = 0.

(16.13)

3. (Nontriviality Condition) There exists α ∈ A such that

cα, cα
n+1 �= 0

or, at least, μα is distinct from 0, that is,

∃α: |cα| + ∣∣cα
n+1

∣
∣+ μα > 0. (16.14)

4. (Maximality Condition) The robust optimal control ū(·) for almost all
t ∈ [0, T ] maximizes the Hamiltonian function

H̄ =
∑

α∈A
H̄ α
(
t, x̄α(t), u,ψα(t),Ψ α(t),qα(t)

)
, (16.15)

where

H̄ α
(
t, x̄α, u,ψα,Ψ α,qα

)

:= Hα(t, x̄α, u,ψα,qα) − 1

2
tr
[
σ̄αTΨ α σ̄α

]

+ 1

2
tr
[(

σα(t, x̄α, u) − σ̄ α
)T

Ψ α
(
σα(, x̄α, u) − σ̄α

)]
(16.16)

and the function Hα(t, x̄α, u,ψα,qα) is given by (16.8),

σ̄ α = σ α
(
t x̄α(t), ū(t)

)
, (16.17)

that is, for almost all t ∈ [0, T ]
ū(t) = arg max

u∈U

H̄ . (16.18)

By the Transversality Condition it follows that the only {Ft }t≥0-adapted variables
allowed are

qα
n+1(t) ≡ 0, Qα

n+1(t) ≡ 0 P-a.s.

and, as a result, we derive

cα = −μαGxα(T ), Cα = −μαG,

ψα
n+1(t) = ψα

n+1(T ) = cα
n+1 = −μα,

Ψ α
n+1(t) = Ψ α

n+1(T ) = 0.
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Thus the adjoint equations can be simplified to the form

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dψα(t) = −
[

Aα(t)Tψα(t) +
m∑

i=1

Cα
i (t)Tqα

i (t)

− μα

(
Q̄(t)xα(t) + S(t)Tu(t)

)
]

dt

+
m∑

i=1

qα
i (t)dWi(t), t ∈ [0, T ],

ψα(T ) = −μαGxα(T ),

ψα
n+1(t) = ψα

n+1(T ) = cα
n+1 = −μα,

(16.19)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dΨ α(t) = −
[

Aα(t)TΨ α(t) + Ψ α(t)Aα(t) +
m∑

i=1

Cα
i (t)TΨ α(t)Cα

i (t)

+
m∑

i=1

(
Cα

i (t)TQα
i (t) + Qα

i (t)Cα
i (t)

)− μαQ̄(t)

]

dt

+
m∑

i=1

Qα
i (t)dWi(t), t ∈ [0, T ],

Ψ α(T ) = −μαG,

Ψ α
n+1(t) = Ψ α(T ) = 0.

(16.20)

The Hamiltonian H̄ is quadratic in u and, hence, the maximum exists if for almost
all t ∈ [0, T ] with probability 1

∇2
uH̄ = −

∑

α∈A

μαR +
∑

α∈A

m∑

i=1

Dα
i (t)TΨ α(t)Dα

i (t) ≤ 0 (16.21)

and the maximizing vector ū(t) satisfies

∑

α∈A

μαR(t)ū(t) =
∑

α∈A

[

Bα(t)Tψα(t) − μαS x̄α(t) +
m∑

i=1

Dα
i (t)Tqα

i (t)

]

. (16.22)

16.2.5 Normalized Form for the Adjoint Equations

Since at least one active index exists, it follows that

∑

α∈A
μ(α) > 0.
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If μ(α) = 0, then with probability 1

qα
i (t) = 0, Qα

i (t) = 0,

ψ̇α(t) = ψα(t) = 0, Ψ̇ α(t) = Ψ α(t) = 0.

So, the following normalized adjoint variable ψ̃α(t) can be introduced:

ψ̃α,i(t) =
{

ψα,i(t)μ
−1(α) if μ(α) > 0

0 if μ(α) = 0,
i = 1, . . . , n + 1,

Ψ̃α,i(t) =
{

Ψα,i(t)μ
−1(α) if μ(α) > 0

0 if μ(α) = 0,
i = 1, . . . , n + 1,

ψαT := (ψα,1, . . . ,ψα,n), Ψα := (Ψα,1, . . . ,Ψα,n)
T

(16.23)

satisfying

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

dψ̃α(t) = −
[

Aα(t)Tψ̃(t) +
m∑

i=1

Cα
i (t)Tq̃α

i (t) − (Q̄(t)xα(t) + S(t)Tu(t)
)
]

dt

+
m∑

i=1

q̃α
i (t)dWi(t), t ∈ [0, T ],

dψ̃α,n+1(t) = 0
(16.24)

and

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dΨ̃ α(t) = −
[

Aα(t)TΨ̃ α(t) + Ψ̃ α(t)Aα(t) +
m∑

i=1

Cα
i (t)TΨ̃ α(t)Cα

i (t)

+
m∑

i=1

(
Cα

i (t)TQ̃α
i (t) + Q̃α

i (t)Cα
i (t)

)− Q̄(t)

]

dt

+
m∑

i=1i

Q̃α(t)dWi(t),

dΨ̃ α
n+1(t) = 0

(16.25)

with the Transversality Conditions given by

⎧
⎪⎪⎨

⎪⎪⎩

ψ̃α(T ) = −Gxα(T ),

ψ̃α,n+1(T ) = cα
n+1 = −1,

Ψ̃ α(T ) = −G, Ψ̃ α
n+1(T ) = 0.

(16.26)
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Here

q̃α
i (t) =

{
qα
i (t)μ−1(α) if μ(α) > 0

0 if μ(α) = 0,
i = 1, . . . , n + 1,

Ψ̃α,i (t) =
{

ψα,i(t)μ
−1(α) if μ(α) > 0

0 if μ(α) = 0,
i = 1, . . . , n + 1.

The Robust Optimal Control (16.22) becomes (if R > 0)

ū(t) =
(∑

α∈A

μαR(t)

)−1∑

α∈A

μα

[

Bα(t)Tψ̃α(t) − S x̄α(t) +
m∑

i=1

Dα
i (t)Tq̃α

i (t)

]

= R−1(t)
∑

α∈A

λα

[

Bα(t)Tψ̃α(t) − S x̄α(t) +
m∑

i=1

Dα
i (t)Tq̃α

i (t)

]

, (16.27)

where the vector λ := (λ1, . . . , λN)T, as in the deterministic case, belongs to the
simplex SN defined as

SN :=
{

λ ∈ RN=|A| : λα = μ(α)

(
N∑

α=1

μ(α)

)−1

≥ 0,

N∑

α=1

λα = 1

}

. (16.28)

Remark 16.1 Since the control action can vary in the whole space R
k , that is, there

are no constraints, from the Hamiltonian structure (16.16) it follows that the robust
control (16.27) does not depend on the second adjoint variables Ψ̃ α(t). This means
that these variables can be omitted in the following. If the control u is restricted to a
compact set U ⊂ R

k , then the robust optimal control necessarily is a function of the
second adjoint variables.

16.2.6 Extended Form for the Closed-Loop System

For simplicity, the time argument in the expressions below is omitted.
Introduce the block-diagonal R

nN×nN valued matrices A, Q, G, Λ, and the ex-
tended matrix B by
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A :=

⎡

⎢⎢
⎣

A1 0 · 0
0 · · ·
· · · 0
0 · 0 AN

⎤

⎥⎥
⎦ , Q :=

⎡

⎢⎢
⎣

Q̄ 0 · 0
0 · · ·
· · · 0
0 · 0 Q̄

⎤

⎥⎥
⎦ ,

G :=

⎡

⎢⎢
⎣

G 0 · 0
0 · · ·
· · · 0
0 · 0 G

⎤

⎥⎥
⎦ , Ci :=

⎡

⎢⎢
⎣

C1
i 0 · 0

0 · · ·
· · · 0
0 · 0 CN

i

⎤

⎥⎥
⎦ ,

Λ :=

⎡

⎢
⎢
⎣

λ1In×n 0 · 0
0 · · ·
· · · 0
0 · 0 λNIn×n

⎤

⎥
⎥
⎦ ,

(16.29)

BT := [B1T
. . . BNT ] ∈ R

r×nN, DT
i := [D1T

i . . . DNT

i

] ∈ R
r×nN ,

S := [S1 . . . SN
] ∈ R

r×nN , Θ i := [σ 1T

i . . . σNT

i

]T ∈ R
nN .

In view of (16.29), the dynamic equations (16.2), (16.24)–(16.25), and the corre-
sponding robust optimal control (16.27) can be rewritten as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx = (Ax + Bu + b)dt +
m∑

i=1

(Cix + Diu + Θ i )dWi

dψ =
(

−ATψ −
m∑

i=1

CT
i qi + Qx + STu

)

dt +
m∑

i=1

qi dWi,

x(0) = [xT
0 xT

0 . . . xT
0

]T
, ψ(T ) = −Gx(T ),

u = R−1

(

BTΛψ − SΛx +
m∑

i=1

DT
i Λqi

)

,

(16.30)

where

xT := (x1T
, . . . , xNT) ∈ R

1×nN , ψT := (ψ̃
T
1 , . . . , ψ̃

T
N) ∈ R

1×nN ,

bT := (b1T
, . . . , bNT) ∈ R

1×nN , qi := [ q̃1T

i . . . q̃NT

i

]T ∈ R
nN×1,

and

X0 := E
{
x(0)xT(0)

}=
⎡

⎣
X0 · X0
· · ·

X0 · X0

⎤

⎦ ,

mT
0 := E

{
x(0)

}T = [mT
0 mT

0 . . . mT
0

]T
.

The problem now is to find the parametric matrix Λ given in the N -dimensional
simplex and {Ft }t≥0-adapted extended stochastic vectors qi ∈ L2

Ft
(Ω,R

nN) mini-
mizing the performance index (16.4).
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16.3 Riccati Equation and Robust Optimal Control

Theorem 16.2 (On the Riccati equation) The robust optimal control (16.27) leading
to (16.5) is equal to

u = −R−1
Λ

(
WΛ1/2x + v

)
, (16.31)

where

v :=
[

BTΛ1/2p +
m∑

i=1

DT
i Λ1/2PΛ1/2Θ i

]

,

W := BTΛ1/2P + SΛ1/2 +
m∑

i=1

DT
i Λ1/2PCi

(16.32)

and the matrix P = PT ∈ R
nN×nN is the solution of the differential matrix Riccati

equation
⎧
⎪⎨

⎪⎩

Ṗ + AP + ATP + Q +
m∑

i=1

CT
i PCi − WTR−1

Λ W = 0,

P(T ) = G,

(16.33)

R−1
Λ :=

[

R +
m∑

i=1

DT
i Λ1/2PΛ1/2Di

]−1

(16.34)

and the shifting vector p satisfies
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ṗ + ATp + PΛ1/2b +
m∑

i=1

CT
i PΛ1/2Θ i

−WTR−1
Λ

[

BTΛ1/2p +
m∑

i=1

DT
i Λ1/2PΛ1/2Θ i

]

= 0,

p(T ) = 0.

(16.35)

The matrix Λ = Λ(λ∗) is defined by (16.29) with the weight vector λ = λ∗ solving
the following finite-dimensional optimization problem:

λ∗ = arg min
λ∈SN

JT (λ), (16.36)

JT (λ) :=
N∑

α=1

λαJα = 1

2
tr
{
X0Λ

1/2P(0)Λ1/2}+ mTΛ1/2p(0)

+ 1

2

∫ T

t=0

[
m∑

i=1

ΘT
i Λ1/2PΛ1/2Θ i + 2pTΛ1/2b − vTR−1

Λ v

]

dt (16.37)
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and

J
(
ū(·))= min

u(·)∈Us
adm[0,T ]

max
α∈A

Jα
(
u(·))= JT (λ∗). (16.38)

Proof Since the robust optimal control (16.30) is proportional to Λψ , it is natural
to find ψ to satisfy

Λ1/2ψ(t) = −P(t)Λ1/2x − p(t), (16.39)

where P(t) and p(t) are a differentiable deterministic matrix and vector, respec-
tively. The commutation of the operators

ΛkA = AΛk, ΛkQ = QΛk, ΛkCi = CiΛ
k (k ≥ 0)

implies

Λ1/2 dψ = −ṖΛ1/2x dt

− PΛ1/2

[

(Ax + Bu + b)dt +
m∑

i=1

(Cix + Diu + Θ i)dWi

]

− dp

= Λ1/2

[(

−ATψ −
m∑

i=1

CT
i qi + Qx + STu

)

dt +
m∑

i=1

qi dWi

]

, (16.40)

from which it follows that

Λ1/2qi = −PΛ1/2(Cix + Diu + Θ i). (16.41)

The substitution of (16.39) and (16.41) into (16.30) leads to

u = −R−1

(

BT[Λ1/2PΛ1/2x + Λ1/2p
]

+ SΛx +
m∑

i=1

DT
i Λ1/2PΛ1/2(Cix + Diu + Θ i )

)

,

which is equivalent to (16.31). Then, by (16.41), the multiplication of equa-
tion (16.40) by Λ1/2 implies

− Λ1/2

(

Ṗ + AP + ATP + Q +
m∑

i=1

CT
i PCi

− WTR−1
Λ

[

BTΛ1/2P + SΛ1/2 +
m∑

i=1

DT
i Λ1/2PCi

])

Λ1/2x
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= Λ1/2

(

ATp + PΛ1/2b + ṗ − WTR−1
Λ

[

BTΛ1/2p +
m∑

i=1

DT
i Λ1/2PΛ1/2Θ i

]

+
m∑

i=1

CT
i PΛ1/2Θ i

)

.

This equation is satisfied identically under the conditions (16.33) and (16.35) of this

theorem. The application of the Itô formula and the use of (16.33) and (16.35) imply

E
{
xT(T )Λ1/2P(T )Λ1/2x(T )−xT(0)Λ1/2P(0)Λ1/2x(0)

}

= E

∫ T

t=0
d
(
xTΛ1/2PΛ1/2x

)

= E

∫ T

t=0

[

xTΛ1/2ṖΛ1/2x + 2xTΛ1/2PΛ1/2(Ax + Bu + b)

+
m∑

i=1

(Cix + Diu + Θ i )
TΛ1/2PΛ1/2(Cix + Diu + Θ i )

]

dt

= E

∫ T

t=0

[

xTΛ1/2WTR−1
Λ WΛ1/2x

+
(

2xTΛ1/2WT + 2
m∑

i=1

ΘT
i Λ1/2PΛ1/2Di

)

u

+ uTRΛu − xTΛ1/2QΛ1/2x − uTRu − 2xTΛSTu

+ 2xTΛ1/2v +
m∑

i=1

ΘT
i Λ1/2PΛ1/2Θ i

]

dt (16.42)

and

−E
{
xT(0)Λ1/2p(0)

} = E
{
xT(T )Λ1/2p(T )−xT(0)Λ1/2p(0)

}

= E

∫ T

t=0
d
(
xTΛ1/2p

)

= E

∫ T

t=0

[
pTΛ1/2(Ax + Bu + b) + xTΛ1/2ṗ

]
dt.

The summation of these two identities leads to the equality
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E

{
1

2
xT(T )Λ1/2GΛ1/2x(T ) − 1

2
xT(0)Λ1/2P(0)Λ1/2x(0)−xT(0)Λ1/2p(0)

}

= 1

2
E

∫ T

t=0

[

xTΛ1/2WTR−1
Λ WΛ1/2x + 2

(
xTΛ1/2WT + vT)u

+ (WΛ1/2x + v
)T

R−1
Λ

(
WΛ1/2x + v

)

− (xTΛ1/2QΛ1/2x + uTRu + 2xTΛSTu
)+ 2xTΛ1/2WTR−1

Λ v

+
m∑

i=1

ΘT
i Λ1/2PΛ1/2Θ i + 2pTΛ1/2b

]

dt,

which, together with (16.3) and (16.31), implies (16.37). By (16.5), it follows that

E

{
1

2
xT(T )Λ1/2GΛ1/2x(T )

}
+ 1

2
E

∫ T

t=0

(
xTΛ1/2QΛ1/2x + uTRu + 2xTΛSTu

)
dt

= E

{
1

2

N∑

α=1

λαxαTGxα + 1

2

∫ T

t=0

[

uTR−1u +
N∑

α=1

λα(xαTQxα + xαTSTu)

]

dt

}

=
N∑

α=1

λαJ α

and

min
u(t)

max
α∈A

J α = min
λ∈SN

max
α∈A

Jα = Jα∗ = min
λ∈SN

N∑

α=1

λαJα,

which implies (16.36). The theorem is proven. �

16.3.1 Robust Stochastic Optimal Control for Linear Stationary
Systems with Infinite Horizon

Consider the class of linear stationary controllable systems (16.2) without exoge-
nous input:

Aα(t) ≡ Aα, Bα(t) ≡ Bα, σα
i (t) ≡ σα

i ,

b(t) = 0, Cα
i (t) ≡ 0, Dα

i (t) ≡ 0
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and containing the only integral term (G = 0) with S(t) ≡ 0, that is,
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dx(t) = [Aαx(t) + Bαu(t)
]

dt +
m∑

i=1

σα
i dWi(t), t ∈ [0, T ] (T > 0),

x(0) = x0,

J α
(
u(·))= 1

2
E

∫ T

t=0

[
xα(t)TQ̄(t)xα(t) + u(t)TR(t)u(t)

]
dt.

Then, from (16.35) and (16.37), it follows that p(t) ≡ 0, v(t) ≡ 0 and, hence,

JT (λ) = E

{
N∑

α=1

λα

[
1

2

∫ T

t=0

(
xα(t)TQ̄xα(t) + u(t)TRu(t)

)
]

dt

}

= 1

2
tr
{
X0Λ

1/2P(0)Λ1/2}+ 1

2

m∑

i=1

ΘT
i Λ1/2

(∫ T

t=0
P dt

)
Λ1/2Θ i (16.43)

and

min
u(·)∈Us

adm[0,T ]
max
α∈A

Jα
(
u(·))= min

λ∈SN
JT (λ).

Nothing changes if instead of J α(u(·)) we will deal initially with the so-called

“time-averaged” cost function

min
u(·)∈Us

adm[0,T ]
max
α∈A

1

T
J α
(
u(·))= 1

T
JT (λ∗)

on making the formal substitution

Q → 1

T
Q, R → 1

T
R, G → 1

T
G.

Indeed, this transforms (16.33) to

Ṗ + AP + ATP − WT
(

1

T
R

)−1

W + 1

T
Q = 0,

W = BTΛ1/2P, P(T ) = 1

T
G = 0

or

d

dt
P̃ + AP̃ + ATP̃ − WTR−1W + Q = 0,

P̃ := T P
(
t ∈ [0, T ]), W = BTΛ1/2P̃, P̃(T ) = 0 (16.44)
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and, hence, the robust optimal control (16.27) remains the same

u = −
(

1

T
R

)−1[
BTΛ1/2P

]
Λ1/2x

= −R−1[BTΛ1/2P̃
]
Λ1/2x.

For any t ≥ 0 and some ε > 0 define another matrix function, say P̄, by

P̄ :=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

P̃ if t ∈ [0, T ],

P̃st sin

(
π

2ε
(t − T )

)
if t ∈ (T ,T + ε],

P̃st if t > T + ε,

where P̃st(Λ) is the solution to the algebraic Riccati equation

AP̃ + ATP̃ − WTR−1W + Q = 0. (16.45)

This matrix function P̄ is differentiable for all t ∈ [0,∞). If the algebraic Riccati
equation (16.45) has a positive-definite solution P̃st(Λ) (when the pair (A,R1/2) is
controllable and the pair (Q1/2,A) is observable, see, for example, Willems 1971
and Poznyak 2008) for any λ ∈ SN , then

P̄(t) →
t→∞ P̃st(Λ)

for any P̃(T ). Letting T go to ∞ leads to the following result.

Corollary 16.1 The robust optimal control ū(·) solving the Min-Max Problem

J
(
ū(·)) := min

u(·)∈Us
adm[0,∞]

max
α∈A

lim sup
T →∞

E

{
1

2T

∫ T

t=0

(
xα(t)TQ̄xα(t)

+ u(t)TRu(t)
)

dt

} (16.46)

is given by

u = −R−1
[
BTΛ1/2P̃st(Λ)

]
Λ1/2x, (16.47)

where the matrix Λ = Λ(λ∗) is defined by (16.29) with the weight vector λ = λ∗
solving the finite-dimensional optimization problem

λ∗ = arg min
λ∈SN

m∑

i=1

ΘT
i Λ1/2P̃st(Λ)Λ1/2Θ i (16.48)
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and

J
(
ū(·))= 1

2

m∑

i=1

ΘT
i Λ1/2(λ∗)P̃st

(
Λ(λ∗)

)
Λ1/2(λ∗)Θ i . (16.49)

The application of the robust optimal control (16.47) provides us for the corre-
sponding closed-loop system with the so-called “ergodicity” property, which im-
plies the existence of the limit (not only the upper limit) for the averaged cost func-
tion T −1JT (λ∗) when T → ∞.

16.3.2 Numerical Examples

Consider a one-dimensional (double-structured) plant given by
{

dxα(t) = [aαxα(t) + bαu(t)
]

dt + σα dW,

xα(0) = x0, α = 1,2

and let the performance index be defined by

hα = lim sup
T →∞

1

2T

∫ T

t=0
E
{
q
[
xα(t)

]2 + r
[
u(t)

]2}dt, q ≥ 0, r > 0.

To solve the Min-Max Problem

max
α=1,2

hα → min
u(·)

according to the Corollary 16.1, apply the robust control (16.47)

u = −r−1BTΛ1/2P̃st(Λ)Λ1/2x

= −r−1

[√
λ∗

1b
1

√
λ∗

2b
2

]T [
P̃11(λ

∗) P̃12(λ
∗)

P̃21(λ
∗) P̃22(λ

∗)

][√
λ∗

1x
1

√
λ∗

2x
2

]

, (16.50)

where

λ∗ = arg min
λ∈SN

ΘTΛ1/2P̃st(Λ)Λ1/2Θ

= arg min
λ∈SN

min

(
σ 1

σ 2

)T [√
λ1 0
0

√
λ2

]
P̃(λ) ×

[√
λ1 0
0

√
λ2

](
σ 1

σ 2

)

= arg min
λ∈[0,1]

[
σ 1√λ1

σ 2√1 − λ1

]T [
P̃11(λ) P̃12(λ)

P̃21(λ) P̃22(λ)

][
σ 1√λ1

σ 2√1 − λ1

]

= arg min
λ∈[0,1]

ϕ(λ)
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with

ϕ(λ) := (σ 1)2λ1P̃11(λ) + 2σ 1σ 2
12P̃(λ)

√
λ1(1 − λ1) + (σ 2)2

22P̃(λ)(1 − λ1).

(16.51)

The corresponding Riccati equation (16.45) can be rewritten as

0 = P̃
[
a1 0
0 a2

]
+
[
a1 0
0 a2

]
P̃ + q

[
1 0
0 1

]

− r−1P̃

[√
λ1 0

0
√

(1 − λ1)

][
[b1]2 b1b2

b1b2 [b2]2

][√
λ1 0
0

√
(1 − λ1)

]
P̃

or, in terms of X = P̃11, Y = P̃12 = P̃21,Z = P̃22,

2a1X − r−1
(
b1

√
λ1X + b2

√
(1 − λ1)Y

)2 + q = 0,

2a2Z − r−1
(
b1

√
λ1Y + b2

√
(1 − λ1)Z

)2 + q = 0,

(a2 + a1)Y − r−1
(
b1

√
λ1X + b2

√
(1 − λ1)Y

)(
b1

√
λ1Y + b2

√
(1 − λ1)Z

)
= 0.

So, by (16.51), the optimal parameter λ∗
1 can be found to be

λ∗
1 = arg min

λ1∈[0,1]
ϕ̃(λ1),

ϕ̃(λ1) = λ1
(
σ 1)2X(Y ;λ1) + 2Y(λ1)σ

1σ 2
√

λ1(1 − λ1) + (σ 2)2Z(Y ;λ)(1 − λ1),

where Y(λ1) is the solution of the transcendental equation

0 = (a2 + a1)Y − r−1
(
b1

√
λ1X(Y ;λ1) + b2

√
(1 − λ1)Y

)

×
(
b1

√
λ1Y + b2

√
(1 − λ1)Z(Y ;λ1)

)

and the functions X(Y ;λ1) and Z(Y ;λ1) are defined by

X(Y ;λ1) = 1

2b2
1λ1

(
2a1r − 2b1b2

√
λ1(1 − λ1)Y

+ 2
√

a2
1r2 − 2a1rb1b2

√
λ1(1 − λ1)Y + b2

1λ1qr

)
,

Z(Y ;λ1) = 1

2b2
2λ2

(
2a2r − 2b1b2

√
λ1(1 − λ1)Y

+ 2
√

a2
2r2 − 2a2rb1b2

√
λ1(1 − λ1)Y + b2

2(1 − λ1)qr

)
.
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The table, presented below and constructed using Maple-V, shows the dependence
of the optimal weight λ∗

1 on the parameters of the linear plant under the fixed values

r = q = 1

and σ 1 = σ 2 = 1.

a1 a2 b1 b2 λ∗
1 ϕ̃(λ∗

1)

−1 −0.5 1 2 0 0.3904
−1 −0.5 1 4 0 0.2207
−1 −0.5 1 6 0 0.1534

1 −0.5 3 2 1 0.2402

16.4 Conclusions

• The Min-Max Linear Quadratic Problems formulated for stochastic differential
equations containing a control-dependent diffusion term are shown to be solved
by the Robust Maximum Principle formulated in this chapter.

• The corresponding Hamiltonian formalism is constructed based on the parametric
families of the first- and second-order adjoint stochastic processes.

• The robust optimal control maximizes the Hamiltonian function which is equal to
the sum of the standard stochastic Hamiltonians corresponding to each value of
the uncertainty parameter from a given finite set.

• It is shown that the construction of the Min-Max optimal controller can be re-
duced to an optimization problem given in a finite-dimensional simplex set.



Chapter 17
A Compact Uncertainty Set

This chapter extends the possibilities of the MP approach for a class of Min-Max
control problems for uncertain models given by a system of stochastic differential
equations with a controlled diffusion term and unknown parameters within a given
measurable compact set. For simplicity, we consider the Min-Max problem belong-
ing to the class of optimization problems with a fixed finite horizon where the cost
function contains only a terminal term (without an integral part). The proof is based
on the Tent Method in a Banach space, discussed in detail in Part II; it permits us to
formulate the necessary conditions of optimality in the Hamiltonian form.

17.1 Problem Setting

17.1.1 Stochastic Uncertain System

Here we recall some definitions from previous chapters and emphasize specific fea-
tures of the considered stochastic models.

Let (Ω, F , {Ft }t≥0,P) be a given filtered probability space, that is,

– the probability space (Ω, F ,P) is complete
– the sigma-algebra F0 contains all the P-null sets in F
– the filtration {Ft }t≥0 is right continuous:

Ft+ :=
⋂

s>t

Fs = Ft

On this probability space an m-dimensional standard Brownian motion is de-
fined, that is,

(
W(t), t ≥ 0

) (
with W(0) = 0

)

is an {Ft }t≥0-adapted R
m-valued process such that

E
{
W(t) − W(s) | Fs

} = 0 P-a.s.,

V.G. Boltyanski, A.S. Poznyak, The Robust Maximum Principle,
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E
{[

W(t) − W(s)
][

W(t) − W(s)
]T | Fs

} = (t − s)I P-a.s.,

P
{
ω ∈ Ω : W(0) = 0

} = 1.

Consider the stochastic nonlinear controlled continuous-time system with the dy-
namics x(t) given by

x(t) = x(0) +
∫ t

s=0
bα

(
s, x(s), u(s)

)
dt +

∫ t

s=0
σα

(
s, x(s), u(s)

)
dW(s) (17.1)

or, in abstract (symbolic) form,
⎧
⎨

⎩

dx(t) = bα
(
t, x(t), u(t)

)
dt + σα

(
t, x(t), u(t)

)
dW(t)

x(0) = x0, t ∈ [0, T ] (T > 0).

(17.2)

The first integral in (17.1) is an stochastic ordinary integral and the second one is an
Itô integral. In the above u(t) ∈ U is a control at time t and

bα : [0, T ] × R
n × U → R

n,

σ α : [0, T ] × R
n × U → R

n×m.

The parameter α is supposed to be a priori unknown and running over a given para-
metric set A from a space with a countable additive measure m.

For any α ∈ A denote

bα(t, x,u) := (
bα

1 (t, x, u), . . . , bα
n(t, x,u)

)T
,

σ α(t, x,u) := (
σ 1α(t, x,u), . . . , σ nα(t, x,u)

)
,

σ jα(t, x,u) := (
σ

jα

1 (t, x, u), . . . , σ
jα
m (t, x,u)

)T
.

The following conditions are assumed.

(A1) {Ft }t≥0 is the natural filtration generated by (W(t), t ≥ 0) and augmented by
the P-null sets from F .

(A2) (U,d) is a separable metric space with a metric d .
(A3) For any α ∈ A both bα(t, x,u) and σα(t, x,u) are Lφ(C2)-mappings (see

Definition 14.1).

Let A0 ⊂ A be measurable subsets with a finite measure, that is,

m(A0) < ∞.

The following assumption concerning the right-hand side of (17.2) will be in
force throughout.

(A4) All components bα(t, x,u), σα(t, x,u) are measurable with respect to α, that
is, for any

i = 1, . . . , n, j = 1, . . . ,m, c ∈ R
1, x ∈ R

n, u ∈ U, and t ∈ [0, T ],
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we have

{
α : bα

i (t, x, u) ≤ c
} ∈ A,

{
α : σ iα

j (t, x,u) ≤ c
} ∈ A.

Moreover, every function of α considered is assumed to be measurable with
respect to α.

As before, the only sources of uncertainty in this description of the system are

– the system’s random noise W(t) and
– the a priori unknown parameter α ∈ A

It is assumed that the past information is available to the controller.
To emphasize the dependence of the random trajectories on the parameter α ∈ A,

(17.2) is rewritten as
{

dxα(t) = bα
(
t, xα(t), u(t)

)
dt + σα

(
t, xα(t), u(t)

)
dW(t),

xα(0) = x0, t ∈ [0, T ] (T > 0).
(17.3)

17.1.2 A Terminal Condition, a Feasible and Admissible Control

Recall again some definitions that will be used below.

Definition 17.1 A stochastic control u(·) is called feasible in the stochastic sense
(or s-feasible) for the system (17.3) if:

1.

u(·) ∈ U [0, T ] := {
u : [0, T ] × Ω → U | u(·) is {Ft }t≥0-adapted

}

2. xα(t) is the unique solution of (17.3) in the sense that for any xα(t) and x̂α(t),
satisfying (17.3),

P
{
ω ∈ Ω : xα(t) = x̂α(t)

} = 1

The set of all s-feasible controls, as before, is denoted by U s
feas[0, T ]. The pair

(xα(t);u(·)), where xα(t) is the solution of (17.3) corresponding to this u(·), is
called an s-feasible pair.

The assumptions (A1)–(A4) guarantee that any u(·) from U [0, T ] is s-feasible.
In addition, it is required that the following terminal state constraints are satisfied:

E
{
hj

(
xα(T )

)} ≥ 0 (j = 1, . . . , l), (17.4)

where hj : R
n → R are given functions.

(A5) For j = 1, . . . , l the functions hj are Lφ(C2)-mappings.
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Definition 17.2 The control u(·) and the pair (xα(t);u(·)) are called an s-admissible
control or are said to be realizing the terminal condition (17.4) and an s-admissible
pair, respectively, if:

1. We have

u(·) ∈ U s
feas[0, T ], and

2. xα(t) is the solution of (17.3), corresponding to this u(·), such that the inequali-
ties (17.4) are satisfied

The set of all s-admissible controls is denoted by U s
adm[0, T ].

17.1.3 Maximum Cost Function and Robust Optimal Control

Definition 17.3 For any scalar-valued function ϕ(α) bounded on A define the m-
truth (or m-essential) maximum of ϕ(α) on A by

m-vraimax
α∈A

ϕ(α) := maxϕ+

such that

m
{
α ∈ A : ϕ(α) > ϕ+} = 0.

It can easily be shown (see, for example, Yoshida 1979) that the following inte-
gral representation for the truth maximum holds:

m-vraimax
α∈A

ϕ(α) = sup
A0⊂A:m(A0)>0

1

m(A0)

∫

A0

ϕ(α)dm, (17.5)

where the Lebesgue–Stieltjes integral is taken over all subsets A0 ⊂ A with positive
measure m(A0).

Consider the cost function hα containing a terminal term, that is,

hα := E
{
h0(

xα(T )
)}

. (17.6)

Here h0(x) is a positive, bounded, and smooth cost function defined on R
n. The end

time point T is assumed to be finite and xα(t) ∈ R
n.

If an admissible control is applied, for every α ∈ A we deal with the cost value
hα = E{h0(x

α(T ))} calculated at the terminal point xα(T ) ∈ R
n. Since the realized

value of α is a priori unknown, define the minimum (maximum) cost by

F = sup
A0⊂A:m(A0)>0

1

m(A0)

∫

A0

E
{
h0(

xα(T )
)}

dm

= m-vraimax
α∈A

hα. (17.7)
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The function F depends only on the considered admissible control u(t), t0 ≤ t ≤ t1.
Notice that F can be represented as

F = sup
A0⊂A:m(A0)>0

1

m(A0)

∫

A0

E
{
h0(

xα(T )
)}

dm

= max
λ∈Λ

∫

λ∈Λ

λ(α)E
{
h0(

xα(T )
)}

dm(α),

where the maximum is over all functions λ(α) within the so-called set of distribution
densities Λ defined by

Λ :=

⎧
⎪⎪⎨

⎪⎪⎩

λ = λ(α) = μ(α)

(∫

α∈A
μ(α)dm(α)

)−1

≥ 0,
∫

α∈A
λ(α)dm(α) = 1

⎫
⎪⎪⎬

⎪⎪⎭
. (17.8)

Definition 17.4 The control ū(t),0 ≤ t ≤ T is said to be robust optimal if

(i) it satisfies the terminal condition, that is, it is admissible
(ii) it achieves the minimal worst (highest) cost F 0 (among all admissible controls

satisfying the terminal condition)

If the dynamics x̄α(t) corresponds to this robust optimal control ū(t) then
(x̄α(·), ū(·)) is called an α-robust optimal pair.

Thus the Robust Optimization Problem consists of finding an admissible control
action u(t), 0 ≤ t ≤ T , which provides us with

F 0 := F = min
u(t)∈U s

adm[0,T ]
m-vraimax

α∈A
hα

= min
u(t)∈U s

adm[0,T ]
max
λ∈Λ

∫

λ∈Λ

λ(α)E
{
h0(

xα(T )
)}

dm(α). (17.9)

This is the Stochastic Min-Max Bolza Problem.

17.2 Robust Stochastic Maximum Principle

17.2.1 First- and Second-Order Adjoint Processes

The adjoint equations and the associated Hamiltonian function are introduced in this
section to present the necessary conditions of the robust optimality for the consid-
ered class of partially unknown stochastic systems, which is called the Generalized
Robust Stochastic Maximum Principle (GRSMP). For any α ∈ A and any admissible
control u(·) ∈ U s

adm[0, T ] let us consider
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– the first-order vector adjoint equations

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

dψα(t) = −
[

bα
x

(
t, xα(t), u(t)

)T
ψα(t) +

m∑

j=1

σ
αj
x

(
t, xα(t), u(t)

)T
qα
j (t)

]

dt

+ qα(t)dW(t), t ∈ [0, T ],
ψα(T ) = cα

(17.10)
– the second-order matrix adjoint equations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dΨ α(t) = −
[

bα
x

(
t, xα(t), u(t)

)T
Ψ α(t) + Ψ α(t)bα

x

(
t, xα(t), u(t)

)

+
m∑

j=1

σ
αj
x

(
t, xα(t), u(t)

)T
Ψ α(t)σ

αj
x

(
t, xα(t), u(t)

)

+
m∑

j=1

(
σ

αj
x

(
t, xα(t), u(t)

)T
Qα

j (t) + Qα
j (t)σ

αj
x

(
t, xα(t), u(t)

))

+ Hα
xx

(
t, xα(t), u(t),ψα(t), qα(t)

)
]

dt

+
m∑

j=1

Qα
j (t)dWj(t), t ∈ [0, T ],

Ψ α(T ) = Cα.

(17.11)

Here, as before,

• cα ∈ L2
FT

(Ω,R
n) is a square integrable FT -measurable R

n-valued random vec-
tor

• ψα(t) ∈ L2
Ft

(Ω,R
n) is a square integrable {Ft }t≥0-adapted R

n-valued vector
random process, and

• qα(t) ∈ L2
Ft

(Ω,R
n×m) is a square integrable {Ft }t≥0-adapted R

n×m-valued ma-
trix random process

Similarly,

• Cα ∈ L2
FT

(Ω,R
n×n) is a square integrable FT -measurable R

n×n-valued random
matrix

• Ψ α(t) ∈ L2
Ft

(Ω,R
n×n) is a square integrable {Ft }t≥0-adapted R

n×n-valued ma-
trix random process

• Qα
j (t) ∈ L2

Ft
(Ω,R

n×m) is a square integrable {Ft }t≥0-adapted R
n×n-valued ma-

trix random process, and
• bα

x (t, xα,u) and Hα
xx(t, x

α,u,ψα, qα) are the first and, correspondingly, the sec-
ond derivatives of these functions by xα

The Hamiltonian function Hα(t, x,u,ψ,q) is defined by

Hα(t, x,u,ψ,q) := bα(t, x,u)Tψ + tr
[
qTσα

]
. (17.12)



17.2 Robust Stochastic Maximum Principle 403

As is seen from (17.11), if Cα = CαT then for any t ∈ [0, T ] the random matrix
Ψ α(t) is symmetric (but not necessarily positive- or negative-definite). In (17.10)
and (17.11), which are the backward stochastic differential equations with the
{Ft }t≥0-adapted solutions, the unknown variables to be selected are the pair of ter-
minal conditions cα,Cα and the collection

(
qα,Qα

j (j = 1, . . . , l)
)

of {Ft }t≥0-adapted stochastic matrices. Note that (17.3) and (17.10) can be rewritten
in the Hamiltonian format as

⎧
⎪⎪⎨

⎪⎪⎩

dxα(t) = Hα
ψ

(
t, xα(t), u(t),ψα(t), qα(t)

)
dt

+ σα
(
t, xα(t), u(t)

)
dW(t), t ∈ [0, T ],

xα(0) = x0,

(17.13)

⎧
⎪⎪⎨

⎪⎪⎩

dψα(t) = −Hα
x

(
t, xα(t), u(t),ψα(t), qα(t)

)
dt

+ qα(t)dW(t), t ∈ [0, T ],
ψα(T ) = cα.

(17.14)

17.2.2 Main Result on GRSMOP

Now the main result of this chapter can be formulated.

Theorem 17.1 (Generalized RSMP) Let (A1)–(A5) be fulfilled and let (x̄α(·), ū(·))
be the α-robust optimal pairs (α ∈ A). The parametric uncertainty set A is a space
with countable additive measure m(α), which is assumed to be given. Then for every
ε > 0 there exist collections of terminal conditions cα,(ε), Cα,(ε), {Ft }t≥0-adapted
stochastic matrices

(
qα,(ε),Q

α,(ε)
j (j = 1, . . . , l)

)

in (17.10) and (17.11), and nonnegative constants μ
(ε)
α and ν

(ε)
αj (j = 1, . . . , l), such

that the following conditions are fulfilled.

1. (Complementary Slackness Condition) For any α ∈ A

(i) the inequality |E{h0(x̄α(T ))} − maxα∈A E{h0(x̄α(T ))}| < ε holds

or μ
(ε)
α = 0

(ii) moreover, either the inequality |E{hj (x̄α(T ))}| < ε holds

or ν
(ε)
αj = 0 (j = 1, . . . , l)

(17.15)
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2. (Transversality Condition) For any α ∈ A the inequalities

∥∥∥
∥∥
cα,(ε) + μ(ε)

α h0
x

(
x̄α(T )

) +
l∑

j=1

ν
(ε)
αj h

j
x

(
x̄α(T )

)
∥∥∥
∥∥

< ε, (17.16)

∥∥∥∥
∥
Cα,(ε) + μ(ε)

α h0
xx

(
x̄α(T )

) +
l∑

j=1

ν
(ε)
αj h

j
xx

(
x̄α(T )

)
∥∥∥∥
∥

< ε (17.17)

hold P-a.s.
3. (Nontriviality Condition) There exists a set A0 ⊂ A with positive measure

m(A0) > 0 such that for every α ∈ A0 either cα,(ε)
a.s.�= 0, or at least one of the

numbers μ
(ε)
α , ν

(ε)
αj (j = 1, . . . , l) is distinct from 0, that is, with probability 1

∀α ∈ A0 ⊂ A: ∣
∣cα,(ε)

∣
∣ + μ(ε)

α +
l∑

j=1

ν
(ε)
αj > 0. (17.18)

4. (Maximality Condition) The robust optimal control
−
u(·) for almost all t ∈ [0, T ]

maximizes the generalized Hamiltonian function

H
(
t, x̄
(t), u,ψ
,(ε)(t),Ψ 
,(ε)(t), q
,(ε)(t)

)

:=
∫

A
Hα

(
t, x̄α(t), u,ψα,(ε)(t),Ψ α,(ε)(t), qα,(ε)(t)

)
dm(α), (17.19)

where

Hα
(
t, x̄α(t), u,ψα,(ε)(t),Ψ α,(ε)(t), qα,(ε)(t)

)

:= Hα
(
t, x̄α(t), u,ψα,(ε)(t), qα,(ε)(t)

) − 1

2
tr

[
σ̄ αTΨ α,(ε)(t)σ̄ α

]

+ 1

2
tr

[(
σα

(
t, x̄α(t), u

) − σ̄ α
)T

Ψ α,(ε)(t)
(
σα

(
t, x̄α(t), u

) − σ̄ α
)]

(17.20)

and the function Hα(t, x̄α(t), u,ψα,(ε)(t), qα,(ε)(t)) is given by (17.12),

σ̄ α := σα
(
t, x̄α(t), ū(t)

)
,

x̄
(t) := (
x̄1T(t), . . . , x̄NT(t)

)T
,

ψ
,(ε)(t) := (
ψ1,(ε)T(t), . . . ,ψN,(ε)T(t)

)T
, (17.21)

q
,(ε)(t) := (
q1,(ε)(t), . . . , qN,(ε)(t)

)
,

Ψ 
,(ε)(t) := (
Ψ 1,(ε)(t), . . . ,Ψ N,(ε)(t)

)
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and ψi,(ε)T(t), Ψ i,(ε)(t) verify (17.10) and (17.11) with the terminal conditions
cα,(ε) and Cα,(ε), respectively, that is, for almost all t ∈ [0, T ],

ū(t) = arg max
u∈U

H
(
t, x̄
(t), u,ψ
,(ε)(t),Ψ 
,(ε)(t), q
,(ε)(t)

)
. (17.22)

The proof of this theorem is given in the next section.

17.2.3 Proof of Theorem 1 (GRSMP)

Formalism

Consider the random vector space R

 with the coordinates

xα,i ∈ L2
FT

(Ω,R) (α ∈ A, i = 1, . . . , n).

For each fixed α ∈ A we may consider xα := (xα,1, . . . , xα,ni)T as an element of a
Hilbert (and, hence, self-conjugate) space R

α with the usual scalar product given by

〈xα, x̃α〉 :=
√√√√

n∑

i=1

E{xα,i x̃α,i}, ‖x̃α‖ := √〈xα, xα〉.

However, in the whole space R

 introduce the norm of the element x
 = (xα,i) in

another way:

‖x
‖ := m-vraimax
α∈A

√√√√
n∑

i=1

E
{
(xα,i)2

}

= sup
A0⊂A:m(A0)>0

1

m(A0)

∫

P

√√√√
n∑

i=1

E
{
(xα,i )2

}
dm. (17.23)

Consider the set R

 of all functions from L2

FT
(Ω,R) for any fixed α ∈ A, measur-

able on A and with values in R
n, identifying every two functions that coincide al-

most everywhere. With the norm (17.23), R

 is a Banach space. Now we describe its

conjugate space R
. Consider the set of all measurable functions a(α) ∈ L2
FT

(Ω,R)

defined on A with values in R
n. It consists of all covariant random vectors

a
 = (aα,i) (α ∈ A, i = 1, . . . , n)

with the norm

‖a
‖ := m-vraimax
α∈A

√√√√
n∑

i=1

E
{
(aα,i)2

}
. (17.24)
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The set of all such functions a(α) is a linear normed space. In general, this normed
space is not complete. The following example illustrates this fact.

Example 17.1 Let us consider the case when A is the segment [0,1] ⊂ R with the
usual Lebesgue measure. Let ϕk(α) be the function in [0,1] that is equal to 0 for
α > 1

k
and is equal to k for 0 ≤ α ≤ 1

k
. Then

∫
A ϕk(α)dα = 1, and the sequence

ϕk(α)k = 1,2, . . . is a fundamental one in the norm (17.24). But the limit function
limk→∞ ϕk(α) does not exist among the measurable and summable functions. Such
a limit is the Dirac function ϕ(0)(α), which is equal to 0 for every α > 0 and is equal
to infinity at α = 0 (with the normalization agreement that

∫
A ϕ(0)(α)dα = 1).

This example shows that the linear normed space of all measurable, summable
functions with the norm (17.24) is, in general, incomplete. The complement of this
space is a Banach space, and we denote it by R
. This is the space conjugate to R


.
The scalar product of x
 ∈ R


 and a
 ∈ R
 can be defined as

〈a
, x
〉E :=
∫

A

n∑

i=1

E{aα,ix
α,i}dm

for which the Cauchy–Bounyakovski–Schwartz inequality evidently holds:

〈a
, x
〉E ≤ ‖a
‖ · ‖x
‖.

Proof of Properties 1–3 (Complementary Slackness, Transversality, and
Nontriviality Conditions)

In this section we consider the vector x
(T ) only.
The index α ∈ A is said to be ε ∧ h0-active if for the given ε > 0

E
{
h0(

x̄α(T )
)}

> max
α∈A

E
{
h0(

x̄α(T )
)} − ε (17.25)

and it is ε ∧ hj -active if

E
{
hj

(
x̄α(T )

)}
> −ε. (17.26)

First, assume that there exists a set of positive measure G ⊂ A and a set Ω̄ ⊆ Ω

(P{ω ∈ Ω̄} > 0) such that for all ε ∧ h0-active indices α ∈ A we have

∥∥h0
x

(
x̄α(T )

)∥
∥ < ε

for all ω ∈ Ω̄ ⊆ Ω and almost everywhere on G. Then selecting (without violation
of the transversality and nontriviality conditions)

μ(ε)
α �= 0, μ

(ε)

α̃ �=α
= 0, ν

(ε)
αj = 0 (∀α ∈ A, j = 1, . . . , l)



17.2 Robust Stochastic Maximum Principle 407

it follows that

cα,(ε) = ψα,(ε)(T ) = 0, Cα,(ε) = Ψ α,(ε)(T ) = 0

for almost all ω ∈ Ω̄ and almost everywhere on G. In this situation, the only nonan-
ticipative matrices

qα,(ε)(t) = 0

and

Q
α,(ε)
j (t) = 0

are admissible, and for all t ∈ [0, T ], as a result,

Hα(t, x,u,ψ,q) = 0, ψα,(ε)(t) = 0, and Ψ α,(ε)(t) = 0

for almost all ω ∈ Ω̄ and almost everywhere on G. Thus, all conditions 1–4 of the
theorem are satisfied automatically, whether or not the control is robust optimal or
not. Thus it can be assumed that

∥∥h0
x

(
x̄α(T )

)∥∥ ≥ ε (P-a.s.)

for all ε ∧ h0-active indices α ∈ A. Similarly, it can be assumed that
∥∥h0

x

(
x̄α(T )

)∥∥ ≥ ε (P-a.s.)

for all ε ∧ hj -active indices α ∈ A.
Denote by Ω1 ⊆ R


 the controllability region, that is, the set of all points z
 ∈ R



such that there exists a feasible control u(t) ∈ U s
feas[0, T ] for which the trajectories

x
(t) = (xα,i(t)), corresponding to (17.3), satisfy x
(T ) = z
 with probability 1:

Ω1 := {
z
 ∈ R


 : x
(T )
a.s.= z
, u(t) ∈ U s

feas[0, T ], xα(0) = x0
}
. (17.27)

Let Ω2,j ⊆ R

 denote the set of all points z
 ∈ R


 satisfying the terminal condition
(17.4) for some fixed index j and any α ∈ A, that is,

Ω2j := {
z
 ∈ R


 : E
{
hj

(
zα

)} ≥ 0 ∀α ∈ A
}
. (17.28)

Finally, denote by Ω
(ε)
0 ⊆ R


 the set containing the optimal point x̄
(T ) (corre-
sponding to the given robust optimal control ū(·)) as well as all points z
 ∈ R



satisfying for all α ∈ A

E
{
h0(zα)

} ≤ max
α∈A

E
{
h0(

x̄α(T )
)} − ε,

that is, ∀α ∈ A

Ω
(ε)
0 :=

{
x̄
(T ) ∪ z
 ∈ R


 : E
{
h0(

zα
)} ≤ max

α∈A
E

{
h0(

x̄α(T )
)} − ε

}
. (17.29)
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In view of these definitions, if only the control ū(·) is robust optimal (locally), then
P-a.s.

Ω
(ε)
0 ∩ Ω1 ∩ Ω21 ∩ · · · ∩ Ω2l = {

x̄
(T )
}
. (17.30)

Hence, if K

0 , K


1 , K

21, . . . ,K


2l are the cones (the local tents) of the sets Ω
(ε)
0 ,

Ω1, Ω21, . . . ,Ω2l at their common point x̄
(T ), then these cones are separable (see
Neustadt 1969 or the Theorem 1 in Kushner 1972), that is, for any point z
 ∈ R



there exist linear independent functionals

ls
(
x̄
(T ), z
)

(s = 0,1,2j ; j = 1, . . . , l)

satisfying

l0
(
x̄
(T ), z
) + l1

(
x̄
(T ), z
) +

l∑

j=1

l2s

(
x̄
(T ), z
) ≥ 0. (17.31)

The implementation of the Riesz Representation Theorem for linear functionals
(Yoshida 1979) implies the existence of the covariant random vectors

vs

(
z
)

(s = 0,1,2j ; j = 1, . . . , l)

belonging to the polar cones Ks
, respectively, not equal to zero simultaneously and
satisfying

ls
(
x̄
(T ), z
) = 〈

vs

(
z
)

, z
 − x̄
(T )
〉
E. (17.32)

The relations (17.31) and (17.32) imply, taking into account that they hold for any
z
 ∈ R


, the property

v0

(
x̄
(T )

) + v1

(
x̄
(T )

) +
l∑

j=1

v
sj



(
x̄
(T )

) = 0 (P-a.s.). (17.33)

Let us consider the possible structures of these vectors.
(a) Denote

Ωα
0 :=

{
zα ∈ R

α :
{

E
{
h0(

zα
)}

> max
α∈A

E
{
h0(

x̄α(T )
)} − ε

}
∪ {

x̄α(T )
}}

.

Taking into account that h0(zα) is an Lφ(C2)-mapping and in view of the identity

h(x) − h(x̄) = hx(x̄)T(x − x̄)

+
∫ 1

θ=0
tr

[
θhxx

(
θx̄ + (1 − θ)x

)
(x − x̄)(x − x̄)T]

dθ (17.34)
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which is valid for any twice differentiable function h : R
n → R and x, x̄ ∈ R

n, it
follows that

E
{
h0(

x̄α(T )
)} = E

{
h0(

zα
)} + 〈

h0
x

(
zα

)
,
(
x̄α(T ) − zα

)〉
E

+ E
{
O

(∥∥zα − x̄α(T )
∥∥2)}

. (17.35)

So, the corresponding cone Kα
0 at the point x̄
(T ) may be described as

Kα
0 :=

{{
zα ∈ R

α : 〈
h0

x(zα),
(
x̄α(T ) − zα

)〉
E ≥ 0

}
if α is ε ∧ h0-active,

R
α if α isε ∧ h0-inactive.

Then the direct sum K

0 := ⊕

α∈A Kα
0 is a convex cone with apex point x̄α(T ) and,

at the same time, it is the tent Ω
(ε)
0 at the same apex point. The polar cone K0
 can

be represented as

K0
 = conv

( ⋃

α∈A
K0α

)

(here K0α is a the polar cone to Kα
0 ⊆ R

α). Since

v0
(z
) = (
v0
α(zα)

) ∈ K0
,

K0α should have the form

v0
α(z
) = μ(ε)

α h0
x(z
), (17.36)

where μ
(ε)
α ≥ 0 and μ

(ε)
α = 0 if α is ε ∧ h0-inactive. So, the statement 1(i) (comple-

mentary slackness) is proven.
(b) Now consider the set Ω2j , containing all random vectors z
 admissible by

the terminal condition (17.4) for some fixed index j and any α ∈ A. Defining for
any α and the fixed index j the set

Ωα
2j := {

zα ∈ R
α : E

{
hj (zα)

} ≥ −ε
}

in view of (17.35) applied to the function hj , it follows that

Kα
2j :=

{{
zα ∈ R

α : 〈
h

j
x

(
zα

)T(
zα − x̄α(T )

)〉
E ≥ 0

}
if α is ε ∧ hj -active,

R
α if α is ε ∧ hj -inactive.

Let

Ω2j =
⊕

α∈A
Ωα

2j and K

2j =

⊕

α∈A
Kα

2j .

By analogy with the above,

K2j
 = conv

( ⋃

α∈A
K2jα

)
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is a polar cone, and, hence, K2jα should consist of all

v2j
α

(
zα

) = ν
(ε)
αj h

j
x(z

α), (17.37)

where ν
(ε)
αj ≥ 0 and ν

(ε)
αj = 0 if α is ε ∧ hj -inactive. So, the statement 1(ii) (comple-

mentary slackness) is also proven.
(c) Consider the polar cone K1
. Let us introduce the so-called needle-shaped (or

spike) variation uδ(t) (δ > 0) of the robust optimal control
−
u(t) at the time region

[0, T ] by

uδ(t) :=
{

ū(t) if [0, T + δ]\Tδn
,

u(t) ∈ U s
feas[0, T ] if t ∈ Tδn,

(17.38)

where Tδ ⊆ [0, T ] is a measurable set with Lebesgue measure |Tδ| = δ, and where
u(t) is any s-feasible control. Here it is assumed that ū(t) = ū(T ) for any t ∈
[T ,T + δ]. It is clear from this construction that uδ(t) ∈ U s

feas[0, T ] and, hence,
the corresponding trajectories x
(t) = (xα,i(t)), given by (17.3), also make sense.
Denote by

Δα := lim
δ→0

δ−1[
xα(T ) − x̄α(T )

]

the corresponding displacement vector (here the limit exists because of the differen-
tiability of the vector xα(t) at the point t = T ). By definition, Δα is a tangent vector
of the controllability region Ω1. Moreover, the vector

g
(β)|β=±1 := lim
δ→0

δ−1
[ ∫ T +βδ

s=T

b
(
s, x(s), u(s)

)
dt

+
∫ T +βδ

s=T

σ 
(
s, x(s), u(s)

)
dW(s)

]

is also a tangent vector for Ω1 since

x
(T + βδ) = x
(T ) +
∫ T +βδ

s=T

bα
(
s, x(s), u(s)

)
dt

+
∫ T +βδ

s=T

σα
(
s, x(s), u(s)

)
dW(s).

Denoting by Q1 the cone (linear combination of vectors with nonnegative coef-
ficients) generated by all displacement vectors Δα and the vectors g
(±1), it is
concluded that K


1 = x̄α(T ) + Q1. Hence

v1

(
zα

) = c
,(ε) ∈ K1
. (17.39)

(d) Substituting (17.36), (17.39), and (17.37) into (17.33), the transversality con-
dition (17.16) is obtained. Since at least one of the vectors v

0
(zα), v1
(zα), v21
 (zα), . . . , v2l
 (zα)
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should be distinct from zero at the point zα = x̄α(T ), the nontriviality condition
is obtained also. The transversality condition (15.15) can be satisfied by the corre-
sponding selection of the matrices Cα,(ε). Statement 3 is also proven.

Proof of Property 4 (Maximality Condition)

This part of the proof is much more delicate and requires some additional construc-
tions. In view of (17.32), (17.33), (17.36), (17.39), and (17.37), for z = xα(T ) the
inequality (17.31) can be represented by

0 ≤ Fδ

(
uδ(·)) := l0

(
x̄
(T ), xα(T )

) + l1
(
x̄
(T ), xα(T )

) +
l∑

j=1

l2s

(
x̄
(T ), xα(T )

)

=
∑

α∈A

[

μ(ε)
α

〈
h0

x

(
xα(T )

)
, xα(T ) − x̄α(T )

〉
E + 〈

cα,(ε), xα(T ) − x̄α(T )
〉
E

+
l∑

j=1

ν
(ε)
αj

〈
h

j
x

(
xα(T )

)
, xα(T ) − x̄α(T )

〉
E

]

(17.40)

valid for any s-feasible control uδ(t).
As has been shown in Zhou (1991) and Yong and Zhou (1999), any uδ(t) ∈

U s
feas[0, T ] provides us with the trajectory variation

xα(t) − x̄α(t) = yδα(t) + zδα(t) + oδα
ω (t), (17.41)

where yδα(t), zδα(t) and oδα(t) are {Ft}t≥0-adapted stochastic vector processes
satisfying the following equations (for the simplification of the calculations given
below, the dependence on the argument is omitted):

⎧
⎪⎨

⎪⎩

dyδα = bα
x yδα dt +

m∑

j=1

[
σ

αj
x yδα + ΔσαjχTδ

]
dWj,

yδα(0) = 0,

(17.42)

where

bα
x := bα

x

(
t, x̄α(t), ū(t)

)
, σ

αj
x := σ

αj
x

(
t, x̄α(t), ū(t)

)
,

Δσαj := [
σαj

(
t, x̄α(t), uε(t)

) − σαj
(
t, x̄α(t), ū(t)

)] (17.43)
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(χTδ is the characteristic function of the set Tδ),

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dzδα =
[
bα
x zδα + 1

2
Bα(t) + ΔbαχTδ

]
dt

+
m∑

j=1

[
σ

αj
x zδα + 1

2
Ξαj (t) + Δσ

αj
x (t)χTδ

]
dWj,

zδα(0) = 0,

(17.44)

where

Bα(t) :=

⎛

⎜
⎜
⎝

tr
[
bα1
xx

(
t, x̄α(t), ū(t)

)
Y δα(t)

]

...

tr
[
bαn

xx

(
t, x̄α(t), ū(t)

)
Y δα(t)

]

⎞

⎟
⎟
⎠ ,

Δbα := bα
(
t, x̄α(t), uδ(t)

) − bα
(
t, x̄α(t), ū(t)

)
,

σ
αj
x := σ

αj
x

(
t, x̄α(t), ū(t)

)
,

(17.45)

Ξαj (t) :=

⎛

⎜⎜⎜
⎝

tr
[
σ

α1j
xx

(
t, x̄α(t), ū(t)

)
Y δα(t)

]

...

tr
[
σ

αnj
xx

(
t, x̄α(t), ū(t)

)
Y δα(t)

]

⎞

⎟⎟⎟
⎠

,

Δσ
αj
x := σ

αj
x

(
t, x̄α(t), uδ(t)

) − σ
αj
x

(
t, x̄α(t), ū(t)

)
(j = 1, . . . ,m)

Y εα(t) := yεα(t)yεαT(t)

(17.46)

and

sup
t∈[0,T ]

E
{∥∥xα(t) − x̄α(t)

∥∥2k} = O
(
δk

)
,

sup
t∈[0,T ]

E
{∥∥yδα(t)

∥∥2k} = O
(
δk

)
,

sup
t∈[0,T ]

E
{∥∥zδα(t)

∥∥2k} = O
(
δ2k

)
,

sup
t∈[0,T ]

E
∥∥oδα

ω (t)
∥∥2k = o

(
δ2k

)

(17.47)

hold for any α ∈ A and k ≥ 1. The structures (17.42), (17.43)–(17.44), (17.45),
(17.46), and the properties (17.47) are guaranteed by the assumptions (A1)–(A4).

Taking into account these properties and the identity

hx(x) = hx(x̄) +
∫ 1

θ=0
hxx

(
x̄ + θ(x − x̄)

)
(x − x̄)dθ (17.48)
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valid for any Lφ(C2)-mapping h(x), and substituting (17.41) into (17.40), it follows
that

0 ≤ Fδ

(
uδ(·)) =

∫

α∈A

[
μ(ε)

α

〈
h0

x

(
x̄α(T )

)
, yδα(T ) + zδα(T )

〉
E

+ 〈
cα,(ε), yδα(T ) + zδα(T )

〉
E

+ ν
(ε)
αj

〈
h

j
x

(
x̄α(T )

)
, yδα(T ) + zδα(T )

〉
E

+ μ(ε)
α

〈
h0

xx

(
x̄α(T )

)
yδα(T ), yδα(T )

〉
E

+ ν
(ε)
αj

〈
h

j
xx

(
x̄α(T )

)
yδα(T ), yδα(T )

〉
E

]
dm + o(δ). (17.49)

In view of the transversality conditions, the last expression (17.49) can be repre-
sented by

0 ≤ Fδ

(
uδ(·)) = −

∫

α∈A
E

{
tr

[
Ψ α,(ε)(T )Y δα(t)

]}
dm + o(δ). (17.50)

The following fact (see Lemma 4.6 in Yong and Zhou 1999 for the case of a
quadratic matrix) is used.

Lemma 17.1 Let

Y(·), Ψj (·) ∈ L2
F

(
0, T ;R

n×r
)
, P (·) ∈ L2

F
(
0, T ;R

r×n
)

satisfy
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dY(t) = Φ(t)Y (t) +
m∑

j=1

Ψj (t)dWj,

dP(t) = Θ(t)P (t) +
m∑

j=1

Qj(t)dWj

with

Φ(·) ∈ L2
F

(
0, T ;R

n×n
)
, Ψj (·) ∈ L2

F
(
0, T ;R

n×r
)
,

Qj (·) ∈ L2
F

(
0, T ;R

r×n
)
, Θ(·) ∈ L2

F
(
0, T ;R

r×r
)
.

Then

E
{
tr

[
P(T )Y (T )

] − tr
[
P(0)Y (0)

]}

= E

{∫ T

t=0

(

tr
[
Θ(t)Y (t)

] + tr
[
P(t)Φ(t)

] +
m∑

j=1

Qj(t)Ψj (t)

)

dt

}

. (17.51)

The proof is based on a direct application of Ito’s formula (see, for example,
Poznyak 2009).
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(a) Evaluation of the term E{ψα,(ε)(T )Tyδα(T )} Directly applying (17.51) and
taking into account that yδα(0) = 0, it follows that

E
{
ψα,(ε)(T )Tyδα(T )

} = E
{
tr

[
yδα(T )ψα,(ε)(T )T]}

= E

{∫ T

t=0
tr

[
m∑

j=1

qαj,(ε)(t)TΔσαj

]

χTδ dt

}

= E

{∫ T

t=0
tr

[
qα,(ε)(t)TΔσα

]
χTδ dt

}
. (17.52)

(b) Evaluation of the term E{ψα,(ε)(T )Tzδα(T )} In a similar way, directly apply-
ing (15.46) and taking into account that zδα(0) = 0, it follows that

E
{
ψα,(ε)(T )Tzδα(T )

} = E
{
tr

[
zδα(T )ψα,(ε)(T )T]}

= E

{∫ T

t=0
tr

[(
1

2
Bαψα,(ε)(t)T + 1

2

m∑

j=1

qαj,(ε)TΞαj

)

+
(

Δbαψα,(ε)T +
m∑

j=1

qαj,(ε)TΔσ
αj
x (t)yδα

)

χTδ

]

dt

}

.

The equalities

tr

[

Bα(t)ψα,(ε)(T )T +
m∑

j=1

qαj,(ε)(t)TΞαj (t)

]

= tr
[
Hα

xx(t)Y
δα(t)

]
,

E

{∫ T

t=0
tr

[
m∑

j=1

qαj,(ε)(t)TΔσ
αj
x (t)yδα(t)

]

χTδ
dt

}

= o(δ)

imply

E
{
ψα,(ε)(T )Tzδα(T )

}

= o(δ) + E

{∫ T

t=0
tr

[
1

2
Hα

xx(t)Y
δα(t) + Δbα(t)ψα,(ε)(t)TχTδ

]
dt

}
. (17.53)

(c) Evaluation of the term 1
2 E{tr[Ψ α,(ε)(T )Y δα(T )]} Using (17.42) and applying

the Itô formula to Y δα(t) = yδα(t)yδα(t)T, it follows that (for details see Yong and
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Zhou 1999)
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

dY δα(t) =
[

bα
x Y δα + Y δαbαT

x +
m∑

j=1

(
σ

αj
x Y δασ

αjT

x + Bα
2j + BαT

2j

)
]

dt

+
m∑

j=1

(
σ

αj
x Y δα + Y δασ

αjT

x + (
ΔσαjyδαT + yδαΔσαjT )

χTδ

)
dWj,

Y δα(0) = 0,

(17.54)
where

Bα
2j := (

ΔσαjΔσαjT + σ
αj
x yδαΔσαjT )

χTδ
.

Again, directly applying (17.51) and taking into account that Y δα(0) = 0 and

E

{∫ T

t=0

m∑

j=1

Q
α,(ε)
j (t)

(
ΔσαjyδαT + yδαΔσαjT)

χTδ dt

}

= o(δ)

it follows that

E
{
tr

[
Ψ α,(ε)(T )Y δα(T )

]}

= o(δ) + E

∫ T

t=0

(−tr
[
Hα

xxY
δα(t)

] + tr
[
ΔσαT

Ψ α,(ε)Δσα
]
χTδ

)
dt. (17.55)

In view of the definition (17.20),

δH := H
(
t, x̄
(t), uδ(t),ψ
,(ε)(t),Ψ 
,(ε)(t), q
,(ε)(t)

)

− H
(
t, x̄
(t), ū(t),ψ
,(ε)(t),Ψ 
,(ε)(t), q
,(ε)(t)

)

=
∫

α∈A

(
ΔbαT

ψ(ε) + tr
[
qα,(ε)T

Δσα
] + 1

2
tr

[
ΔσαT

Ψ α,(ε)Δσα
])

dm.

(17.56)

Using (17.52), (17.53), (17.55), and (17.56), it follows that

E

{∫ T

t=0
δH(t)χTδn

dt

}
= E

{∫ T

t=0

∫

α∈A

(
ΔbαT

ψ(ε) + tr
[
qα,(ε)T

Δσα
]

+ 1

2
tr

[
ΔσαT

Ψ α,(ε)Δσα
]

dmχTδn

)
dt

}

= 〈
ψ
,(ε)(T ), yδα(T ) + zδα(T )

〉
E

+ 1

2

∫

α∈A
E

{
tr

[
Ψ α,(ε)(T )Y δα(T )

]}
dm + o(δn).

(17.57)
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Since

yδα(T ) + zδα(T ) = δΔα + oδα(T ),

where Δα ∈ Kα
1 is a displacement vector, and

ψα,(ε)(T ) = cα,(ε) ∈ K1α

we have

〈
ψ
,(ε)(T ), yδα(T ) + zδα(T )

〉
E = δ

〈
cα,(ε),Δα

〉
E + o(δ) ≤ 0 (17.58)

for sufficiently small δ > 0 and any fixed ε > 0. In view of (17.50) and (17.58), the
right-hand side of (17.57) can estimated to be

E

{∫ T

t=0
δH(t)χTδn

dt

}

= δ
〈
c
,(ε),Δ
〉

E + 1

2

∫

α∈A
E

{
tr

[
Ψ α,(ε)(T )Y εα(T )

]}
dm + o(δ) ≤ o(δn).

Dividing by δn, it follows that

δ−1
n E

{∫ T

t=0
δH(t)χTδ dt

}
≤ o(1). (17.59)

Using Lemma 1 from Kushner (1972) for

Tδ = [t0 − δnβ1, t0 + δnβ2] (β1, β2 ≥ 0;β1 + β2 > 0)

and {δn} so that δn → 0, and in view of (17.59), it follows that

δ−1
n E

{∫ T

t=0
δH(t)χTδn

dt

}
→ (β1 + β2)E

{
δH(t0)

} ≤ 0 (17.60)

for almost all t0 ∈ [0, T ]. Here if t0 = 0 then β1 = 0 and if t0 = T then β2 = 0, but
if t0 ∈ (0, T ) then β1, β2 > 0. The inequality (17.60) implies

E
{
δH(t)

} ≤ 0 (17.61)

from which (17.22) follows directly. Indeed, assume that there exists the control
ǔ(t) ∈ U s

feas[0, T ] and a time t0 ∈ (0, T ) (not belonging to a set of null measure)
such that

P
{
ω ∈ Ω0(ρ)

} ≥ p > 0, (17.62)

where

Ω0(ρ) := {
ω ∈ Ω : δH(t0) > ρ > 0

}
.
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Then (17.61) can be rewritten as

0 ≥ E
{
δH(t)

}

= E
{
χ

(
ω ∈ Ω0(ρ)

)
δH(t)

} + E
{
χ

(
ω /∈ Ω0(ρ)

)
δH(t)

}

≥ ρP
{
ω ∈ Ω0(ρ)

} + E
{
χ

(
ω /∈ Ω0(ρ)

)
δH(t)

}

≥ ρp + E
{
χ

(
ω /∈ Ω0(ρ)

)
δH(t)

}
.

Since this inequality should also be valid for the control û(t) satisfying

û(t) =
{

ǔ(t) for almost all ω ∈ Ω0(ρ),

ū(t) for almost all ω �= Ω0(ρ),

there is a contradiction:

0 ≥ E
{
δH(t)

} ≥ ρp + E
{
χ

(
ω /∈ Ω0(ρ)

)
δH(t)

} = ρp > 0.

This completes the proof. �

17.3 Discussion

17.3.1 The Hamiltonian Structure

The Hamiltonian function H used for the construction of the robust optimal con-
trol ū(t) is equal (see (17.19)) to the Lebesgue integral over the uncertainty set of
the standard stochastic Hamiltonians Hα corresponding to each fixed value of the
uncertainty parameter.

17.3.2 GRSMP for a Control-Independent Diffusion Term

From the Hamiltonian structure (17.20) it follows that if σαj (t, x̄α(t), u(t)) does not
depend on u(t), that is, if for all t ∈ [0, T ]

∂

∂u
σαj

(
t, x̄α(t), u(t)

) a.s.= 0,

then

arg max
u∈U

H
(
t, x̄
(t), u,ψ
,(ε)(t),Ψ 
,(ε)(t), q
,(ε)(t)

)

= arg max
u∈U

∫

A
Hα

(
t, x̄α(t), u,ψα,(ε)(t),Ψ α,(ε)(t), qα,(ε)(t)

)
dm(α)
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= arg max
u∈U

∫

A
Hα

(
t, x̄α(t), u,ψα,(ε)(t), qα,(ε)(t)

)
dm(α). (17.63)

So, it follows that a second order adjoint process does not occur in the robust opti-
mal constructions.

17.3.3 The Case of Complete Information

If the stochastic plant is completely known, that is, there is no parametric uncer-
tainty,

A = α0, dm(α) = δ(α − α0)dα

then from (17.63)

arg max
u∈U

H
(
t, x̄
(t), u,ψ
,(ε)(t),Ψ 
,(ε)(t), q
,(ε)(t)

)

= arg max
u∈U

∫

A
Hα

(
t, x̄α(t), u,ψα,(ε)(t),Ψ α,(ε)(t), qα,(ε)(t)

)
dm(α)

= arg max
u∈U

Hα0
(
t, x̄α0(t), u,ψα0,(ε)(t),Ψ α0,(ε)(t), qα0,(ε)(t)

)
(17.64)

and if ε → 0, it follows that, in this case, RSMP is converted to the Stochastic
Maximum Principle (see Fleming and Rishel 1975, Zhou 1991, and Yong and Zhou
1999).

17.3.4 Deterministic Systems

In the deterministic case, when there is no uncertainty, that is,

σα
(
t, x̄α(t), u(t)

) ≡ 0

the Robust Maximum Principle for Min-Max problems (in the Mayer form) stated
in Chap. 10 is obtained directly, that is, for ε → 0 it follows that

arg max
u∈U

H
(
t, x̄
(t), u,ψ
,(ε)(t),Ψ 
,(ε)(t), q
,(ε)(t)

)

= arg max
u∈U

∫

A
bα

(
t, x̄(t), u

)T
ψα(t)dm(α). (17.65)

When, in addition, there are no parametric uncertainties,

A = α0, dm(α) = δ(α − α0)dα
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the Classical Maximum Principle for the optimal control problems (in the Mayer
form) is obtained (Pontryagin et al. 1969, in Russian), that is,

arg max
u∈U

H
(
t, x̄
(t), u,ψ
,(0)(t),Ψ 
,(0)(t), q
,(0)(t)

)

= arg max
u∈U

H
(
t, x̄(t), u,ψ(t),Ψ (t), q(t)

)

= arg max
u∈U

b
(
t, x̄(t), u

)T
ψ(t). (17.66)

17.3.5 Comment on Possible Variable Horizon Extension

Consider the case when the function h0(x) is positive. Let us introduce a new vari-
able xn+1 (associated with time t ) with the equation

ẋn+1 ≡ 1 (17.67)

and consider the variable vector

x̄ = (
x1, . . . , xn, xn+1) ∈ R

n+1.

For the plant (17.2), appended with (17.67), the initial conditions are

x(t0) = x0 ∈ R
n, xn+1(t0) = 0 (for all α ∈ A).

Furthermore, we determine the terminal set M for the plant (17.2), (17.67) by the
inequality

M := {
x ∈ R

n+1 : hl+1(x) = τ − xn+1 ≤ 0
}

assuming that the numbers t0, τ are fixed (t0 < τ ). Now let u(t), x̄(t), 0 ≤ t ≤ T be
an admissible control that satisfies the terminal condition. Then it follows that

T ≥ τ

since otherwise the terminal condition x(t1) ∈ M would not be satisfied. The func-
tion h0(x) is defined only on R

n, but we extend it into R
n+1, setting

h0(x̄) =
{

h0(x) for xn+1 ≤ τ,

h0(x) + (
xn+1 − τ

)2 for xn+1 > τ.

If now T > τ , then (for every α ∈ A)

h0(
x(t1)

) = h0(
x(τ)

) + (t1 − τ)2 > h0(
x(τ)

)
.

Thus F 0 may attain its minimum only for T = τ ; that is, we have the problem with
fixed time T = τ . Thus, the theorem above gives the Robust Maximum Principle
only for the problem with a fixed horizon. The case of a variable horizon requires a
special construction and implies another formulation of RMP.
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17.3.6 The Case of Absolutely Continuous Measures for
the Uncertainty Set

Consider now the case of an absolutely continuous measure m(A0), that is, consider
the situation when there exists a summable (the Lebesgue integral

∫
Rs p(x)dx1 ∨

· · · ∨ dxn is finite and s-fold) nonnegative function p(x), given on R
s and called

the density of a measure m(A0), such that for every measurable subset A0 ⊂ R
s we

have

m(A0) =
∫

A0

p(x)dx, dx := dx1 ∨ · · · ∨ dxn.

By this initial agreement, R
s is a space with a countable additive measure. Now it is

possible to consider the controlled plant (17.1) with the set of uncertainty A = R
s .

In this case
∫

A0

f (x)dm =
∫

A0

f (x)p(x)dx. (17.68)

The statements of the Robust Maximum Principle for this special case are obtained
from the main theorem with some obvious modification. It is possible also to con-
sider a particular case when p(x) is defined only on a ball A ⊂ R

s (or on another
subset of R

s ) and the integral (17.68) is defined only for A0 ⊂ A.

17.3.7 Case of Uniform Density

If we have no a priori information on the parameter values, and if the distance on
a compact A ⊂ R

s is defined in the natural way by ‖α1 − α2‖, then the maximum
condition (17.22) can be formulated (and proved) as follows:

u(t) ∈ arg max
u∈U

H 
(
ψ(t), x(t), u

)

= arg max
u∈U

∫

A
Hα

(
t, x̄α(t), u,ψα,(ε)(t),Ψ α,(ε)(t), qα,(ε)(t)

)
dα

almost everywhere on [t0, t1], (17.69)

which represents, evidently, a partial case of the general condition (17.22) with a
uniform absolutely continuous measure, that is, when

dm(α) = p(α)dα = 1

m(A)
dα

with p(α) = m−1(A).
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17.3.8 Finite Uncertainty Set

If the uncertainty set A is finite, the Robust Maximum Principle, proved above,
yields the results contained in Chaps. 9 and 10. In this case, the integrals may be
replaced by finite sums. For example, formula (17.7) takes the form

F 0 = max
α∈A

h0(
xα(t1)

)

and similar changes have to be made in the equations. Now, the number ε is super-
fluous and may be omitted, and in the complementary slackness condition we have
the equalities, that is, the formulations in the main theorem should look like this
(when ε = 0): for every α ∈ A the equalities

μ(0)
α

(
E

{
h0(

x̄α(T )
)} − F 0) = 0,

ν
(0)
αj E

{
hj

(
x̄α(T )

)} = 0
(17.70)

hold.

17.4 Conclusions

• In this chapter the Robust Stochastic Maximum Principle (in the Mayer form)
is presented for a class of nonlinear continuous-time stochastic systems contain-
ing an unknown parameter from a given measurable set and subject to terminal
constraints.

• Its proof is based on the use of the Tent Method with the special technique specific
for stochastic calculus.

• The Hamiltonian function used for these constructions is equal to the Lebesgue
integral over the given uncertainty set of the standard stochastic Hamiltonians
corresponding to a fixed value of the uncertainty parameter.
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